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PREFACE. 


The  plan  of  this  edition  is  the  same  as  the  former  one.  It 
is  designed  especially  for  students  who  are  beginning  the  study 
of  Analytical  Mechanics,  and  is  preparatory  to  the  higher  works 
upon  the  same  subject,  and  to  Analytical  Physics  and  Astro- 
nomy. The  Calcuhis  is  freely  used.  I  have  sought  to  present 
the  subject  in  such  a  manner  as  to  familiarize  the  student  wath 
analytical  processes.  For  this  reason  the  solutions  of  problems 
have  been  treated  as  applications  of  general  formulas.  The 
solution  by  this  method  is  often  more  lengthy  than  by  special 
methods;  still,  it  has  advantages  over  the  latter,  because  it 
establishes  a  uniformity  in  the  process. 

My  experience  has  shown  the  importance  of  applying  the 
fundamental  equations  to  a  great  variety  of  problems.  I  have, 
therefore,  in  Article  24,  and  Chapters  lY.  and  X.,  given  a  large 
number  and  a  considerable  variety  of  problems  to  be  solved  by 
the  general  equations  under  which  they  respectively  fall. 

In  the  revision  I  have  been  aided  not  only  by  my  own  expe- 
rience with  the  use  of  the  former  edition  in  the  class-room,  but 
also  b}'  the  friendly  advice  and  criticism  of  several  professors, 
that  of  colleges  who  have  used  the  w^ork.  The  result  has  been 
several  pages  have  been  rewritten,  some  definitions  changed, 
and  the  typographical  errors  corrected.  Several  new  pages  in 
the  latter  part  of  the  work  have  been  added.  I  am  especially 
indebted  to  Professor  E.  T.  Quimby,  of  Dartmouth  College, 
Hanover,  K.  H.,  for  his  valuable  suggestions  and  for  assistance 
in  reading  the  final  j)roof3. 

The  nature  of  force  remains  as  much  a  mystery  as  it  was 
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when  its  principles  were  first  recognized.  Of  its  essential 
nature  we  shall  probably  remain  forever  in  ignorance.  We  can 
only  deal  with  the  laws  of  its  action.  These  laws  are  deter- 
mined by  observing  the  effects  produced  by  a  force.  Force  is 
the  cause  of  an  action  in  the  physical  world.  The  results  of 
the  action  may  be  numerous  and  varied.  Thus,  force  may  pro- 
duce pressure,  tension,  cohesion,  adhesion,  motion,  affinity,  po- 
larity, electricity,  etc.  Or,  to  speak  more  properly,  since  force 
may  be  transmuted  from  one  state  to  another,  we  would  say 
that  the  above  terms  are  names  for  the  different  manifestations 
of  force. 

The  question  "  what  is  the  correct  measure  of  force"  has  taken 
different  phases  at  different  times.  During  the  last  century  it 
was  contended  by  some  that  momentum  {^Mv)  was  the  correct 
measure,  while  others  contended  that  it  should  be  the  work  whicli 
it  can  do  in  a  unit  of  time  [^Mv^).  But  as  one  has  happily 
expressed  it,  "  theirs  was  only  a  war  of  words ; "  for  the  real 
measure  of  force  enters  only  as  a  factor  in  the  expressions. 
Thus,  if  /^ be  a  constant  force,  the  value  of  the  momentum  is 
Ft^  see  page  51,  and  of  the  work  Fs^  see  page  45.  At  the  pre- 
sent day  some  contend  that  the  only  measure  of  force  is  the 
motion  which  it  produces,  or  would  produce,  in  a  unit  of  time. 
This  is  called  the  absolute  measure,  and  the  absolute  ^jnit  of 
FORCE  is  the  velocity  which  the  force  produces,  or  woiild  jpro- 
duce,  in  a  unit  of  mass  in  a  imit  of  time  if  it  acted  during 
the  unit  with  the  intensity  which  it  had  at  the  instant  con- 
sidered. If  the  intensity  of  the  force  were  constant,  the  velo- 
city which  it  produced  at  the  end  of  the  unit  of  time  would 
be  the  required  velocity.  Hence,  the  absolute  measure  of  any 
force  acting  on  any  mass  is  the  jproduct  of  the  mass  into  the 
acceleration;  and  is  the  second  member  of  equation  (21). 
This  is  a  correct  measure,  and  is  accepted  as  such  by  all  writers 
on  mechanics. 

But  those  who  contend  that  this  is  the  only  measure,  neces- 
sarily deny  that  weight,  or  more  generally  jpounds,  is  a  mea- 
sure.    I  contend  \\\2X pounds  is  a  measure  of  the  intensity  of  a 
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force  both  statically  and  djiiamicallj.  Many  authors  maintain 
the  same  position.  Indeed,  it  is  probable  that  the  position 
which  I  have  taken  can  be  deduced  from  aii}^  standard  work  on 
mechanics ;  but  in  some  it  is  left  to  inference.  Thus,  in 
Smith's  Mechanics^  P^gG  1,  we  liiid  this  terse  and  correct  defi- 
nition, "  The  intensity  of  a  force  may  be  measured,  statically, 
by  the  pressure  it  will  produce ;  dynamically,  by  the  quantity 
of  motion  it  will  produce."  I  say  this  is  correct,  but  I  will  add 
that  the  intensity  of  a  force  which  produces  a  given  motion  is 
also  measured  by  a  pressure,  or  by  something  equivalent  to  a 
pressure,  or  to  a  pull.  To  those  who  will  look  at  it  analyti- 
cally, it  is  only  necessary  to  say  that  the  first  member  of  equa- 
tion (21)  is  measured  in  pounds.  If  we  know  the  absolute 
measure,  we  may  easily  find  its  value  in  pounds. 

The  pound  here  referred  to  is  the  result  of  the  action  of  gra- 
vity upon  a  certain  quantity  of  matter.  The  amount  of  matter 
having  been  fixed,  either  by  a  legal  enactment  or  by  common 
consent,  and  declared  to  be  one  pound  at  a  certain  place,  its 
w^eight,  as  determined  by  a  standard  spring-balance  at  any  other 
place,  becomes  a  measure  of  the  force  of  gravity  as  compared 
wath  the  fixed  place.  This  standard  spring-balance  may  meas- 
ure the  intensity  in  pounds  of  any  other  force,  whether  the 
body  upon  which  the  force  acts  be  at  rest  or  in  motion.  If  a 
perfectly  free  body  were  placed  in  a  hollow  space  at  the  centre 
of  the  earth,  at  which  place  it  would  be  devoid  of  weight,  and 
pulled  or  pushed  by  a  constant  force,  whose  intensity,  measured 
by  a  standard  spring-balance,  equaled  the  weight  of  an  equal 
body  on  the  surface  of  the  earth,  then  would  its  motion  be  the 
same  as  that  of  a  falling  body.  See  page  24,  Problem  7.  In 
the  forces  of  nature  producing  motion,  there  being  no  visible 
connection  between  the  point  of  action  of  the  force  and  the 
body  upon  which  it  acts,  we  are  unable  to  weigh  their  intensity 
except  by  calculation.  If  the  absolute  measure  is  known,  the 
pounds  of  intensity  may  be  computed.  The  absolute  measure 
of  the  force  of  gravity  on  a  mass  m  is  m^,  and  the  weight  of 
the  body  being  TF,  we  have  TF=  mg.  The  sun  acts  upon  the 
earth  with  a  force  w^hich  may  be  expressed  by  the  absolute 
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measure,  and  also  by  a  certain  number  of  pounds  of  force. 
More  than  half  of  the  examples  in  Article  24  involve  an 
equality  between  pou?ids  of  intensity  and  the  absolute  measui-e 
of  the  force.  The  fact  is,  that,  in  case  of  motion,  these  quanti- 
ties are  co- relative.  Since,  then,  it  is  correct  to  use  the  term 
pound  as  the  measure  of  the  intensity  of  a  force  whether  the 
body  be  at  rest  or  in  motion,  and  since  it  is  in  common  use,  and 
the  student  is  familiar  with  it,  I  prefer  to  consider  a  force  as 
measured  by  a  certain  number  of  pounds.  See  Article  9.  It 
is  more  simple,  containing  as  it  does  onl}^  one  element,  than 
the  absolute  measure,  which  contains  three  elements — mass, 
velocity,  and  time. 

There  is  another  advantage  in  thus  measuring  force.  Stu- 
dents frequently,  and  in  some  cases  writers,  use  the  expressions, 
''  quantity  of  force,"  "  amount  of  force,"  "  force  of  a  blow,"  etc., 
when  they  mean  (or  should  mean)  momentum,  or  work,  or  vis 
viva.  In  such  cases  an  attempt  to  answer  the  question  "how 
many  pounds  of  force  "  would  show  at  once  that  the  quantity  re- 
ferred to  was  ViOt  force. 

So  much  ambiguity,  or  at  least  indeiiniteness,  has  arisen  in 
regard  to  the  term  force,  that  I  have  rejected  the  terms  "  Im- 
pulsive Force  "  and  "  Instantaneous  Force,"  and  used  the  term 
"  Impulse  "  instead  of  them.  We  know  nothing  of  an  instan- 
taneous force,  that  is,  one  which  requires  no  time  for  its  action. 
I  also  reject  the  expression ^(^^(^^  of  inei^tia.  I  do  not  believe 
that  inertia  is  2^  force.  To  the  question  "  The  inertia  of  a  body 
is  how  many  pounds  of  force  "  there  is  no  answer. 

The  term  'moment  of  inertia  has  no  physical  representation. 
The  nearest  approach  to  it  is  in  the  expression  for  the  vis  viva 
of  a  rotating  body.  In  such  problems  the  moment  of  inertia 
forms  an  important  factor.  The  energy  of  a  rotating  body  hav- 
ing a  constant  angular  velocity  is  directly  proportional  to  its 
moment  of  inertia  in  reference  to  its  axis  of  rotation.  See  page 
202.  But  motion  is  not  necessary  for  its  existance.  See  page 
165,     The  expression  appears  in  the  discussion  of  numerous 
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statical  problems,  siicli  as  the  flexure  of  a  beam,  the  centre  of 
pressure  of  a  fluid,  the  centre  of  gravity  of  certain  solids,  etc. 
It  is  not  the  moment  of  a  moment,  although  it  may  be  so  con- 
strued as  to  appear  to  be  of  that  form.  Some  other  term  might 
be  more  appropriate.  Even  the  expression  moTrient  of  the  mass 
would  be  less  objectionable. 

The  subjects  of  Centrifugal  Force  and  Unbalanced  Force 
have  been  discussed  of  late  in  Engineering.  Some  assert  that 
there  is  no  such  thing  as  a  centrifugal  force.  Much  unprofita- 
ble discussion  may  be  avoided  by  strictly  defining  the  terms 
used.  If  it  is  defined  to  be  a  force  equal  and  opposite  to  the 
deflecting  force,  it  will,  at  least,  have  an  ideal  existence,  just  as 
the  resultant  in  statical  problems  has  an  ideal  existence.  But 
the  vital  question  is,  is  the  centrifugal  force  active  when  the 
deflecting  force  acts  %  Or,  in  other  words,  do  both  act  upon 
the  body  at  the  same  time  ?  It  seems,  however,  quite  evident 
that  if  both  acted  upon  the  body  at  the  same  time  they  would 
neutralize  each  other,  and  the  body  would  move  in  a  straight 
line.  Hence,  in  the  movement  of  the  planets,  or  of  any  free 
rotating  body,  there  is  no  centrifugal  force.  But  in  the  case  of 
a  locomotive  running  around  a  curve  there  may  be  both  cen- 
tripetal and  centrifugal  forces ;  the  former  acting  against  the 
locomotive  to  force  it  away  from  a  tangent  to  the  track ;  the 
latter,  against  the  track,  tending  to  force  it  outward.  Wher- 
ever the  force  is  conceived  to  act,  whether  just  between  the 
rail  and  wheel  or  at  some  other  point,  it  is  evident  that  both  do 
not  act  upon  the  same  body. 

Similarly  in  regard  to  the  unbalanced  force.  It  is  a  conveni 
ent  term  to  use,  but,  in  a  strict  sense,  an  unbalanced  force  doesj 
not  exist ;  for  action  and  reaction  are  equal  and  opposite.  But 
in  reference  to  a  particular  body,  all  other  conditions  being 
ignored,  the  force  may  be  unbalanced.  Thus,  when  a  ball  is 
fired  from  a  cannon,  the  force  of  the  powder,  considered  in  the 
direction  of  the  motion  of  the  ball  only,  is  unbalanced ;  but  the 
powder  exerts  an  equal  force*  in  the  opposite  direction,  and  in 
that  sense  also  is  unbalanced.     But  when  the  entire  eft'ect  of  the 
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force  in  all  directions  is  considered,  the  algebraic  resultant  is 
zero.  In  other  words,  the  centre  of  gravity  of  the  system,  for 
forces  acting  between  its  integrant  parts,  remains  constant. 

These  are  some  of  the  fundamental  questions  which  will  arise 
in  the  mind  of  the  student  as  he  studies  the  subject.  Fortu- 
nately, it  is  not  necessary  for  him  to  settle  them  beyond  the 
question  of  a  doubt  before  he  proceeds  with  the  subject.  On 
some  of  these  points  scholars,  who  have  made  the  subject  a 
specialty,  differ;  and  it  is  only  after  a  careful  consideration  of 
the  points  involved  that  one  can  take  an  intelligent  position  in 
regard  to  them. 

DeYolson  Wood. 

HoBOKEN,  August,  1877. 
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ANALYTICAL   MECHANICS. 


CHAPTER  I. 


DEFINITIONS,  AND   PEINCIPLES   OF  ACTION   OF  A   SINGLE   FORCE,  AND 
OF   FORCES '  ACTING   ALONG   THE    SAME   LINE. 

1.  Mechanics  treats  of  the  laws  of  forces,  and  the  equi- 
librium and  motion  of  bodies  under  the  action  of  forces.  It 
has  two  grand  divisions,  Dynamics  and  Statics. 

2.  Dynamics  treats  of  the  motion  of  material  bodies,  and 
the  laws  of  the  forces  w4iich  govern  their  motion. 

3.  Statics  treats  of  the  conditions  of  the  equilibrium  of 
bodies  under  the  action  of  forces. 

There  are  many  subdivisions  of  the  subject,  such  as  Hydrodynamics,  Hy- 
drostatics, Pneumatics,  Thermodynamics,  Molecular  Mechanics,  etc.  That 
part  of  mechanics  which  treats  of  the  relative  motion  of  bodies  which  are  so 
connected  that  one  drives  the  other,  such  as  wheels,  pulleys,  links,  etc.,  in 
machinery,  is  called  Cinematics.  The  motion  in  this  case  is  independent  of 
the  intensity  of  the  force  which  produces  the  motion. 

Theoretic  Mechanics  treats  of  the  effect  of  forces  applied  to  material  points 
or  particles  regarded  as  without  weight  or  magnitude.  Somatology  is  the 
application  of  theoretic  mechanics  to  bodies  of  definite  form  and  magnitude. 

4.  Matter  is  that  which  receives  and  transmits  force.  In 
a  phj^sical  sense  it  possesses  extension,  divisibility,  and  impene- 
trability. 

Matter  is  not  confined  to  the  gross  materials  which  we  see  and  handle,  but 
includes  those  substances  by  which  sound,  heat,  light,  and  electricity  are 
transmitted. 

It  is  unnecessary  in  this  connection  to  consider  those  refined  speculations  by 
which  it  is  sought  to  determine  the  essential  nature  of  matter.  According  to 
some  of  these  speculations,  matter  does  not  exist,  but  is  only  a  conception. 
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According  to  this  view,  bodies  are  forces,  within  the  limit  of  which  the  attrac- 
tive exceed  the  repulsive  ones,  and  at  the  limits  of  which  they  are  equal  to 
each  other. 

But  observation,  long-  continued,  teaches  practically  that  matter  is  inert, 
that  it  has  no  power  within  itself  to  change  its  condition  in  regard  to  rest  or 
motion ;  that  when  in  motion  it  cannot  change  its  rate  of  motion,  nor  be 
brought  to  rest  without  an  external  cause,  and  this  cause  we  call  FORCE. 
One  also  learns  from  observation  that  matter  will  transmit  a  force,  as  for 
instance  a  pull  applied  at  one  end  of  a  bar  or  rope  is  transmitted  to  the  other 
end ;  also  a  moving  body  carries  the  effect  of  a  force  from  one  place  to  another. 

5,  A  Body  is  a  definite  portion  of  matter.  A  particle  is 
an  infinitesimal  portion  of  a  body,  and  is  treated  geometrically 
as  a  point.  A  molecule  is  composed  of  several  particles.  An 
atom  is  an  indivisible  particle. 

6.  Force  is  that  which  tends  to  change  the  state  of  a  body 
in  regard  to  rest  or  motion.  It  moves  or  tends  to  move  a  body, 
or  change  its  rate  of  motion. 

We  know  nothing  of  the  essential  nature  of  force.  We  deal 
only  with  the  laws  of  its  action.  Tliese  laws  are  deduced  by 
observations  upon  the  effects  of  forces,  and  on  the  hypothesis 
that  action  and  reaction  are  equal  and  opposite  •  or,  in  other 
words,  that  the  effect  equals  the  cause.  In  this  way  we  find 
that  forces  have  different  intensities,  and  that  a  relation  may 
be  established  between  them.  It  is  necessary,  therefore,  to 
establish  a  unit.  'This  may  be  assumed  as  the  effect  of  any 
known  force,  or  a  multiple  part  thereof.  The  effect  of  all 
known  forces  is  to  produce  a  pull,  or  push,  or  their  equivalents, 
and  may  be  measured  by  pounds,  or  by  something  equivalent. 
The  force  of  gravity  causes  the  weight  of  bodies,  and  this  is 
measured  by  pounds.  We  therefore  assume  that  a  standard 
POUND  is  the  UNIT  of  force. 

The  standard  pound  is  established  by  a  legal  enactment,  and 
has  been  so  fixed  that  a  cubic  foot  of  distilled  water  at  the 
level  of  the  sea,  at  latitude  45  degrees,  at  a  temperature  of  62 
degrees  Fahrenheit,  with  the  barometer  at  30  inches,  will  weigh 
about  62.4  pounds  avoirdupois. 

The  English  standard  pound  was  originally  5,760  troy  grains.  The  grain 
was  the  weight  of  a  certain  piece  of  brass  which  was  deposited  with  the  clerk 
of  the  House  of  Commons.  This  was  destroyed  at  the  time  of  the  burning  of 
the  House  of  Commons  in  1834,  after  which  it  was  decided  that  the  legal 
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pound  should  be  the  weight  of  a  certain  piece  of  platinum,  weighing  7,000 
grains.  This  is  known  as  the  avoirdupois  pound,  and  the  troy  pound  ceased 
to  be  the  legal  standard,  although  both  have  remained  in  common  use. 

The  legal  standard  pound  in  the  United  States  is  a  copy  of  the  English  troy 
pound,  and  was  deposited  in  the  United  States  Mint  in  Philadelphia,  in  1827, 
where  it  has  remained.  The  avoirdupois  pound,  or  7,000  grains,  is  used  in 
nearly  all  commercial  transactions.  The  troy  pound  is  a  standard  at  62  de- 
grees Fahrenheit  and  80  inches  of  the  barometer. 

The  weight  of  a  cubic  inch  of  water  at  its  maximum  density,  as  accepted 
by  the  Bureau  of  Weights  and  Measures  of  the  United  States,  is  stated  by  Mr. 
Hasler,  in  a  report  to  the  Secretary  of  the  Treasury,  1842,  to  be  252.7453 
grains.  Mr.  Hasler  determined  the  temperature  at  which  water  has  a  maxi- 
mum density,  at  39.83  degrees  Fahrenheit,  but  Playfair  and  Joule  determined 
it  to  be  39.101°  F. 

The  exact  determination  of  the  equivalent  values  of  the  units  is  very  diffi- 
cult, and  has  been  the  subject  of  much  scientific  investigation. — (See  The  Me- 
tric System,  by  F.  A.  P.  Barnard,  LL.D.,  New  York,  1872.) 

When  a  quantity  can  be  measured  directly,  the  unit  is  generally  of  the  same 
quality  as  the  thing  to  be  measured  :  thus,  the  unit  of  time  is  time,  as  a  day 
or  second  ;  the  unit  of  length  is  length,  as  one  inch,  foot,  yard,  or  metre ;  the 
unit  of  volume  is  volume,  as  one  cubic  foot ;  the  unit  of  money  is  money  ;  of 
weight  is  weight ;  of  momentum  is  momentum ;   of  work  is  work,  etc. 

When  dissimilar  quantities  are  used  to  measure  each  other  a  proportion 
must  be  established  between  them.  It  is  commonly  said  that  "the  arc  mea- 
sures the  angle  at  the  centre,"  but  it  does  not  do  it  directly,  since  there  is  no 
ratio  between  them.  The  arc  is  a  linear  quantity,  as  feet  or  yards,  or  a  num- 
ber of  times  the  radius,  while  the  angle  is  the  divergence  of  two  lines,  and  is 
usually  expressed  in  degrees.  But  angles  are  propoi'tional  to  their  subtended 
arcs  ;  hence  we  have  an  equality  of  ratios,  or 

angle  subtended  arc 

unit  angle  ~  arc  which  subtends  the  unit  angle ' 

and  since  a  semi-circumference,  or  tt,  subtends  an  angle  of  180°,  it  is  easy  from 
the  above  equality  of  ratios  to  determine  any  angle  when  the  arc  is  known,  or 
liice  versa. 

Similarly,  the  intensity  of  heat  is  not  measured  directly,  but  by  its  effect  in 
expanding  liquids  or  metals. 

The  magnetic  force  is  measured  by  its  effect  upon  a  magnetic  needle. 

The  intensities  of  lights  by  the  relative  shadows  produced  by  them. 

Similarly  with  forces,  we  measure  them  by  their  effects. 

Dissindlar  quantities,  between  which  no  proportion  exists,  do  not  measure 
each  other.     Thus  feet  do  not  measure  time,  nor  money  weight. 

Pounds  for  commercial  purposes  represents  quantities  of  matter ;  but  when 
applied  to  forces  it  represents  their  intensities.  In  a  strict  sense,  pounds  does 
not  measure  directly  the  quantity  of  matter,  but  is  always  a  measure  of  a  force. 

7.  The  line  of  action  of  a  force  is  the  line  along  whioh 
the  force  moves  or  tends  to  move  a  particle.     If  the  particle  is 
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acted  upon  by  a  single  force,  the  line  of  action  is  straight. 
This  is  also  called  the  action-line  of  the  force. 

8,  The  point  of  application  of  a  force  is  the  point  at 
which  it  acts.  This  may  be  considered  as  at  any  point  of  its 
action-line.  Thus,  if  a  pull  be  applied  at  one  end  of  a  cord, 
the  effect  at  the  other  end  is  the  same  as  if  applied  at  any 
intermediate  point. 

9,  A  FOECE  is  said  to  be  given  when  the  following  elements 
are  known : — 

1st.  Its  magnitude  {pounds)  ; 

2d.  The  direction  of  the  line  along  which  it  acts  (action-line) ; 

3d.  The  direction  along  the  action-line  (+  or  — );  and, 

4th.  Its  point  of  application. 

A  force  may  be  definitely  represented  by  a  straight  line  ; 
thus,  its  magnitude  may  be  represented  by 

the  length  A  B,  Fig.  1 ;  its  position  by  the    A ^  B 

position  of  the  line  A  B\  its  direction  along 
the  line  by  the  arrow-head  at  B,  which  indi- 
cates that  the  force  acts  from  A  towards  B -,  and  its  point  of 
application  by  the  end  A. 

10,  Space  is  indefinite  extension,  finite  portions  of  which 
may  be  measured. 

11,  Time  is  duration,  and  may  be  measured. 

Probably  no  definition  will  give  a  better  idea  of  the  abstract  quantities  of 
time  and  space  than  that  which  is  formed  from  experience. 

12,  A  BODY  is  in  motion  when  it  occupies  successive  portions 
of  space  in  successive  instants  of  time.  In  all  other  cases  it 
is  at  absolute  rest.  Motion  in  reference  to  another  movinor 
body  is  relative. 

But  a  body  may  be  at  rest  in  reference  to  surrounding  ob- 
jects and  yet  be  in  motion.  Thus,  many  objects  on  the  surface 
of  the  earth,  such  as  rocks,  trees,  etc.,  may  be  at  rest  in  refer- 
ence to  objects  around  them,  while  they  move  with  the  earth 
through  space.  Observation  teaches  that  there  is  probably  nc 
body  at  absolute  rest  in  the  universe. 

13,  Motion  is  uniform  when  the  body  passes  over  equal 
portions  of  space  in  equal  successive  portions  of  time. 

14,  Variable  motion  is  that-  in  which  the  body  passes  over 
unequal  portions  of  space  in  equal  times. 
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15.  Velocity  is  the  rate  of  motion.  When  the  motion  is 
uniform  it  is  measured  by  the  linear  distance  over  which  a 
body  would  pass  in  a  unit  of  time  ;  and  when  it  is  variable  it 
is  the  distance  over  which  it  would  pass  if  it  moved  with  tlie 
rate  which  it  had  at  the  instant  considered.  The  path  of  a 
moving  particle  is  the  Hue  which  it  generates. 

For  uniform  velocity,  we  have 

^-|.  (1) 

in  which 

s  =  the  space  passed  over ; 

t  =  the  time  occupied  in  moving  over  the  space  5 ;  and 

V  =  the  velocity. 

JFor  variable  velocity, ^q  have 

ds  ,^. 

Examples. 

1.  If  a  particle  moves  uniformly  thirty  feet  in  three  seconds, 
what  is  its  velocity  ? 

2.  li  s  =  at,  what  is  the  velocity  ? 

3.  If  s  =  af  -\-  bt,  what  is  the  velocity  at  the  time  t,  or  at 
the  end  of  the  space  s  ? 

Here 

v  =  ^^^^  =  2at  +  b, 

at  • 

which  is  the  answer  to  the  first  part.  Find  t  from  the  given 
equation,  and  substitute  in  the  expression  for  v,  and  it  gives 
the  answer  to  the  second  part ;  or 

-y^  Vb^  +  4  as. 

4.  If  s  =  4:t^,  required  the  velocity  at  the  end  of  five  seconds. 

5.  If  3s^  =  5^,  required  the  velocity  at  the  end  of  ten  sec- 
onds. 

6.  If  s  =  \g^,  what  is  the  velocity  in  terms  of  the  time  and 
space  ? 

7.  If  at  —  6**— 1,  required  the  velocity  in  terms  of  the  time 
and  space. 
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16.  Angulak  velocity  is  the  rate  of  angular  movement.  If 
a  particle  moves  around  a  point  having  either  a  constant  or  a 
variable  velocity  along  its  path, 
the  angular  velocity  is  meas- 
ured hy  the  arc  at  a  unifs  dis- 
tance which  subtends  the  angle 
swept  over  in  a  unit  of  time  hy  ^.^^ 

that  radius  vector  which  passes  piq^  2. 

through  the  particle. 

If  5  =  AB  =  the  length  of  the  path  described ; 

V  =  the  velocity  along  the  path  AB  j 

t  =  the  time  of  the  movement ; 

T  =  CB  =  the  radius  vector ; 

6  =  the  circular  arc  at  a  unit's  distance  which  subtends 
tlie  angle  A  OB  swept  over  by  the  radius  vector  in 
the  time  t ;    and  *■ 

CO  =  the  angular  velocity. 

Then,  if  the  angular  motion  is  uniform, 

<o  =  l  .(3) 

If  it  is  variable,  then 

We  also  have, 

ds  =  vdt=  Vr^d0^  H-  dr" ; 

,^       ds^  —  dr^      v^df  ~  di^         , 
.*.  dv^  = j; — ^ ;  and 


x/--(l) 


d6       V  \dt/  (6) 

ay  =z  -—    =  . 

dt  r 

17.  Acceleration  is  the  rate  of  increase  or  decrease  of  the 
velocity.  It  is  a  velocity-increment.  The  velocity-increment 
of  an  increasing  velocity  is  considered  positive,  and  that  of  a 
decreasing  velocity,  negative. 

The  measure  of  the  acceleration,  when  it  is  uniform,  is  the 
amount  by  which  the  velocity  is  increased  (or  decreased)  in  a 
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unit  of  time.  If  the  acceleration  is  variable,  it  is  the  amount 
by  which  the  velocity  would  be  increased  in  a  unit  of  time, 
provided  the  rate  of  increase  continued  the  same  that  it  was 
at  the  instant  considered. 

Hence,  if 

y  =  the  measure  of  the  acceleration  (or,  briefly,  the 
acceleration) ; 
then,  when  the  acceleration  is  uniform, 

ds 

J.      V       dt 

and  hence,  when  it  is  variable, 

ds 


r._dv  _      dt  _dh  ,gv 


We  also  have 


j._  d^s      ds^  _  d'^s       ds^  _    ^d^s  /^a 

'^~df^d?~d?^~dt^~''W  ^^ 

We  thus  see  that  the  relation  between  space,  time,  and  velo- 
city are  independent  of  the  cause  which  produces  the  velocity. 


Applications  of  Equation  (6). 

1.  Suppose  that  the  acceleration  is  constant. 
Then  in  (6)  y  will  be  constant,  and  dt  being  the  equicrescent 
variable,  we  have 


</*=JJ'^^ 


or/.  =  1+0.  (7) 

ds 

But  for  t  =  0,-j-  =  Vq  =  the  initial  velocity  .*.  C^=  —  "^o  ; 

and  (7)  becomes 

ds  —ftdt  +  v^dt. 
Integrating  again  gives 
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But  s  =  Sq  for  ^  =  0  .'.  62  =  ^oj 
hence  the  final  equation  is 

s  =  ift' +  Vot  +  So;  (8) 

which  gives  the  relation  between  the  space  and  time. 

Again,  multiplying  both   members  of  equation   (6)  by  ds, 


we  have 

dt: 


lff<^s<^s=ffds; 


dl_ 
df 


^r  -;^  =  2/^  +  ^^o^  (9) 


•.  dt  =      F==-- 


and  integrating,  gives 


t  =  '^±^+c. 


(10) 


Equation  (7)  gives  the  relation  between  tiie  velocity  and 
time,  and  equation  (9)  between  the  velocity  and  space. 
If  ^0  and  So  are  both  zero,  the  preceding  equations  become 

2s 

v=ft=  i/2fs  =  -Y'  (11) 

s  =  iff  =  ^f=i^*'  (12) 

V  /¥s       2s 

We  shall  find  hereafter  that  these  formulas  are  applicable  to 
all  cases  in  which  the  Jbrce  is  constant  and  uniform. 

2.  Find  the  relation  between  the  space  and  time  when  the 
acceleration  is  naught. 
We  have 

Multiply  by  dt,  integrate  twice,  and  we  have 

s  =  So  +  Vot; 
in  which  Sq  and  Vq  are  initial  values;  that  is,  the  body  will  have 
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passed  over  a  space  Sq  before  t  is  computed.     Vq  is  not  only  the 
initial  but  the  constant  uniform  velocity.     If  ^o  =  0,  then  s  = 

Vot. 

3.  If  the  acceleration  varies  directly  as  the  time  from  a  state 
of  rest,  required  the  velocity  and  space  at  the  end  of  the 
time  t. 

Here^/=  at. 

4.  Determine  the  velocity  when  the  acceleration  varies  in- 
versely as  the  distance  from  the  origin  and  is  negative;  ovf= 

<^ 

s 

5.  Determine  the  relation  between  the  space  and  time  when 
the  acceleration  is  negative  and  varies  directly  as  the  distance 
from  the  origin  ;  or/"  =  —  Its. 

Equation  (6)  becomes 

df  =  -^'- 

Multiplying  both  members  by  ds,  we  have 
dsdh 


dt^ 
Integrating  gives 


=  —  1)8  ds. 


d^ 

df~    ■    ^  +  ^^• 

But  V  =  0  for  s  ^=  Sq  .'.  C\  =  hsQ^;  and 

^  =  J(V-«')  =  ^,  (14) 

ds 


or  h^  dt  = 
Integrating  again  gives 


W 


But  i^  =  0  f or  5  =  ^0  •'•  (^\  =  —  Wl 

.'.s  =  So  sin  {tb^  +  iir).  (15) 


10 
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U  s  =  So,  t  =  0,  27rJ-S  47r5  -*. 

"5  =  0,^  =  iirh-^  |7rJ-*,  fTT^-*.  IttJ-^  fTrJ-*,  etc.; 

This  is  an  example  of  periodic  motion,  of  which  we  shall 
have  examples  hereafter. 

6.  Determine  the  space  when  the  acceleration  diminishes  as 
the  square  of  the  velocity. 


Fig.  3. 


When  the  acceleration  is  constant,  the  relation  between  the 
time,  space,  and  velocity  may  be  shown  by  a  triangle,  as  in 
Fig.  3.  Let  A£  represent  the  time,  say 
four  seconds.  Divide  it  into  four  equal 
spaces,  and  each  space  will  represent  a 
second.  Draw  horizontal  lines  through  the 
points  of  division  and  limit  them  by  the 
inclined  line  AC.  The  horizontal  lines 
will  represent  the  corresponding  velocities. 
Thus  V2  =  9^  is  the  velocity  at  the  end  of 
the  time  4-  The  triangle  Aho  represents 
the  space  passed  over  during  the  first  sec- 
ond, and  ABC  the  space  passed  over  during  four  seconds. 
The  lines  de^  fh,  and  ^  6^  represent  the  accelerations  for  each 
second,  which  in  this  case  are  equal  to  each  other,  and  equal 
to  he,  which  is  the  velocity  at  the  end  of  the 
first  second.  Hence,  when  the  acceleration 
is  unifor7rh,  the  velocity  at  the  end  of  the 
first  second  equals  the  acceleration.  This  is 
also  shown  by  Eq.  (11) ;  for  if  t  =\,v  =f. 
Equations  (12)  and  (13)  may  be  deduced  di- 
rectly from  the  figure. 

If  acceleration  constantly  varies,  the  case 

may  be  represented  as  in  Fig.  4.     To  find 

the  acceleration  at  the  end  of  the  first  second,  draw  a  tangent 

ae  to  the  curve  at  the  point  a,  and  drop  the  perpendicular  ad^ 

then  will  de  be  the  acceleration.     But  — ,  =  — r  =  -y-  =  /*=  the 

ad      ab      dt      *^ 

velocity-increment,  which  is  the  same  as  Equation  (6). 
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18.  Kesolved  velocities  and  accelerations.  When  the 
motion  is  along  a  known  patli  and  at  a  known  rate,  the  projec- 
tions of  the  velocities  and  accelerations  upon  other  paths  which 
are  inclined  to  the  given  one  will  equal  the  product  of  these 
quantities  by  the  cosine  of  the  angle  between  the  paths ;  that  is, 


v' 


^      ds  dh 

V  cos  6  =  -T.  cos  6,  and/    =  -^  cos  0, 


where  v^  andy  are  on  the  new  path,  and  ^  the  angle  between 
the  paths. 


Examples. 

1.  If  the  velocity  v  is  constant  and  along  the  line  AJB,  which 
makes  an  angle  6  with  the  line  A  O, 
then  will  the  velocity  projected  on 
A  C  also  be  constant,  and  equal  to  v 
cos  0 ;  and  on  the  line  B  O^  equal  to 
V  sin  0. 


Fig.  5. 


2.  Let  AB  6^  be  a  parabola  whose  equation  is  z/^  =  2px. 
a  body  describes  the  arc  ^6^  with 

such  a  varying  velocity  that  its  pro-  B  Y 

jection  on  BB,  a  tangent  at  B,  is 
constant,  required  the  velocity  and 
the  acceleration  parallel  to  BJE. 

From  the  equation  of  the  curve 
we  have 

dx      y ' 


If 


-D- 


From  the  conditions  of  the  problem  we  have 

dy 

-^j  =  constant  =  v  ; 


.ut 


(^_dy  dx_    ,  ?/  _    ,    /2x 

dt- dt  dy-""  i>~^'*^y 


which  is  the  velocity  parallel  to  x ; 
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d?x      v'  dy      v'^ 
"  df  ~~  jp  dt  ~  ^    ' 

hence  the  acceleration  parallel  to  the  axis  of  x  will  be  constant. 
Let  ds  be  an  element  of  the  arc,  then  will  the  velocity  along 
the  arc  be 

ds       (da?      dyhi  ,  (^       2a?\i 

3.  Determine  the  accelerations  parallel  to  the  co-ordinate  axes 
a?  and  y,  so  that  a  particle  may  describe  the  aro  of  a  parabola 
with  a  constant  velocity. 

Let  the  equation  of  the  parabola  be 

.  ^^£. 
"  dx      y' 

The  conditions  of  the  problem  give 

ds 

-J-  =  constant  =  v. 

dt 

ds  _dy    ds  ^dy  V  ddi?  +  dy^  __  dy  J        dx^ 
^  dt~  dt    dy~  dt         dy  '"  dt  dy"" 


*•.■■•=, 


,  dy  _         pv 

"dt~sr^"^' 

and  differentiating,  gives 

d?y  _  jpny       dy 

d?  ~  ~  (^2  +  ^)l  W 

p^vh/ 


{p'  +  ff 


which  being  negative  shows  that  the  acceleration  perpendicular 
to  the  axis  of  the  parabola  constantly  diminishes. 
Similarly  we  find 

d'^x  _      ^V 
df^  {^  +p^f 


[18.J 
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4.  A  wheel  rolls  along  a  straight  line  with  a  uniform  velocity; 
compare  the  velocity  of  any  point  in  the  circumference  with 
that  of  the  centre. 


Fig.  7. 

Let  V  =  the  velocity  of  any  point  in  the  circumference, 
v'=  the  uniform  velocity  of  the  centre, 
r  =  the  radius  of  the  circle, 
X  =:  the  abscissa  which  coincides  w^th  the  line  on  which 

it  rolls,  and 
y  =  the  ordinate  to  any  point  of  the  cycloid. 
Take  the  origin  at  A.     The  centre  of  the  circle  moves  at  the 
same  rate  as  the  successive  points  of  contact  £.     The  centre  is 
vertically  over  £.     The  abscissa  of  the  point  of  contact  cor- 
responding to  any  ordinate  y  of  the  cycloid,  is  r  versin~'^  -; 


d  /           .     1  V\ 
,\v  =.  -T-Vr  versin~^  -1  = 

r 

V2ry- 

f 

dy 
'dt'' 

"dt-"- 

r 

f 

The  equation  of  the  cycloid 

is 

X  =:  r  versin' 

%-i^ry 

-f)^; 

and  from  the  theorv  of  curves 

7    9.79  ^^  I    .  dSI? 


or, 


and. 


ds  / 


27- 


dy 


2r 


y 


V  = 


ds  _dy   ds  _      /  2y     , 
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If  y  =  0,    .,  =  0; 

y  =  T,    V  =  \/2v' ; 
y  =  2r,  V  =  2v' ; 
y  z=  ^r,  V  =^  v\ 

Hence,  at  the  instant  that  any  point  of  the  wheel  is  in  con- 
tact with  the  straight  line,  it  has  no  velocity,  and  the  velocity 
at  the  highest  point  is  twice  that  of  the  centre. 

The  velocity  at  any  point  of  the  cycloid  is  the  same  as  if  the 
wheel  revolved  about  the  point  of  contact,  and  with  the  same 
angular  velocity  as  that  of  the  generating  circle. 

For,  the  length  of  the  chord  which  corresponds  to  the  ordi- 
nate y  is  y/2ry,  and  hence,  if 


v:2v'  ::  V2ry  :  2r  ; 
we  have  v  =\/  —  v\  as  before  found. 

19.  Gravitation  is  tliat  natural  force  which  mutually  draws 
two  bodies  towards  each  other.  It  is  supposed  to  extend  to 
every  particle  throughout  the  universe  according  to  fixed  laws. 
The  force  of  gravity  above  the  surface  of  the  earth  diminishes 
as  the  square  of  the  distance  from  the  centre  increases,  but 
within  the  surface  it  varies  directly  as  the  distance  from  the 
centre.  If  a  body  were  elevated  one  mile  above  the  surface 
of  the  earth  it  would  lose  nearly  -g-oVir  of  its  weight,  which 
is  so  small  a  quantity  that  we  may  consider  the  force  of 
gravity  for  small  elevations  above  the  surface  of  the  earth  as 
practically  constant.  But  it  is  variable  for  different  points  on 
the  surface,  being  least  at  the  equator,  and  gradually  increasing 
as  the  latitude  increases,  according  to  a  law  \^hich  is  approxi- 
mately expressed  by  the  formula 

g  =  32.1726  -  0.08238  cos  2Z, 

in  which  Z  =  the  latitude  of  the  place, 

g  =  the  acceleration  due  to  gravity  at  the  latitude  Z. 
or  simply  the  force  of  gravity,  and 
32.1726  ft.  =  the  force  of  gravity  at  latitude  45  degrees. 
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From  this  we  find  that 

at  the  equator  ^  =  ^o  =  32.09022  feet,  and 
at  the  poles      g  =  ^qq  =  32.25498  feet. 

The  varying  force  of  gravity  is  determined  by  means  of  a 
penduhim,  as  will  be  shown  hereafter.  It  is  impossible  to  de- 
termine the  exact  law  of  relation  between  the  force  of  gravity 
at  different  points  on  the  surface  of  the  earth,  for  it  is  not 
homogeneous  nor  an  exact  ellipsoid  of  revolution.  The  delicate 
observations  made  with  the  pendulum  show  that  any  assumed 
formula  is  subject  to  a  small  error.  (See  Mecanique  Celeste, 
and  Puissanfs  Geodesie.) 

Substituting  g  for /'in  equations  (11),  (12),  and  (13),  we  have 
the  following  equations,  which  are  applicable  to  bodies  falling 
freel}^  in  vacuo : — 

/. —       25 
v  =  gt=  V2gs  =  j ; 

s  =  ig^=^^^  =  ivt;     >  (16) 


V  _      /2s  _  25 
g~^^  g  ~  v' 


t  =  - 


Examples. 

1.  A  body  falls  through  a  height  of  200  feet;  required  the  time  of  descent 
and  the  acquired  velocity.     Let  g  =  32^  feet, 

Ans.  i  =  3.53  seconds. 
v  =  113.31  feet. 

2.  A  body  is  projected  upward  wit^  a  velocity  of  1000  feet  per  second ; 
required  the  height  of  ascent  when  it  is  brought  to  rest  by  the  force  of 
gravity. 

Ans.  s  =  15,544  feet,  nearly. 

3.  A  body  is  dropped  into  a  well  and  four  seconds  afterwards  it  is  heard  to 
strike  the  bottom.  Required  the  depth,  the  velocity  of  sound  being  1130  feet 
per  second. 

Ans.  231  feet.     • 

4.  A  body  is  projected  upward  with  a  velocity  of  100  feet  per  second,  and 
at  the  same  instant  another  body  is  let  fall  from  a  height  400  feet  above  the 
other  body ;  at  what  point  will  they  meet? 
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5.  With  what  velocity  must  a  body  be  projected  downward  that  it  may  in  t 
seconds  overtake  another  body  which  has  already  fallen  through  a  feet  ? 

«         

Ans.  'G=  ^+  V2ag. 

6.  Required  the  space  passed  over  by  a  falling  body  during  the  n^^  second. 

20.  Mass  is  quantity  of  matter.  If  we  conceive  that  a 
quantity  of  matter,  say  a  cubic  foot  of  water,  eartli,  stone,  or 
otlier  substance,  is  transported  from  place  to  place,  without 
expansion  or  contraction,  the  quantity  will  remain  the  same, 
while  its  weight  may  constantly  vary.  If  placed  at  the  centre 
of  the  earth  it  will  weigh  nothing ;  if  on  the  moon  it  will  weigh 
less  than  on  the  earth,  if  on  the  sun  it  will  weigh  more ; 
and  if  at  any  place  in  the  universe  its  weight  will  be  directly 
as  the  attractive  force  of  gravity,  and  since  the  acceleration  is 
also  directly  as  the  force  of  gravity,  we  have 

W 

—  =  constant, 

g 

for  the  same  mass  at  all  places.  This  ratio  for  any  contem- 
poraneous values  of  TFand  g  may  be  taken  as  the  measure  of 
the  mass,  as  will  be  shown  in  the  two  following  articles.  The 
weight  in  these  cases  must  be  determined  by  a  spring  balance 
or  its  equivalent. 

21.  Dynamic  measuee  of  a  force.  Conceive  that  a  body  is 
perfectly  free  to  move  in  the  direction  of  the  applied  force, 
and  that  a  constant  uniform  force,  which  acts  either  as  a  jpull 
or  jjush^  is  applied  to  the  body.  It  will  at  the  end  of  one 
second  produce  a  certain  velocity,  which  call  v^^y  If  now 
forces  of  different  intensities  be  applied  to  the  same  body  they 
wnll  produce  velocities  in  the  same  time  which  are  proportional 
to  the  forces :  or 

foe     ^(i), 

in  which  f  is  the  applied  force. 

Again,  if  the  same  forces  are  applied  to  bodies  having  differ- 
ent masses,  producing  the  same  velocities  in  one  second,  then 
will  the  forces  vary  directly  as  the  masses,  or, 

f  ocJf. 
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Hence,  generally,  if  uniform^  constant  forces  are  applied  to 
different  masses  producing  velocities  'i)^y^  in  one  second,  then 

f  oc  M.v^y) ; 

or,  in  the  form  of  an  equation, 

f  =  c^%,;  (17) 

where  c  is  a  constant  to  be  determined. 

If  the  forces  are  constantly  varying^  the  velocities  generated 
at  the  end  of  one  second  will  not  measure  the  intensities  at  any 
instant,  but  according  to  the  above  reasoning,  the  rate  of  varia- 
tion of  the  velocity  will  be  one  of  the  elements  of  the  measure 
of  the  force.     Hence  if 

F  ^1^2.  variable  force  ; 

M  =  the  mass  moved  ; 

■■j-=:f=  the  rate  of  variation  of  the  velocity;    or 

velocity-increment ; 

dv 
and,  -^  be  substituted  for  v^^  in  equation  (17),  reducing 

by  equation  (6),  we  have 

F=oMf=cM%  =  cM%  m 

From  this  we  have 

cM  =  ^ ; 

hence  the  value  of  cM  is  expressed  in  terms  of  the  constant 
ratio  of  the  force  F  to  that  of  the  acceler- 
ation yi 

To  determine  this  ratio  experimentally  I 
suspended  a  weight,  FT,  by  a  very  long  line 
wire.  The  wire  should  be  long,  so  that  the 
body  will  move  practically  in  a  straight 
line  for  any  arc  through  which  it  will  be 
made  to  move,  and  it  should  be  very  small, 
so  that  it  will  contain  but  little  mass.  By  ^ 
means  of  suitable  mechanism  I  caused  a 
constant  force,  F,  to  be  applied  horizontally 
to  the  body,  thus  causing  it  to  move  side  wise,  and  determined 


t 
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the  space  over  which  it  passed  during  the  first  second.  This 
equalled  one-half  the  acceleration  (see  the  first  of  equations  (12) 
when  t  =  l).  1  found  when  F=  ^^W,  that  /=  1.6  feet, 
nearly  ;  and  for  2^=  -^^  W,  f=  3.2  feet,  nearly ;  and  similarly 
for  other  forces ;  hence 

cM  =  -gV  TF,  nearly. 

But  the  ratio  of  i^  to  ^/  is  determined  most  accnrately  and 
conveniently  by  means  of  falling  bodies;  ioi\f=g  =  ihe 
acceleration  due  to  the  force  of  gravity,  and  W  the  weight 
of  the  body  (which  is  a  measure  of  the  statical  effect  of  the 
force  of  gravity  upon  the  body),  hence 

W 
cM=j;  (19) 

in  which  the  values  of  W  and  g  must  be  determined  at  the 
same  place ;  but  that  place  may  be  anywhere  in  the  universe. 
The  value  of  c  is  assumed,  or  the  relation  between  c  and  M 
fixed  arbitrarily. 
li  G  =  1,  we  have 

W 
Jf=y;  (20) 

and  this  is  the  expression  for  the  7nass,  which  is  nearly  if  not 
quite  universally  adopted.     This  in  (18)  gives 

and  hence  the  dynamic  measure  of  the  pressure  which  moves 
A  BODY  is  the  product  of  the  mass  into  the  acceleration.  This 
is  sometimes  called  an  accelerating  force. 

If  there  are  retarding  forces,  such  as  friction,  resistance  of  the 
air  or  water,  or  forces  pulling  in  the  opposite  direction  ;  then  the 
first  member  F]  is  the  measure  of  the  unbalanced  forces  in 
pounds,  and  the  second  member  is  its  dynamic  equivalent. 

22.  Unit  of  Mass.  If  it  is  assumed  that  c  =  1,  as  in  the 
preceding  article,  the  unit  of  mass  is  virtually  fixed.  In  (20) 
if  W=l  and  ^  =  1,  then  M—\\  that  is,  a  unit  of  mass 
is  the  quantity  of  matter  which  will  weigh  one  pound  at  that 
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place  in  the  universe  where  the  acceleration  due  to  gravity  is 
one.  If  a  quantity  of  matter  weighs  32^  lbs.  at  a  place  where 
g  =  32|-  feet,  we  have 

hence  on  the  surface  of  the  earth  a  body  which  weighs  32^ 
pounds  (nearly)  is  a  unit  of  mass. 

It  would  be  an  exact  unit  if  the  acceleration  were  exactly 
32^  feet. 

In  order  to  illustrate  this  subject  further,  suppose  that  we 
make  the  unit  of  mass  that  of  a  standard  jpound.  Then  equa- 
tion (19)  becomes 

-1  =  ^, 

in  which  g^  is  the  value  of  g  at  the  latitude  of  45  degrees.  This 
value  resubstituted  in  the  same  equation  gives 

g 

and  these  values  in  equation  (18)  give 

the  final  vahie  of  which  is  the  same  as  (21). 

Again,  if  the  unit  of  mass  were  the  weight  of  one  cubic  foot 
of  distilled  water  at  the  place  where  g^  =  32.1801  feet,  at 
which  place  we  would  have  TF=  62.3791,  and  (19)  would  give 

_  62.3791 
^       "  32.1801' 

and  this  in  the  same  equation  gives 

32.1801     W 
^  ~~  62.3791  '  g  ' 

and  these  values  in  (18)  give 

,,      Wd's        ,   ^ 

Ji  = ^lo  J  as  before. 

g  df^ 


20  DENSITY.  [23.] 

23-  Density  is  the  mass  of  a  unit  of  volume. 
If  J[f  =  the  mass  of  a  body ; 
V  =  the  volume  ;  and 
D  =  the  density ; 

then  if  the  density  is  uniform,  we  have 

If  the  density  is  variable,  let 

3  =  the  density  of  any  element,  then 
.      clM 

,'.M=fhdV  (22) 

from  which  the  mass  may  be  determined  when  8  is  a  known 
function  of  V. 

Examples. 

1.  In  a  prismatic  bar,  if  the  density  increases  uniformly  from 
one  end  to  the  other,  being  zero  at  one  end  and  5  at  the  other, 
required  the  total  mass. 

Let  I  =  the  length  of  the  bar ; 

A  =  the  area  of  the  transverse  section  ;  and 
X  =  the  distance  from  the  zero  end ; 

then  will 

5 

J  =  the  density  at  a  unit's  distance  from  the  zero  end ; 

5 

jx  =  the  density  at  a  distance  x;  and 

0 

dV=  Adx ; 

■.M^Al    ^-^  =  IaI. 


'^ 


2.  In  a  circular  disc  of  uniform  thickness,  if  the  density  at  a 
unit's  distance  from  the  centre  is  2,  and  increases  directly  as 
the  distance  from  the  centre,  required  the  mass  when  the  radius 
is  10. 
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3.  In  the  preceding  problem  suppose  that  the  density  in- 
creases as  the  square  of  the  radius,  required  the  mass. 

4.  In  the  preceding  problem  if  the  density  is  two  pounds  per 
cubic  foot,  required  the  weight  of  the  disc. 

5.  If  in  a  cone,  the  density  diminishes  as  the  cube  of  the 
distance  from  the  apex,  and  is  one  at  a  distance  one  from  the 
apex,  required  the  mass  of  the  cone. 

Having  established  a  unit  of  density,  we  might  properly  say 
that  mass  is  a  certain  number  of  densities. 

24.  Applications  of  Equation  (21). 

[Obs. — If,  for  any  cause,  it  is  considered  desirable  to  omit  any  of  the  matter 
of  the  following  article,  the  author  urges  the  student  to  at  least  establish  the 
equations  for  the  acceleration  for  each  of  the  31  examples  here  given.  This 
part  belongs  purely  to  mechanics.  The  reduction  of  the  equations  belongs  to 
mathematics.  It  would  be  a  good  exercise  to  establish  the  fundamental  equa- 
tions for  all  these  examples,  before  making  any  reductions.  Such  a  course 
serves  to  impress  the  student  with  the  distinction  between  mechanical  and 
mathematical  principles.] 

Isi.  If  a  hody  whose  weight  is  50  pounds  is  moved  horizon- 
tally hy  a  constant  force  of  10 
pounds,  reqidred  the  velocity  ac-  ^^m' 

qidred  at  the  end  of  10  seconds  ^^Bl  ^LI. 

and  the  space  passed  over  during  p^^  g 

that  time,  there  being  no  friction 
nor  other  external  resistance,  and  the  body  starting  from  rest. 

Here 

W      60 

9 

F=  10  lbs. 


M=  —  =  ^^  lbs.,  and 


hence  (21)  gives 


^  _  F^_  193 
df~M~  30* 


Multiply  by  dt  and  integrate,  and 


dt  30 

The  second  integral  is 


ds  193         ,^       ^ 
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^="6^  ^  +  (^2  =  0); 

and  hence  for  ^  =  10  seconds,  we  have 

v  —    64.33  +  feet. 
s  =  321.66  +  feet. 

2d.  Suppose  the  data  to  he  the  same  as  in  the  preceding 
examjple^  and  also  that  the  friction  between  the  hody  and  the 
plane  is  5  pounds.  Required  the  space  passed  over  in  10 
seconds. 


Here  i^=  (10 


5)  pounds. 

dh 
'''df 


M 


193 
60* 


Zd.  Suppose  that  a  hody  whose  weight  is  ^0  pounds  is  moved 
horizontally  hy  a  vjeight  of  10  Ihs.,  which  is  attached  to  an  inex- 
tensihle^  hut  perfectly  flexihle  string  which  passes  over  a  wheel 
and  is  attached  at  the  other  end  to  the  hody.  Required  the 
distance  passed  over  in  10  seconds^  if  the  string  is  without 
weight,  and  no  resistance  is  offered  hy  the  vjheel,  plane,  or 
string. 

so  Ids. 


10  Us. 


Fig.  10. 


In  this  case  gravity  exerts  a  force  of  10  pounds  to  move  the 
mass,  or  i^=  10  lbs.,  and  the  mass  moved  is  that  of  both  bodies, 
or  Jf  =  (50  +  10)  -^  32i. 

dh  _F  _  193 
d^  ~M  ~  36  • 

The  integration  is  performed  as  before. 

Ans.  s  =  268.05  feet. 

4:th.  Find  the  tension  of  the  string  in  the  preceding  example. 
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The  tension  will  equal  that  foixe  which,  if  applied  directly 
to  the  body,  as  in  Ex.  1,  will  produce  the  same  acceleration  as 
in  the  preceding  example. 

Let  P  =  10  pounds ; 
W  =.  50  pounds ; 
T  =  tension ; 

P  +  W 

=  the  mass  in  the  former  example  :  and 

W 

—  =  the  mass  moved  by  the  tension. 

Hence,  from  Equation  (21), 

— -—f=F;  and 

if 

w 

r 

Eliminate  yj  and  we  find 

WP 


T^ 


.'.  r=  8.33  lbs. 

What  must  be  the  value  of  P  so  that  the  tension  will  be  a 
maximum  or  a  minimum,  P  -{-   W  being  constant  ? 

6tk.  In  example  3,  what  must  he  the  weight  of  P  so  that 
the  tension  shall  he  (,7)    part  of  P  ? 

Alls.  P  =  {n-l)  W. 

6th.  If  a  hody  lohose  weight  isW  falls  freely  in  a  vacuum 
hy  the  force  of  gravity,  determine  the  formulas  for  the  inotion. 

Here  Mg  =  W  and  the  moving  force  i^—  W; 

Wd^s       ^ 
ff  dt>      '^' 

"''  Je  =  ^- 

The  integrals  of  this  equation  will  give  Equations  (16), 
when  the  initial  space  and  velocity  are  zero.  Let  the  student 
deduce  them. 
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^th.  Sujppose  that  the  moving  pressure  {pull  or  push)  equals 
the  weight  of  the  hody^  reguired  the  velocity  and  space. 

Here  Mg  =  W  and  I^=  W,  hence  the  circumstances  of 
motion  will  be  the  same  as  in  the  preceding  example. 

The  forces  of  nature  produce  motion  without  apparent 
pressure,  but  this  example  shows  that  their  effect  is  the  same 
as  that  produced  bj  a  push  or  pull  whose  intensity  equals  the 
.w^eight  of  the  body,  and  hence  both  are  measured  by  pounds, 
or  their  equivalent. 

Sth.  If  the  force  F  is  constant,  show  that  Ft  =  Mv  ;  also 
Fs  =  iMv^,  and   ^Ff  =  Ms.       If  F  is  variable  we    have 

Mv  ^jFdt. 

^th.  Suppose  that  a  piston,  devoid  of 

friction^  is  driven  hy  a  constant  steam- 
pressure  through  a  portion  of  the  length 
of  a  cylinder,  at  what  point  in  the  stroke 
must  the  pressure  he  instantly  reversed 
Fig.  11.  "*"  SO  that  the  full  stroke  ^  shall  equal  the 
length  of  the  cylinder,  the  cylinder  heing  horizontal  f 

At  the  middle  of  the  stroke.  Whatever  velocity  is  gen 
erated  through  one-half  the  stroke  will  be  destroyed  by  the 
counter  pressure  during  the  other  half. 

lO^A.  If  the  pressure  upon  the  piston  is  500  pounds^  weight 
of  the  piston  bO  pounds,  and  the  friction  of  the  piston  in  the 
cylinder  100  p>ounds,  required  the  point  in  the  stroke  at  which 
the  pressure  must  he  reversed  that  the  stroke  may  hel'2i  inches. 
The    uniform  effective  pressure  for   driving   the   piston  is 
600  —  100  =  400   lbs.,   and   the   uniform    effective   force   for 
stopping  the  motion  is  500  +  100  =  600  pounds.     The  velocity 
generated   equals    the   velocity   destroyed,   and    the   velocity 
destroyed  equals  that  which  would  be  generated  in  the  same 
space  by  a  force  equal  to  the  resisting  force ;  hence  if 
i^=  the  effective  moving  force ; 
s  =  the  space  through  which  it  acts ; 
V  =  the  resultant  velocity  ; 
F'  =  the  resisting  force ;  and 
s^  =  the  space  through  which  it  acts ; 
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then,  from  the  expression  in  Example  8,  we  have 

Fs  =  ^Mv\ 
and  F's'  =  ^Mv\ 

.-.  Fs  =  F's', 
or,  F  \  F'  \\s'  \  s. 

In  the  example,  F=  400  lbs.,  and  F'=  600  lbs.  Let  x  =  the 
distance  from  the  starting  point  to  the  point  where  the  pressure 
must  be  reversed.     Then 

600  :  400  ::aj  :  12  —  x,  /.  x  =  7i  inches. 

11th.  If  in  the  preceding  example  the  piston  moves  vertioally 
up  and  down,  required  the  point  at  which  the  pressure  must 
he  instantly  reversed  so  that  the  full  strohe  shall  he  12  inches. 

The  effective  driving  pressure  upward  will  be  500  —  100  — 
50  =  350  pounds,  and  the  retarding  force  will  be  500  +  100  + 
50  =  650  pounds,  and  during  the  down-stroke  the  driving  force 
is  500  +  50  —  100  =:  450  pounds,  and  the  retarding  force  is 
500  -  50  +  100  =  550  pounds. 

12th.  A  string  passes  over  a  wheel  and  has 
a  weight  P  attached  at  one  e^id,  and  W  at  the 
other.  If  there  are  no  resistances  from  the 
string  or  wheel,  and  the  string  is  devoid  of 
weight,  required  the  resulting  motion. 

Suppose  W  >  P\ 

then 

F=  W-F,  and 


,  dh_F__   W-P 
'''  dt''"  M~  WTP^' 
By  integrating,  we  iind 

W-P 

V  =  -^ ^  gt. 


and. 


5-i 


W+  P 

W-P 
W-\-P 


g^. 
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13th.  Required  tht  tension  of  the  string  in  the  jpreceding 
example. 

The  tension  equals  the  weight  P^  plus  the  force  which  will 
produce  the  acceleration 

W-  F 
W+F^ 
when  applied  to  raise  F  vertically.     The  mass  multiplied  by 
the  acceleration  is  this  movino;  force,  or 

F     W-F 

9\ 


hence  the  tension  is 


g 
w 


W+  F 


F 


F 


^WF 
W+F' 


W-i-F 
Similarly,  it  equals  W  minus  the  accelerating  force,  or 


W 


W-F 


W  = 


2WF' 


W+  F  "        W-\-F 

A  complete  solution  of  this  class  of  problems  involves  the 
mass  of  the  wheel  and  frictions,  and  will  be  considered  here- 
after. 

14:th.  A  string  passes  over  a  wheel  and  has  a  weight  F 
attached  to  one  end  and  on  the  other  side  of 
the  wheel  is  a  weight  TF,  which  slides  along 
the  string.  Required  the  friction  hetween 
the  weight  W  and  the  string^  so  that  the 
weight  F  will  remain  at  rest.  Also  re- 
quired the  acceleration  of  the  weight  W, 


Fig.  13. 


The  friction  =  F  ; 
Mg=  TF; 


and,i^=-  W- 
'''  df       M 


P\ 


W-F 


W 


hence, 


and, 


W-F    , 


W 
W- 


W 


g^. 
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16th.  In  the  jpTAceding  example,  if  W  were  an  animal  whose 
weight  is  less  than  P,  required  the  acceleration  with  which 
it  must  ascend,  so  that  P  will  remain  at  rest, 

IQth.  If  the  weight  W  descend  along  a  rough  rope  with  a 
given  acceleration,  required  the  acceleration  with  which  the 
body  P  must  ascend  or  descend  on  the  opjposite  rojpe,  so  that 
the  rope  may  remain  at  rest,  no  allowance  heing  made  for 
friction  on  the  wheel, 

(The  ascent  must  be  due  to  climbing  up  on  the  cord,  or  be 
produced  by  an  equivalent  result.) 

11th.  A  particle  moves  in  a  straight  line  under  the  action 
of  a  uniform  acceleration,  and  describes  spaces  s  and  s'  in  t*^ 
and  t'^^  seconds  respectively,  determine  the  accelerating  force 
and  the  velocity  of  projection. 
Let  v^  —  the  velocity  of  projection,  and 

f  =  the  acceleration  ; 


then 


/      '-' 


t'  -  t' 

s\n  -  1)  -  si^'lt'  -  1) 
and  V,  =  -^ J^^ 1. 

If  -  =  K-* -,  thenVo  =  0. 

s       2t  —  1 

18th.  If  a  perfectly  flexible  and  perfectly  smooth  rope  is 
placed  upon  a  pin,  find  in  what  time  it  will  run  itself  off . 

If  it  is  perfectly  balanced  on  the  pin  it  will  not  move,  unless 
it  receive  an  initial  velocity.  If  it  be  unbalanced,  the  weight 
of  the  unbalanced  part  will  set  it  in  motion.  Suppose  that  it 
is  balanced  and  let 

V(i  =  the  initial  velocity, 
21  =  the  length  of  the  rope, 
w  =  the  weight  of  a  unit  of  length,  and 
t  =  the  time. 

Take  the  origin  of  coordinates  at  the  end  of  the  rope  at 
the  instant  that  motion  begins.  When  one  end  has  descended 
8  feet,  the  other  has  ascended  tlie  same  amount,  and  hence  the 
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unbalanced  weight  will  be  2ws. 
2wl  -r-  g  ;  hence  we  have 

dh  _  F_  _  2ws 
M 


The  mass  moved  will  be 


dt^ 


2^1^  ~f 


Multiply  by  ds  and  integrate,  and  we  have 


I 


Integrating  again,  gives 


\/-^o^  + 


\/^% 


=  Mog 


Ms  =  l. 


\^th.  If  aj>article  inoves  towards  a  centre  of  force  whic/i 
ATTEACTS  directly  as  the  distance  from  the  force,  determine 
the  motion. 

Let  /A  =  the  absolute  force  ;  that  is,  the  acceleration  at  a 
unit's  distance  from  the  centre  due  to  the 
force;  and 
s  =  the  distance ;  . 
then 

dJ's 

de^-^'' 

The  second  member  is  negative,  because  s  is  an  inverse  func- 
tion of  t,  that  is,  as  t  increases  s  diminishes.  Generally  attrac- 
tive forces  are  negative  and  rejoulsive  ones  jpositive,  in  reference 
to  the  centre  of  the  force.  This  is  the  same  equation  as  in 
Example  5,  Article  17;  hence,  if  a  is  the  initial  value  of  5, 


and 


a 

t  =  fx-i  (sin-^  -  —iTi); 
a 
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and  the  velocity  at  the  centre  of  the  force  is  found  by  making 
s  =  0,  for  which  we  have, 

V  =  a  Vpi\ 

113 

and  t=  -  -;^fi-^7i,  -^iT^n,  -^iC^n,  etc., 

hence,  the  time  is  independent  of  the  initial  distance. 

It  may  be  proved  that  within  a  homogeneous  sphere  the 
attractive  force  varies  directly  as  the  distance  from  the  centre. 
Hence,  if  the  earth  were  such  a  sphere,  and  a  body  were  per- 
mitted to  pass  freely  through  it,  it  would  move  with  an  accele- 
rated velocity  from  the  surface  to  the  centre,  at  which  point 
the  velocity  would  be  a  maximum,  and  it  would  move  on  with 
a  retarded  velocity  and  be  brought  to  rest  at  the  surface  on  the 
opposite  side.  It  would  then  return  to  its  original  position, 
and  thus  move  to  and  fro,  like  the  oscillations  of  a  pendulum. 

The  acceleration  due  to  gravity  at  the  surface  of  the  earth 
being  ^,  and  r  being  the  radius,  the  absolute  force  is 

and  the  time  of  passing  from  surface  to  surface  on  the  equator 
w^ould  be 

t^ns^-^  3.1416  \/-^^^  =  42m.  1.6  sec. 

The  exact  dimensions  of  the  earth  are  unknown.  The  semi-polar  axis  of 
the  earth  is,  as  determined  by 

Bessel 20,853,662  ft. 

Airy 20,853,810ft. 

Clarke     20,853,429  ft. 

The  equatorial  radius  is  not  constant,  on  account  of  the  elevations  and 
depressions  of  the  surface.  There  are  some  indications  that  the  general  form 
of  the  equator  is  an  ellipse.  Among  the  more  recent  determinations  are 
those  by  Mr.  Clarke,  of  England  (1873),  and  his  result  given  below  is  considered 
by  him  as  the  most  probable  mean.     The  equatorial  radius,  is  according  to 

Bessel  20,923,596  ft. 

Airy 20,923,713  ft. 

Clarke 30,923,161ft. 
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The  determination  of  the  force  of  gravity  at  any  place  is  subject  to  small 
errors,  and  when  it  is  computed  for  different  places  the  result  may  difEer  from 
the  actual  value  by  a  perceptible  amount. 

The  force  of  gravity  at  any  particular  place  is  assumed  to  be  constant,  but 
all  we  can  assert  is  that  if  it  is  variable  the  most  delicate  observations 
have  failed  to  detect  it.  But  it  is  well  known  that  the  surface  of  the  earth 
is  constantly  undergoing  changes,  being  elevated  in  some  places  and  depressed 
in  others,  and  hence,  assuming  the  law  of  gravitation  to  be  exact  and  universal, 
we  cannot  escape  the  conclusion  that  the  force  of  gravity  at  every  place  on  its 
surface  changes,  and  although  the  change  is  exceedingly  slight,  and  the  total 
change  may  extend  over  long  periods  of  time,  it  may  yet  be  possible,  with 
apparatus  vastly  more  delicate  than  that  now  used,  to  measure  this  change^ 
It  seems  no  more  improbable  than  the  solution  of  many  problems  already 
attained — such  for  instance,  as  determining  the  relative  velocities  of  the  earth 
and  stars  by  means  of  the  spectroscope. 

'^Oth.  Sujc>j)ose  that  a  coiled  spring  whose  natural  length  ir 
A  J3,  is  com.pressed  to  B  C.     If  one  end  rests  against  an  im- 
movable   hody  B,   and  the 
other  against  a  hody  at  (7, 
v)hich  is  perfectly  free   to 
\JL     move  horizontally ^what  will 
Fig.  14.  be   the   time    of  movement 

from  C  to  A,  and  what  will  be  the  velocity  at  A  f 

It  is  found  by  experiment  that  the  resistance  of  a  spring  to 
compression  varies  directly  as  the  amount  of  compression,  hence 
the  action  of  the  spring  in  pushing  the  body,  will,  in  reference 
to  the  point  A,  be  the  same  as  an  attractive  force  which  varies 
directly  as  the  distance,  and  hence  it  is  similar  to  the  preceding 
example.  But  if  the  spring  is  not  attached  to  the  particle  the 
motion  will  not  be  periodic,  but  when  the  particle  has  reached 
the  point  A  it  will  leave  the  spring  and  proceed  with  a  uniform 
velocity.  If  the  spring  were  destitute  of  mass,  it  would  extend 
to  A,  and  become  instantly  at  rest,  but  because  of  the  mass  in 
it,  the  end  will  pass  A  and  afterwards  recoil  and  have  a  periodic 
motion.  If  the  body  be  attached  to  the  spring,  it  will  have  a 
periodic  motion,  and  the  solution  will  be  similar  to  the  one 
in  the  Author's  Resistance  of  Materials,  Article  19. 
*  Take  the  origin  at  A,  s  being  counted  to  the  left ;  suppose 
that  5  pounds  will  compress  the  spring  one  inch,  and  let  the 
total  compression  be  <2  =  4  inches.  Let  W  =  the  weight  of 
the  body  =  10  pounds. 
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The  force  at  the  distance  of  one  foot  from  the  origin  being 
60  pounds,  the  force  at  s  feet  will  be  60s  pounds. 

Hence,  -^  =  -  F=  -  QOs ; 

^  =  -193.; 

from  which  we  find  that 

t=      t. 
\/l93' 

and  V  =  4:.Q  +  feet. 

21st.  Suppose  that  in  the  preceding  jprdblem  a  hody  whose 
weight  is  M'  is  at  JB,  and  another  M"  at  O,  hoth  heing  jperfectly 
free  to  move  horizontally ^  reqxiired  the  time  of  movement  that 
the  distance  hetween  them  shall  he  equal  to  AB  y  and  the 
resultant  velocities  of  each. 

It  is  convenient  in  this  case  to  take  the  origin  at  the  centre  of 
one  of  the  bodies — say  that  of  B — and  remain  at  the  centre 
during  motion.     The  origin  will  be  movable. 

Let  ^  =  the  absolute  force  of  the  spring  ;  that  is,  the  force 

which  will  compress  the  spring  a  unit  of  length 

— say  one  inch—  ; 

a  =  the  total  compression  ;  and 

b  =  the  length  after  compression. 

Then 

fia  =  the   total   reaction  of  the  spring   when  motion 

begins ; 

fA{a—{s—I>))  =  the  reaction  (or  moving  force)  when  the  spring 

has  expanded  an  amount  equal  to  5  —  J  ;  and 

J/'H-  M"  =  the  total  mass  moved  ; 
hence 

^  —  Z  -  i^(^  +  I>  —  s) 
df  ~~  M~~~W^M"   ' 

dl_  ___  ^{^as  +  %s-s^       ^ 
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B.,,  =  Ofo,.  =  S;...«  =  -,|i±|*,i 


y- 


^  dt=  ^' 


M '  +  M"  |/2(5  -  l)a  -  (5  -  Vf  ' 

and  integrating  gives 

jj=rvers-i  lll^+((7.  =0); 


v- 


Jlf'  +  M" 
and,  making  s  =  «  +  J,  we  have 


which,  as  in  the  preceding  example,  is   independent  of  the 
amount  of  compression  of  the  spring. 

To  find  the  relation  between  the  absolute  velocities, 

Let  s'  =  the  space  passed  over  by  M\  and 
s"  =  the  space  passed  over  by  Jf ; 

then  since  the  moving  force  is  the  same  for  both,  we  have 

M'—.  —  W—1 
df  ~       df  ' 

Integrating,  gives 

MV  =  M"v". 

226^.  Swppose  that  tJie  force  varies  directly  as  the  distance 
from  the  centre  of  force  and  is  kepulsive. 

Then 

dh 


•--2-^.(^""--""> 


in  which  Vq  is  the  initial  velocity. 

236?.  Swppose  that  the  force  varies  inversely  as  the  square  of 
the  distance  from  the  centre  of  the  force  and  is  atteactive. 

[This  is  the  law  of  universal  gravitation,  and  is  known  as  the  law  of  the 
inverse  sqttares.       While  it  is  rigidly  true,  so  far  as  we  know,  for  every 
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particle  of  matter  acting'  upon  any  other  particle,  it  is  not  rigidly  true  for 
finite  bodies  acting  upon  other  bodies  at  a  finite  distance,  except  for  homoge- 
neous (tpher  Sy  or  spheres  composed  of  homogeneous  shells.  The  earth  being 
neither  homogeneous  nor  a  sphere,  it  will  not  be  exactly  true  that  it  attracts 
external  bodies  with  a  force  which  varies  inversely  as  the  square  of  the 
distance  from  the  centre,  but  the  deviations  from  the  law  for  bodies  at  great 
distances  from  the  earth  will  not  be  perceptible.  We  assume  that  the  law 
applies  to  all  bodies  above  the  surface  of  the  earth,  the  centre  of  the 
force  being  at  the  centre  of  the  earth.] 

Let  the  problem  be  applied  to  the  attraction  of  the  earth, 
and 

r  =  the  radius  of  the  earth ; 

g  =  the  force  of  gravity  at  the  surface ; 

fi  =  the  absolute  force  ;  and 

s  =  the  distance  from  the  centre ; 
then 

^—   -_^ 

Multiply  by  ds  and  integrate ;  observing  that  iors  =  a,v  =  0, 
and  we  have 


and 


df 


'''(I- 1)  (*) 


■■■( 


/^i"  \^y^        —  sds 


using  the  negative  sign,  because  t  and  s  are  inverse  functions 
of  each  other. 

The  second  member  may  be  put  in  a  convenient  form  for 
integration  by  adding  and  subtracting  ^  a  to  the  numerator 
and  arranging  the  terras.     This  gives 

ia  —  s  —  ia 


(as  -  ^)i 


ds 


a  —  2s      J  ads 

ds  — 


2(as-^)i  2{a8-s^\  ' 
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the  integral  of  which  is 

(as  —  ^)i  —  ia  versin"^  —  -\-  O, 

^  ^  a 

But  when  s  =  a^t  =  0  .'.  C  =  ^a-^  ; 


(J) 


n  2s  /        25\ 

From    tlie    circle  we  have   n  —  versin"'     —  =  n  —cos-' /I  —  _\  = 

From  trigonometry  we  have  2  cos^  y  —  1  =  cos  2  y. 
Let  2^=  cos -H li,  then 

cos  2y  =  —  —  1 ;  . *,  cos'^  y  =  — ,    and  y  =  cos—'  a/  —  'i  ^^^ 
a  a  y     a 

/7  25 .  -| 

22/  =  2  cos-'  4/  —  ;  or  TT  — versin"'—   J. 

From  (<3^)  it  appears  that  for  5  =  0,  -y  =  oo  ;  hence  tlie  velocity 
at  the  centre  will  be  infinite  when  the  body  falls  from  a  finite 
distance. 

\is=^a  =  co^v  =  0.  If  a  body  falls  freely  from  an  infinite 
distance  to  the  earth,  we  have  in  equation  {a) 

a—  CO  \  and 

s  =  r  =  the  radius  of  the  earth  ; 

for  the  velocity  at  the  surface.      But  ^  =  ^  ; 

If  g  =  32J  feet  and  r  =  3962  miles,  we  have 
/64i  X  3962\i      ...      ., 

Hence  the  maximum  velocity  with  which  a  body  can  reach 
the  earth  is  less  than  seven  miles  per  second. 


[24.]  ATTRACTIVE  FORCES.  35 

24^A.  Siij[>pose  that  the  force  is  attractive  and  varies  in- 
versely as  the  n^  jpower  of  the  distance. 

Then 

df  «"' 

df  ^  2ji_  (1 1_  \ 

"  dt^      n-1  U"-^       a"-V' 

and  integrating,  gives 

\   2  ^   /  ^a  ' 

According  to  the  tests  of  integrability  this  may  be  integrated 
when 

5     3      1^35 

3     2     1^^3 
or^=  ....-,-,  ^,0,2,or- etc. 

25  ^A.  Let  the  force  vary  inversely  as  the  square  root  of  the 
distance  and  he  attractive.  (This  is  one  of  the  special  cases 
of  the  preceding  example.) 

We  have 


(Ps 

df 

= 

:,d^ 

dt^ 

=  4 

/.(«*- 

■s'); 

or.  2  a 

Ht-- 

-ds 

(a*  -  «*)* 

The  negative  sign  is  taken  because  t  and  5  are  inverse  functions  of  eadi 
other. 

Add  and  subtract    — — — 7 :         and  we  have 

,-  r        Vr  2\/a 2V/^  "]  ^ 
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[sVr  +  2Va     _  2\/a         1 

.\t-     —rzz.     «4(ai  -  «i)i  -f-  2y^a  (a*— 5*)1  I 

26^A.  Swppose  that  the  force  is  attractive  and  varies   in- 
versely as  the  distance. 

Hence 

'd?~       7' 
d^      c.    ^     a 

m  which  s  =  a  ior  v  =  0.      Hence  the  time  from  8  =  a  to 
s  =  0,  is 


t~ 


Let  (  log  —  I  =  S^ ;  then  tor  s  =  a,  y  =  0  and  f  or  «  =  0,  y  =  oo .    Squaring 
and  passing  to  exponentials,  we  have 

log  —  =  gr  . •.—  —e^   ,    oi8  =  ae  ^  j 

8  o 

.-.  ds  =  —  ae"^  .  2y  dy; 

This  is  called    a  gamma-function^  and  a  method  of  integrating  it  is  as 
follows  : — 

Since  functions  of  the  same  form  integrated  between  the  same  limits  are 
independent  of  the  variables  and  have  the  same  value,  therefore 
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^  0 
and     /       e'^^ dy     i      f^ at  -     \       I      €~^  dy    \  . 

Also  the  left  hand  member  will  be  of  the  same  value  if  the  sign  of  integra- 
tion be  placed  over  the  whole  of  it,  since  the  actual  integration  will  be 
performed  in  the  same  order  ;  hence 

/     e-^'dy    \     =  /        e-l/'-t^dydt 


/»00  /»' 

^yo      Jo 


«.-*'(! +"')<;«<««; 


in  which  y  =  tu\  .'.  dy  =  t  du.     Integrating  in  reference  to  t,  we  have 

t^   (1  +  w2) 


2  (1  4-  w2) 


du, 


du 


which  f or  ^  =  00  becomes  zero,  and  for  t  =  0  becomes  :r-  ,  and  the  in- 

2(1+^^) 

tegral  of  this  is  ^  tan~'w,  which  is  zero  for  w  =  0,  and  \  n  for  w  =  oo  ; 


d  '~'^''"  =  W'- 


(See  also  Mec.  Celeste,  p.  151  [1534  O].) 
Or  we  may  proceed  as  follows  : — 

^2  „  dx 

Let  e-"   =x  .-.  dt  =  —  i—  log  aj)2  -^ ; 

7e~^^dt  =■    f  -i{-  log  x)~^  dx. 

Let  X  =  aV     and  consider  a  less  than  unity ;  then  log  a  will  be  negative, 
and  —log  X  =  y  log  a  ; 

2 
.:  dx  =  —  a^  2y  dy  log  a ; 
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which  substituted  above  gives 

Xe-^  =  I     -  i  ( -  log  x)~^ckc  =  (-log  a)~^    /     aV^  dy. 
Dividing  by  (—  log  a)^  and  multiplying  both  sides  by  —da^  we  have 
/    -^  (^- log  a)~^ da   I    -i{-logx)'hx=  I        I    -^aV'^dyda. 

Jl  Ji  Jq       Jl 

Integrating  the  second  member  first  in  regard  to  a,  gives 


y^+\ 

which  between  the  limits  of  0  and  1  gives  ^  — = —  ;  the  integral  of  which  is 

1  +y2 

i  tan-iy  which  between  the  limits  of  oo  and  0  gives  i-rr. 

.'.  J-  i  (-  log  a)~^  da  J    -i  (-  log  x)~^dx 

=  \  f^    -i{-]ogxr^dx         =i7r; 

'  •      I        e~''  dt  =  i4/Tr. 

(See  Mec.  Celeste,  Vol.  iv.  p.  487,  Nos.  [8319]  to  [8331].  Chauvenet's 
Spherical  Astronomy,  Vol.  i.  p.  152.  Todhunter's  i>ii65'?'a^  Calculus.  Price's 
Infinitesimal  Calculus.) 

Sometimes  the  best  way  to  integrate  an  exponential  quantity,  is  first  to 
differentiate  a  similar  one,  and  the  integration  often  becomes  apparent.     Thus 

to  integrate  te    ^    dt,  first   differentiate    e~^  -       We  have  d  e~^=e~^'^ 

d{-t^)-^  e-^\-  2  tdt)  =  -  Ue-^dt  \ 


.'.     I  de-^  =  -2   I  te- 


^  dt. 


But  the  first  member  is  the  integral  of  the  differential,  and  hence  is  the 
quantity  itself,   or  e  '^  ,  and  hence  the  required  integral  is  -^  e~^  . 

21th.  Suppose  that  two  todies  have  their  centres  at  A  and 

A'   respectively^   and 

j,^ ^     I     ^ —  >l'     ATTB^KCT  a  particle  at 

Fig.  15.  p  with  forces  which 

vary  as  the  distances  from  A  and  A', 
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Let  C  be  midway  between  A  and  A' ; 

A0=  CA'=a', 
Ob  —  s  =  any  variable  distance ; 
and  let    f*  =  fi'  =  the  absolute  forces  of  the  bodies  A  and  A* 
respectively. 

Then 

d^s 

—  =  l^{a-s)-fi{a  +  s)  =  -  2fj,s', 

and  integrating  again  gives 

S  =  G  cos  t  \/2fl. 

28th.  Suppose  that  a  particle  is  projected  with  a  velocity  u 
into  a  m.edium  which  resists  as  the  sqxiare  of  the  velocity ; 
determine  the  circumstances  of  motion. 

Take  the  origin  at  the  point  of  projection,  and  the  axis  s  to 
coincide  with  the  path  of  the  body. 

Let  \i  =  the  absolute  resistance — or  the  resistance  of  the 
medium  w^hen  the  velocity  is  unity ; 

fdsV 


then 


(dsV 


the 

resistance  for  any  velocity  ; 

dh 
"df 

or, 

dt 

ds 
And  integrating  between  the  initial  limits,  s  =  0  for  — -  =  -w, 

(to 

and  the  general  limits,  we  have 
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log 

ds 

dt 

u 

= 

-fis; 

•  • 

ds 
dt 

=z 

ue~f^  ; 

or,  udt  =  e^^ds. 

Integrating  again,  observing  that  ^  =  0  f or  «  =  0,  we  have 

fiut=&'  —1. 

The  velocity  becomes  zero  only  when  s  =  co  , 

29th.  A  heavy  hody  falls  in  the  air  hy  the  force  of  gravity, 
the  resistance  of  the  air  varying  as  the  square  of  the  velocity  / 
det&nnine  the  motion. 

Take  the  origin  at  the  starting  point,  and 

Let  K  =  the  resistance  of  the  body  for  a  unit  of  velocity ; 
s  =  the  distance  from  the  initial  point,  positive  down- 
wards ; 
t  =  the  time  of  falling  through  distance  s ; 

then  -—  =  0  for  t  and  5  =  0: 
dt 

-rr  =  V  iov  t  =  t  and  s  =  s:  and 
dt  ' 

—  \  =  the  resistance  of  the  air  at  any  point,  and  acta 
upwards ; 
and  g  =  the  accelerating  force  downward  ; 

hence,  the  resultant  acceleration  is  the  difference  of  the  two,  oi 


or. 


d^s  (dsV 

df  =  ^-''\-dt)'^  (^^ 

Kdt         K       \dt}  ' 
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«     \<u) 

Separating  this  into  two  partial  fractions,  and  integrating,  gives 


"'=*(;)' 


9^  +  "^% 


B    -'    dt 
Fassmg  to  exponentials  gives 


ds_  /ff_V 


,2t{Kg)^_^^'  (ft) 


which  gives  the  velocity  in  terras  of  the  time.     To  find  it  in  terms  of  the 
space,  multiply  equation  (a)  by  ds  and  put  it  under  the  form 


,  v2 


=  2k  ds. 


Proceeding  as  before,  observing  the  proper  limits,  we  find 

2k8  =  —  log  — ^-^^  ; 
y 

ds  ' 


If  s  =  CO ,  V  =  A,'  ^  ,     and  hence  the  velocity  tends  towards  a  constant. 

From  equatiop   (J),  multiplying  the  terms  of  the  fraction  by  6~~^  ('^5')*, 
and  observing  that  the  numerator  becomes  the  differential  of  the  denominator, 
integrating,  and  passing  to  exponentials,  we  have, 

which  gives  the  space  in  terms  of  the  time. 

A  neat  solution  of  equation  (a)  may  be  found  by  Lagrange's  method  of 
Variation  of  Parameters. 
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SOth.  Suppose  that  the  hody  is  projected  ujpwavd  171  the  air, 
hiving  the  same  Goefficie7it  of  resistaiice  as  in  the  jpreGeding 
exainjjh'. 

Take  the  origin  at  the  point  of  propulsion,  u  being  the 
initial  velocity ;  then 


hence,  Kdt 


(Ps       d  ds  (dsV 


K'^Xdtl 


•-'=-a)1'--&f©-'--(;-M 


ds 
Solving  this  equation  for  —  ;  we  have, 


I9j^     u  Vk  — gtajitVKg 
v)    Vg  +  u  y/lctantV,^ 


Substitute  sin  tvKg-i-cost  v  Kg  for  tan  tV  Kg  and  the  numerator  be- 
comes the  differential  of  the  denominator,  and  observing  that  t—^  tor  x=  0^ 
we  have 

1  ,      u  yj  K  sin  t  y/  Kg  +    y/  g  cos  t^l  Kg 
s  1=  -  log j= ; 

which  gives  the  space  in  terms  of  the  time. 

Multiply  equation  (e)  by  ds  and  it  may  be  put  under  the  form 

ay 

2Kd8=  - 


/dsY 
7Z^ 


Integrating,  observing  that  u  is  the  initial  velocity,  and 

'ds\^ 
9  + 

KS=   —  log     — 


veloc] 

-  (S)" 


[34] 


IN  A  RESISTING  MEDIUM. 


43 


At  the  highest  point  v  =  0,  which  in  (/)  and  (g)  gives 
i  =  (f^)~*tan-'  u  (— J  ; 


(9) 


and, 


2k 


log 


(^-f4 


(A) 


(») 


Substitute  this  value  of  «  in  equation  (c)  of  the  preceding  example,  and  we 
have 


=  J^fi 1 \ 


=  /^/l  -  -1—) 


=  x/ 


ff 


g  +  KU^ 

which  gives  the  velocity  in  descending  to  the  point  from  which  it  started ; 
and  as  it  is  less  than  w,  the  velocity  of  return  will  be  less  than  that  with 
which  it  was  thrown  upward.  This  is  because  the  resistance  of  the  air  is 
against  the  velocity  during  the  entire  movement,  both  upwards  and  down- 
wards. 

The  same  value  of  s  (Eq.  {i) )  substituted  in  {d)  of  the  preceding  example 
gives  the  time  of  descent, 


1    ,       y/  g  4-  Ktfi  +  u  Vk 


^y/ng    ^    y^g  X  /cw2  _^  \/k  ' 
which  differs  from  the  time  of  the  ascent,  as  given  by  {7i)  above. 

31  St.  Suppose  that  the  force  is  attractive  and  varies  inversel/y 
as  the  cube  of  the  distance,  and  that  the  medium  resists  as  the 
square  of  the  velocity,  and  as  the  square  of  the  density,  the 
density  varying  inversely  as  the  distance  from  the  origin. 

Let  K  =  the  coefficient  of  resistance,  being  the  resistance 
for  a  unit  of  density  of  the  medium  and 
a  unit  of  velocitv  ; 


u 

WORK 

K   /dsY 

= 

the  resistance  at 

any  point. 

•* 

d^s 

'  df  ~ 

-'?- 

K  (dsV 

Multiply  by 

2ds, 

and  we 

have 

Ms' 

i^      2/c, 

lds\\. 

2/*  , 

[25.J 


This  is  a  linear    differential  equation  of  which  the  integrating  factor  is 

e  .       The  initial  values  are  t  =  0,  and  s  =  aior  v  =  U'j 

2k  2k  f  2k        .  2k    ^ 

~1  /ff<i\  772  u.     t^K  —  S       — ■         diK  —  a       —     ) 

which  gives  the  velocity  in  terms  of  the  space.     The  final  integral  cannot  be 
found. 

25.  Work  and  Yis  Yiva  {or  living  force.) — Resuming 
equation  (21),  and  multiplying  both  members  by  ds,  we  have 

Fds  =  M^ds, 
dr 

Integrating  between  the  limits,  v  =  v^ior  5  =  0;  and  v  =  v 
for  s  =  5,  we  have 

fFds  =  iM{v^  -  V).  (23) 

If  Vq  =  0,  we  have 

fFds  =  iM^.  (24) 

The  expression  ^Mv^  is  called  the  vis  viva  (or  living  force) 
of  a  body  whose  mass  is  M  and  velocity  v.  Its  physical  im- 
portance is  determined  from  the  first  member  of  the  equation, 
which  is  called  the  work  done  by  a  force  i^in  the  space  s. 
Hence  the  vis  viva  equals  the  work  done  hy  the  moving 
force. 

WoKK,  mechanically.,  is  overcoming  resistance.  It  requires  a 
certain  amount  of  work  to  raise  one  pound  one  foot,  and  twice 
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that  amount  to  raise  two  pounds  one  foot,  or  one  pound  two 
feet.  Similarly,  if  it  requires  100  pounds  to  move  a  load  on  a 
horizontal  plane,  a  certain  amount  of  work  will  be  accomplished 
in  moving  it  one  foot,  twice  that  amount  in  moving  it  two  feet, 
and  so  on.     Hence,  generally,  if 

F=  ^  constant  force  which  overcomes  a  constant  resist- 
ance, and 

8  =  the  space  over  which  i^acts  projected  on  the  action- 
line  of  the  force,  then 

Worh=  U=Fs;  (25) 

and  similarly,  if 

F—  a  variable  force  ^  then 
Worh=  U=XFds;  (26) 

and  if  i^  is  a  function  of  s  we  have 


''=/ 


FcU. 


The  UNIT  of  work  is  one  pound  raised  vertically  one  foot. 

The  total  work,  according  to  equation  (25),  is  independent 
of  the  time,  since  the  space  may  be  accomplished  in  a  longer 
or  shorter  time. 

But  implicitly  it  is  a  function  of  the  time  and  velocity.  If 
the  work  be  done  at  a  uniform  rate,  we  have 


and 
If  ^  =  1,  we  have 


8  =  vt, 
Fs  =  Fvt. 


Fv,  (28) 

w^hich  is  called  the  Dynamic  Effect^  or  Mechanical  Power. 

Mechanical  Powder  is  the  rate  of  doing  worh.  It  is  meas- 
ured by  the  amount  of  work  done,  or  which  the  agent  is  capa- 
ble of  doing,  in  a  unit  of  time  when  working  uniformly.  The 
unit  most  commonly  employed  is  called  the  horse-jpower^  which 
equals  33,000  pounds  raised  one  foot  per  minute. 

Every  moving  body  on  the  surface  of  the  eaxth  does  work,  for  it  overcomes 
a  resistance,  whether  it  be  friction  or  resistance  of  the  air,  or  some  other 
resistance.     The  same  is  true  of  every  body  in  the  universe,  unless  it  moves 
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in  a  non-resisting  medium.  *  Animals  work  not  only  as  beasts  of  burden, 
but  in  their  sports  and  efforts  to  maintain  life  ;  water  as  it  courses  th.e  stream 
wears  its  banks  or  the  bed,  or  turns  machinery  ;  wind  fills  the  sail  and  drives 
the  vessel,  or  turns  the  windmill,  or  in  the  fury  of  the  tornado  levels  the 
forest,  and  often  destroys  the  works  of  man.  The  raising-  of  water  into  the 
air  by  means  of  evaporation  ;  the  wearing  down  of  hills  and  mountains  by  the 
operations  of  nature ;  the  destruction  which  follows  the  lightning-stroke, 
etc. ,  are  examples  of  work. 

Work  may  be  useful  or  prejudicial.  That  work  is  useful 
which  is  directly  instrumental  in  producing  useful  effects,  and 
prejudicial  when  it  wears  the  machinery  which  produces  it. 
Thus  in  drawing  a  train  of  cars,  the  useful  work  is  performed 
in  moving  the  train,  but  the  prejudicial  work  is  overcoming  the 
friction  of  the  axles,  the  friction  on  the  track,  the  resistance  of 
the  air,  the  resistance  of  gravity  on  up  grades,  etc.  It  is  not 
always  possible  to  draw  a  practical  line  between  the  useful  and 
prejudicial  works,  but  the  sum  of  the  two  always  equals  the 
total  work  done,  and  hence  for  economy  the  latter  should  be 
reduced  as  much  as  possible. 

In  order  to  determine  practically  the  work  done,  the  inten- 
sity of  the  force  and  the  space  over  which  it  acts  must  be 
measured  simultaneously.  Some  form  of  spring  balance  is 
commonly  used  to  measure  the  force,  and  when  thus  employed 
is  called  a  Dynamometer.  It  is  placed  between  the  moving 
force  and  the  resistance,  and  the  reading  may  be  observed,  or 
autographically  registered  by  means  of  suitable  mechanism. 
The  corresponding  space  may  also  be  measured  directly,  or 
secured  automatically.  There  are  many  devices  for  securing 
these  ends,  and  not  a  few  make  both  records  automatically  and 
simultaneously. 

If  the  force  is  not  a  continuous  function  of  the  S2)ace,  equa- 
tion (26)  must  be  used.  The  result  may  be  shown  graphically 
by  laying  off  on  the  abscissa,  AJB,  the  distances  ao^  ce,  etc., 
proportional  to  the  spaces,  and  erecting  oj'dinates  ab^  cd,  ef^  etc., 
proportional  to  the  corresponding  forces,  and  joining  their 
Tipper  ends  by  a  broken  line,  or,  what  is  better,  by  a  line  which 

*  All  space  is  filled  with  something,  since  light  is  transmitted  from  all 
directions.  But  is  it  not  possible  that  there  may  be  a  something  through 
which  bodies  may  move  without  resistance  ? 
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is   slightly   curved,  the    amount    and    direction  of  curvature 

being  indicated  by  the 

broken  line  previously 

constructed ;  and  the 

area  thus  inclosed  will 

represent    the    work. 

The  area  will  be  giv-A 

en     by    the    formula 

Simpson's  rule  for  determining  the  area  is: — 

Divide  the  abscissa  AB  into  an  even  number  of  equal  parts, 
erect  ordinates  at  the  points  of  division,  and  number  them 
in  the  order  of  the  natural  numbers.  Add  together  four  times 
the  even  ordinates,  twice  the  odd  ordinates  and  the  extreme 
ordinates,  and  multiply  the  sum  by  one  third  of  the  distance 
between  any  two  consecutive  ordinates. 

If  2/oj  Vu  2/2;  6tc.,  are  the  successive  ordinates,  and  I  the 
distance  between  any  two  consecutive  ones,  the  rule  is  expressed 
algebraically  as  follows : — 

Area  =  U  (2/0+  2yi  4-  4.y^  +  2y,  +  %  +  2^/5  +  -  -  -  y„)      (29) 

If  the  applied  pressure,  F]  is  exerted  against  a  body  which 
is  perfectly  free  to  move,  generating  a  velocity  v,  then  the  work 
which  has  been  expended  is,  equation  (24),  ^M^.  This  is 
called  stored  work,  and  the  amount  of  work  which  will  be  done 
by  the  moving  body  in  being  brought  to  rest  will  be  the  same 
amount.  If  the  body  is  not  perfectly  free  the  quantity  ^M'iT^ 
is  the  quantity  of  work  which  has  been  expended  by  so  much 
of  the  applied  force  as  exceeds  that  which  is  necessary  in 
overcoming  the  frictional  resistance.  Thus  a  locomotive  starts 
a  train  from  rest,  and  when  the  velocity  is  small  the  power 
exerted  by  the  locomotive  may  exceed  considerably  the  resist- 
ances of  friction,  air,  etc.,  and  produce  an  increasing  velocity, 
antil  the  resistances  equal  constantly'  the  tractive  force  of  the 
locomotive,  after  which  the  velocity  will  be  uniform.  The 
work  done  by  the  locomotive  in  producing  the  velocity  v  in 
excess  of  that  done  in  overcoming  the  resistances  will  be  ^J/^, 
m  wliich  Mis  the  mass  of  the  train,  including  the  locomotive. 
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We  see  that  double  the  velocity  produces  four  times  the 
work.  This  is  because  twice  the  force  produces  twice  the 
velocity,  and  hence  the  body  will  pass  over  twice  the  space  in 
the  same  time,  so  that  in  producing  double  the  velocity  we 
have  2i^25  =  4i^«,  and  similarly  for  other  velocities. 

[We  have  no  single  word  to  express  the  unit  of  living  force.  If  a  unit  of 
mass  moving  with  a  velocity  of  one  foot  per  second  be  the  unit  of  living 
force,  and  be  called  a  Dynam^  then  would  the  living  force  for  any  velocity 
and  mass  be  a  certain  number  of  Dynams.l 

Since  worh  is  not  force^  but  the  effect  of  a  force  exerted 
through  a  certain  space,  independently  of  the  time,  we  call  it, 
for  the  sake  of  brevity,  space-effect. 

Vis  viva,  or  living  force,  is  not  force,  but  it  is  twice  the 
work  stored  in  a  moving  mass.  It  equals  twice  the  space- 
effect. 

[The  expression  Mi^  was  called  the  vis  viva  in  the  first  edi- 
tion of  this  work,  and  is  still  so  defined  by  many  writers ;  but 
there  appears  to  be  a  growing  tendency  towards  the  general 
adoption  of  the  definition  given  in  the  text.  It  is  immaterial 
which  is  used,  provided  it  is  always  used  in  the  same  sense.] 

Examples. 

1.  A  body  whose  weight  is  10  pounds  is  moving  with  a 
velocity  of  25  feet  per  second ;  required  the  amount  of  work 
which  will  be  done  in  bringing  it  to  rest. 

Atis.  97.2  foot-pounds. 

2.  A  body  falls  by  the  force  of  gravity  through  a  height  of 
h  feet ;  required  the  work  stored  in  it. 

Let  W  =  the  weight  of  the  body, 
M=  the  mass  of  the  body, 
g  =  acceleration  due  to  gravity,  and 
V  =  the  final  velocity,  then 
v^  =  2gh,  and  Mg  =  W; 

W 
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3.  A  body  whose  weight  is  100  pounds  is  moving  on  a  hori- 
zontal plane  with  a  velocity  of  15  feet  per  second;  how  far 
will  it  go  before  it  is  brought  to  rest,  if  the  friction  is  con- 
stantly 10  lbs  ? 

Ans.  =  34.6  -H  ft. 

4.  A  hammer  whose  weight  is  2000  pounds  has  a  velocity 
of  20  feet  per  second  ;  how  far  will  it  drive  a  pile  if  the 
constant  resistance  is  10,000  pounds,  supposing  that  the  whole 
vis  viva  is  expended  in  driving  the  pile  ? 

5.  If  a  train  of  cars  whose  weight  is  100,000  pounds  is 
moving  with  a  velocit}^  of  40  miles  per  hour,  how  far  will  it 
move  before  it  is  brought  to  rest  by  the  force  of  friction,  the 
friction  being  8  pounds  per  ton,  or  ^/qt  ^^  ^^^^  total  weight  ? 

6.  If  a  train  of  cars  weighs  300  tons,  and  the  frictional 
resistance  to  its  movement  is  8  pounds  per  ton  ;  required  the 
horse-power  which  is  necessary  to  overcome  this  resistance  at 
the  rate  of  40  miles  per  hour. 

Ans.  256. 

7.  If  the  area  of  a  steam  piston  is  75  square  inches,  and  the 
steam  pressure  is  60  pounds  per  square  inch,  and  the  velocity 
(jf  the  piston  is  200  feet  per  minute,  required  the  horse-power 
developed  by  the  steam. 

8.  If  a  stream  of  water  passes  over  a  dam  and  falls  through 
a  vertical  height  of  16  feet,  and  the  transverse  section  of  the 
stream  at  the  foot  of  the  fall  is  one  square  foot,  required  the 
horse-power  that  is  constantly  developed.  Ans.  58.2  -f-. 

Let  g  =32|-  feet,  and  the  weight  of  a  cubic  foot  of  water, 
62i  lbs. 

Ans.  21.89. 

9.  A  steam  hammer  falls  vertically  through  a  height  of  3 
feet  under  the  action  of  its  own  weight  and  a  steam  pressure 
of  1000  pounds.  If  the  weight  of  the  hammer  is  500  pounds, 
required  the  amount  of  work  which  it  can  do  at  the  end  of  the 
fall. 

26-  Energy  is  the  cajpacity  of  an  agent  for  doing  work. 
The  energy  of  a  moving  bodj^  is  called  actual  or  Kinetic  energy, 
and  is  expressed  by  ^Mv^.     But  bodies  not  in  motion  may  have 
4 
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a  capacity  for  work  when  the  restraining  forces  are  removed. 
Thus  a  spring  under  strain,  water  stored  in  a  mill-dam,  steam 
in  a  boiler,  bodies  supported  at  an  elevation,  etc.,  are  examples 
of  stored  work  which  is  latent.  This  is  called  Potential 
energy.  A  momng  body  may  possess  potential  energy  entirely 
distinct  from  the  actual.  Thus,  a  locomotive  boiler  containing 
steam,  may  be  moved  on  a  track,  and  the  kinetic  energy  would 
be  expressed  by  -JJI/^^,  in  which  M  is  the  mass  of  the  boiler, 
but  the  ^potential  energy  would  be  the  amount  of  work  which 
the  steam  is  capable  of  doing  when  used  to  run  machinery,  or 
is  otherwise  employed.  These  principles  have  been  general- 
ized into  a  law  called  the  Conservation  of  energy^  which 
implies  that  the  total  energy,  including  both  Kinetic  and  Poten- 
tial, in  the  universe  remains  constant.  It  is  made  the  funda- 
mental theorem  of  modern  physical  science. 

The  energy  stored  in  a  moving  body  is  not  changed  by 
changing  the  direction  of  its  path,  provided  the  velocity  is  not 
changed  ;  for  its  energy  will  be  constantly  expressed  by  ^Mv^. 
Such  a  change  may  be  secured  by  a  force  acting  continually 
normal  to  the  path  of  the  moving  body;  and  hence  we  say 
that  a  force  which  acts  continually  jperjpendicular  to  the  path 
of  a  moving  body  does  no  work  upon  the  body.  Tluis,  if  *a 
body  is  secured  to  a  point  by  a  cord  so  that  it  is  compelled  to 
move  in  the  circumference  of  a  circle ;  the  tension  of  the 
string  does  no  work,  and  the  vis  viva  is  not  affected  by  the 
body  being  constantly  deflected  from  a  rectilinear  path. 

MOMENTUM. 

27*  Resuming  again  equation  (21),  multiplying  by  dt,  and 
integrating  gives, 

^  ^'5'  ^  M^  =  Mv.         (30) 


Jo'""' I 


dt  dt 


The  expression  Mv  is  called  momentum,  and  by  comparing 
it  with  the  first  member  of  the  equation  we  see  that  it  is  the 
effect  of  the  force  F  acting  during  the  time  t,  and  is  indepen- 
dent of  the  space.  For  the  sake  of  brevity  we  may  call  the 
momentum  a  time-effect. 
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/■ 


If  the  body  has  an  initial  velocity  we  have 

Fdt  =  M{v-Vo);  (31) 

'to 

which  is  the  momentum  gained  or  lost  in  passing  from  a 
velocity  Vq  to  v. 

Momentum  is  sometimes  called  quantity  of  motion^  on 
account  of  its  analogy  to  some  other  quantities.  Thus  the 
intensity  of  heat  depends  upon  temperature,  and  is  measured 
in  degrees ;  but  the  quantity  of  heat  depends  upon  the  volume 
of  the  body  containing  the  heat  and  its  intensity.  The  inten- 
sity of  light  may  be  uniform  over  a  given  surface,  and  will  be 
measured  by  the  light  on  a  unit  of  surface ;  but  the  quantity 
is  the  product  of  the  area  multiplied  by  the  intensity.  The 
intensity  of  gravity  is  measured  by  the  acceleration  which  is 
produced  in  a  falling  body,  and  is  independent  of  the  mass  of 
tlie  body ;  but  the  quantity  of  gravity  (or  total  force)  is  the 
product  of  the  mass  by  the  intensity  (or  Mg).  Similarly  with 
momentum.  The  velocity  represents  the  intensity  of  the 
motion,  and  is  independent  of  the  mass  of  the  body  ;  but  the 
quantit}^  of  motion  is  the  product  of  the  mass  multiplied  by 
the  velocity. 

Differentiating  (30)  and  reducing,  gives 

which  is  the  same  as  (18),  and  in  which  -37  is  a  velocity-incre- 
ment ;  Jience  the  momentum  impressed  each  instant  is  a 
m,easure  of  the  moving  force. 

If  the  force  F  is  constant  we  have  from  (30), 
Ft^Mv, 
and  for  another  force  F'  acting  during  the  same  time 
F't^M'v'-, 
.'.  F\F'  \\  Mv  :  M'v' ; 
lience,  the  forces  are   directly  as  the  momenta  produced  by 
them  respectively. 
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If  the  forces  are  variable,  let 

f  Fdt=  Q=^  Mv,  and  J  F'dt  =  Q'  =  M'v' ; 

then  Q\  Q'  ::Mv:  Wv' ; 

hence  the  time-effects  are  directly  as  the  momenta  impressed. 

We  thus  have  several  distinct  quantities  growing  out  of  equation  (21)  of 
which  the  English  units  are  as  follows  : — 

The  unit  of  force,  i^,  is 1  lb. 

The  unit  of  work  or  space  effect  is 1  lb     x  1  ft. 

The  unit  of  vis  viva  is 1  lb  of  mass  x  1^  ft.  x  1  sec. 

The  unit  of  momentum ,      1  lb  of  mass  x  1  ft.   x   1  sec. 

IMPULSE. 

28.  An  impulse  is  the  effect  of  a  blow.  When  one  body 
strikes  another,  an  impact  is  said  to  take  place,  and  certain 
effects  are  produced  upon  the  bodies.  These  effects  are  pro- 
duced in  an  exceedingly  short  time,  and  for  this  reason  they 
are  sometimes  called  instantaneous  forces  /  which,  being 
strictly  defined,  means  a  force  which  produces  its  effect  in- 
stantly^ requiring  no  time  for  its  action  y  but  no  such  force 
exists  in  nature.  The  law  of  action  during  impact  is  not  gen- 
erally known,  but  it  must  be  some  function  of  the  time. 

Kesuming  equation  (31),  we  have 

f  Fdt  =  M{v  -  vo) ; 

which  is  true,  whatever  be  the  relation  between  the  force  i^'and 
the  time  t.     If  the  initial  velocity  of  the  body  be  zero,  we  have 

^0  =  0, 
and  f  Fdt=zMV^Q. 

We  see  from  the  above  equation  that  as  t  diminishes  F 
must  increase  to  produce  the  same  effect.     We  see  that  in  this 
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case  the  first  member  is  the  time-effect  of  an  impulse,  and  the 
second  member  measures  its  effect  in  producing  a  change  of 
velocity.     Calling  this  value  Q,  we  have 

Q  =  M{v-  vo)  =  MV.  (Sla) 

Hence,  the  measure  of  an  impulse  in  producing  a  change  of 
velocity  of  a  body  is  the  increased  {or  decreased)  imomentum 
jproduced  in  the  body. 

This  is  the  same  as  when  the  force  and  time  are  finite.  If 
the  force  were  strictly  instantaneous  the  velocity  would  be 
changed  from  v^  to  v  without  moving  the  body,  since  it  would 
have  no  time  in  which  to  move  it. 

Similarly  from  equation  (23)  we  have 

/  Fds  =  iM{v^-Vo'); 

in  which  for  an  impulse  F'  will  be  indefinitely  large;  and 
hence  the  work  done  by  an  impulse  is  7/ieasured  in  the  same 
way  as  for  finite  forces. 

All  the  effects  therefore  of  an  impulse  are  measured  in  the 
same  way  as  the  total  effects  produced  by  a  finite  force. 

In  regard  to  forces,  we  investigate  their  laws  of  action  ;  or 
having  those  laws  and  the  initial  condition  of  the  body  we 
may  determine  the  velocity,  energy,  or  position  of  the  body  at 
any  instant  of  time  or  at  an}^  point  in  space,  and  hence  w^e  mav 
determine  final  results  ;  but  in  regard  to  impulses  we  deter- 
mine only  certain  final  results  without  assuming  to  know  any- 
thing of  the  laws  of  action  of  the  forces,  or  of  the  time  or 
space  occupied  in  producing  the  effect. 

The  terms  ^'Impulsive  force, "  and  ''' histantaneous  forced 
are  frequently  used  to  denote  the  effect  of  an  Impact ;  but 
since  the  effect  is  not  a  force,  they  are  ambiguous,  and  the 
term    Impulse  appears  to  be  more  appropriate. 

An  incessant  force  may  be  considered  as  the  a(5tion  of  an 
infinite  number  of  infinitesimal  impulses  in  a  finite  time. 

The  question  is  sometimes  asked,  "  What  is  the  force  of  a 
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blow  of  a  hammer  ? "  If  by  the  force  is  meant  the  pressure 
in  pounds  between  the  face  of  the  hammer  and  the  object 
struck,  it  cannot  be  determined  unless  tlie  law  of  resistance 
to  compression  between  the  bodies  is  known  during  the  con- 
tact of  the  bodies.  But  this  law  is  generally  unknown.  The 
pressure  begins  with  nothing  at  the  instant  of  contact  and 
increases  very  rapidly  up  to  the  instant  of  greatest  compression, 
after  which  the  pressure  diminishes.  The  pressure  involves 
the  elasticity  of  both  bodies ;  the  rapidity  with  which  the  force 
is  transmitted  from  one  particle  to  another ;  the  amount  of  the 
distortion ;  the  pliability  of  the  bodies ;  the  duration  of  the 
impact ;  and  some  of  these  depend  upon  the  degree  of  fixed- 
ness of  the  body  struck  ;  and  several  other  minor  conditions ; 
and  hence  we  consider  it  impossible  to  tell  exactly  what  the 
force  is. 

Examples. 

1.  Two  bodies  whose  weights  are  W  and  W^  are  placed 
very  near  each  other,  and  an  explosive  is  discharged  between 
them  ;  required  the  relative  velocities  after  the  discharge. 

2.  A  man  stands  upon  a  rough  board  which  is  on  a  perfectly 
smooth  plane,  and  jumps  off  from  the  board  ;  required  the 
relative  velocities  of  the  man  and  board. 

[Obs.  The  common  centre  of  gravity  of  the  man  and  board  will  remain  the 
same  after  they  separate  that  it  was  before.  After  separatLng-  they  would 
move  on  forever  if  they  did  not  meet  with  any  obstacle  to  prevent  their 
motion.  ] 

3.  A  man  whose  weight  is  150  pounds  walks  from  one  end 
of  a  rough  board  to  the  other,  which  is  twelve  feet  long,  and 
free  to  slide  on  a  perfectly  smooth  plane  ;  if  the  board  weighs 
50  pounds,  required  the  distance  travelled  by  the  ninn  in  space. 

4.  In  example  3  of  article  24,  suppose  that  the  weight  10 
pounds  is  permitted  to  fall  freely  through  a  height  A,  when  it 
produces  an  impulse  on  the  body  (50  pounds)  through  the 
intermediate  inextensible  string ;  required  the  initial  velocity 
of  the  body. 
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Let  Vq  =:  ^2^/^  =  the  velocity  of  the  weight  just  before 
tlie  impulse ;  and 
V  =  the  velocity  iminediately  afterward,  which  will 
be   the    comuiou    velocity   of    the    body   and 
weight ; 
^1^«"  ^50         10,        ■ 

The  subsequent  motion  may  be  found  by  equation  (21), 
observing  that  the  initial  velocity  is  v. 

The  tension  on  the  string  will  be  infinite  if  it  is  inextensible, 
but  pra(;tical]y  it  will  be  finite,  for  it  will  be  more  or  less 
elastic. 

[Some  writers  have  used  the  expression  imptihioe  tension  of  the  string 
instead  of  momentum.'], 

5.  If  a  shell  is  moving  in  a  straight  line,  in  vacuo,  witli  a 
velocity  v,  and  bursts^  dividing  into  two  parts,  one  part  moving 
directly  in  advance  with  double  the  velocity  of  the  body  ;  what 
must  be  the  ratio  of  the  weights  of  the  two  parts  so  that  the 
other  part  will  be  at  rest  after  the  body  bursts? 

6.  Explain  how  a  person  sitting  in  a  chair  may  move  across 
a  room  b}'  a  series  of  jerks  without  touching  the  floor.  (Can 
he  advance  if  the  floor  is  perfectly  smooth  ?) 

7.  A  person  is  placed  on  a  perfectly  smooth  plane,  show 
how  he  can  get  off  if  he  cannot  reach  the  edge  of  the  plane. 


The  same  impulse  applied  to  a  small  body  will  impart  a 
greater  amount  of  energy  than  if  applied  to  a  large  one. 
Thus,  in  the  discharge  of  a  gun,  the  impulse  imparted  to  the 
gun  equals  that  imparted  to  the  ball,  but  the  work,  or  destruc- 
tive effect,  of  the  gun  is  small  compared  with  that  of  the  ball. 
The  tim.e  of  the  action  of  the  explosive  is  the  same  upon  both 
bodies,  but  the  space  moved  over  by  the  gun  will  he  small 
compared  with  that  of  the  ball  during  that  time. 

The  product  Mv,  being  the  same  for  both,  as  M  decreases  v 
increases,  but  the  work  varies  as  the  square  of  the  velocity. 


-e 
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DIRECT    CENTRAL    IMPACT. 

29.  If  two  bodies  impinge  upon  one  another,  so  tiiat  the  line 
of  motion  before  impact  passes  through  the  centre  of  the  bodies, 
it  is  said  to  be  centi'cd  ^  and  if  at  the  same  time  tiie  common 
tangent  at  the  point  of  contact  is  perpendicular  to  the  line  of 
motion,  it  is  said  to  be  direct  and  central.  If  their  common 
tangent  is  perpendicular  to  the  line  of  motion,  but  if  the  latter 
does  not  pass  through  the  centre  of  the  bod}'  impinged  upon, 
it  is  called  eccentric  impact.  In  this  place,  we  consider  only 
the  simplest  case ;  that  in  which  the  inipact  is  direct  and  central. 
When  two  bodies  impinge  directly  against  one  another,  whether 
moving  in  the  same  or  opposite  directions,  they  mutually  dis- 
place the  particles  in  the  vicinity 
P  of  the  point  of  contact,  producing 

compression  which  goes  on  increas- 
ing until  it  becomes  a  maximum, 
at  which  instant  they  have  a  com- 
FiG.  17.  mon  velocity.    A  complete  analysis 

of  the  motion  during  contact  in- 
volves a  knowledge  of  the  motion  of  all  the  particles  of  the 
mass,  and  would  make  an  exceedingly  complicated  problem, 
but  the  motion  at  the  instant  of  maximum  compression  may  be 
easily  found  if  we  assume  that  the  compression  is  instantly  dis- 
tributed throughout  the  mass. 

Let  My  and  M^  be  the  respective  masses  of  the  bodies ; 
Vi  and  v^  the  respective  velocities  before  impact ; 
Vi  and  v^  the  respective  velocities  at  the  instant  of 
maximum  compression,  and 
'  ^1  and  Q-i  the  momenta  lost  respectively  by  the  bodies 

during  compression. 
Then  from  (31) 

which  is  the  momentum  lost  by  M^  on  account  of  the  action  of 
M2.     Similarly 

62  =  ^2(^2-^2'); 
which  will  be  essentially  negative  if  the  bodies  move  in  the 
same  direction,  and  will  b6  the  momentum  gained  by  M^,  on 
account  of  the  action  of  Mi. 
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But  at  the  instaut  of  greatest  compression 

v(  =  V2  ; 

and,  because  they  are  in  mutual  contact  during  the  same  time, 
their  time-effects  are  equal,  but  in  opposite  directions, 

Combining  these  four  equations,  we  find  by  elimination 

which  velocity  remains  constant  for  perfectly  non-elastic  bodies 
after  impact,  since  such  bodies  have  no  power  of  restitution 
and  will  move  on  with  a  common  velocity. 

DIRECT   CENTRAL   IMPACT    OF    ELASTIC    BODIES. 

30.  Elastic  bodies  are  such  as  regain  a  part  or  all  of  their 
distortion  when  the  distorting  force  is  removed.  If  they  regain 
their  original  form  the}^  are  udMe,^ perfectly  elastic,  but  if  only 
a  part,  they  are  called  imperfectly  elastic.  After  the  impact 
has  produced  a  maximum  compression,  the  elastic  force  of  the 
bodies  causes  them  to  separate,  but  all  the  effect  which  the 
force  of  restitution  can  produce  upon  the  movement  of  the 
bodies,  evidently  takes  place  while  they  are  in  contact.  If  they 
are  perfectly  elastic  and  do  not  fully  regain  their  form  at  the 
instant  of  separation,  they  will  continue  to  regain  their  form 
after  separation,  but  the  latter  effect  we  do  not  consider  in  this 
place.  The  ratio  between  the  forces  of  compression  and  those 
of  restitution  has  often  been  called  the  modulus  of  elasticity, 
but  as  some  ambiguity  results  from  this  definition,  we  will  call 
it  the  m.odulus  of  restitution.  At  every  point  of  the  restitution 
there  is  assumed  to  be  a  constant  ratio  between  the  force  due 
to  compression  and  that  to  restitution.  But  it  is  unnecessary 
for  present  purposes  to  trace  these  effects,  for  by  equation  (31) 
we  may  determine  the  result  when  the  bodies  finally  separate 
from  each  other. 
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Let  ei  =  the  ratio  of  the  force  of  compression  to  that  of 
restitution  of  one  body,  which  is  called  the 
'inodulus  of  restitution. 
62  =  the  corresponding  value  for  the  other ; 
Vi  =  the  velocity  of  M^  at  the  instant  when  they  separ- 
ate from  each  other ;  and 
Fa  =  the  corresponding  velocity  for  M^, 

Then  from  equation  (31) 

e,Q,  =  M,{V^-v,');  (34) 

e^Q,=  M,(V,-v,').  (35) 

As  before  Qi=  —  Q2  and  we  will  also  assume  that  ^^  =  ^2  =  ^« 
These  combined  with  (32)  and  (33)  give 

31.  Discussion  of  Equaiions  (36)  and  (37). 
1°.  If  the  bodies  are  perfectly  non-elastic,  <?  =  0. 

which  is  the  same  as  (33). 

2°.  If  the  restitution  is  perfect  e=  1. 

•••f^.  =  *i-27^^;K-^^);       (39) 


F,=  «a+^^0-.-^.).  (40) 
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From  (38)  we  have 

and,  ^^-^»=:sr^  ^'''~'''^- 

Similarly  from  (39)  and  (40) 

IT  2J[/,         ,  , 

^^  -  ''^  =  m;+M  '-"'  ~  '''^ ' 

hence,  the  velocity  lost  bj  one  body  and  gained  by  the  other  is 
t\\'ice  as  much  when  the  bodies  are  perfectly  elastic  as  when 
they  are  perfectly  non-elastic. 

3°.  If  J/i  =  J/g,  then  for  perfect  restitution  we  have 

that  is,  they  will  interchange  velocities. 

4°.  If  Ml  impinges  against  a  fixed  body,  we  have  M2  =  00 , 
and  V2  =  0. 

.-.   Vi=  -e  ?Ji . 

This  furnishes  a  convenient  mode  of  determining  e.  For  if 
a  body  falls  from  a  height  h  upon  a  fixed  horizontal  plane,  it 
will  rebound  to  a  height  Aj ; 


hi  =  ^A,  or  6  =  y-T^. 


h 

Also  if  ^  =  1 

or  the  velocity  after  impact  will  be  the  same  as  before,  but  in 
an  opposite  direction. 
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Also  if  ^  =  0,  Fi  =  0  ;  or  the  velocity  will  be  destroyed. 
5°.  If  ^2  =  ^  we  have 


)■    (*1) 


Examples. 

(1.)  A  mass  M^  with  a  velocity  of  10,  impinges  on  Mi  moving  in  an  opposite 
direction,  moving  with  a  velocity  4  and  has  its  velocity  reduced  to  5  ;  required 
the  relative  magnitudes  of  Mx  and  J/a. 

(2.)  Two  inelastic  bodies,  weighing  8  and  5  pounds  respectively,  move  in 
the  same  direction  with  velocities  7  and  3  ;  required  the  common  velocity 
after  impact,  and  the  velocity  lost  and  gained  by  each. 

(3.)  If  Mi  weighs  12  pounds  and  moves  with  a  velocity  of  15,  and  is  im- 
pinged upon  by  a  body  Jifa  weighing  16  pounds,  producing  a  common  velocity 
of  30,  required  the  velocity  of  ILj,  before  impact  if  it  moves  in  the  same  or 
opposite  direction. 

(4.)  If  5i¥i  :=  6Jtf2 ,  6«i  =  —  5vj ,  'Wa  =  7,  and  6  =  | ;  required  the  velocity 
of  each  after  impact. 

(5.)  If  Ml  —  2Mi .  Fi  =  |«i,  and  Vi=0;  required  e. 

(6.)  If  Vi  is  26,  Mi  is  moving  in  an  opposite  direction  with  a  velocity  of  16  ; 
Ml  =  2Mi  ,  e  =  I ;  required  the  distance  between  them  5^  seconds  after 
impact. 

(7.)  Two  bodies  are  perfectly  elastic  and  move  in  opposite  directions  ;  the 
weight  of  Ml  is  twice  J/2,  but  v-i  =  2^, ;  required  the  velocities  after  impact. 

(8.)  There  is  a  row  of   perfectly  elastic   bodies   in  geometrical  progression 

whose  common  ratio  is  3,  the  first  impinges  on  the  second,  the  second  on  the 

third  and  so  on  ;  the  last  moves  oflE  with  -gV  the  velocity  of  the  first.     What  is 

the  number  of  bodies  ? 

Ans.    7. 

LOSS    OF   VIS    VIVA   IN   THE    IMPACT    OF    BODIES. 

32,  Before  impact  the  vis  viva  of  both  bodies  was 
MiVi^  4-  MzVz^ ; 
and  after  impact 
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which  by  means  of  (36)  and  (37)  becomes 

M,  F,«  +  M,  ¥}  =  Mivl  +  M,vi  -  ^l^X-^^v.-v^f.  (42) 

For  perfectly  elastic  bodies  e  =  1  and  the  last  term  disap- 
pears;  henee  in  the  i?npaGt  of  jperfectly  elastic  bodies  no  vis 
viva  is  lost. 

If  the  bodies  are  imperfectly  elastic  e  is  less  than  1,  and  since 
(-y^  _  ^^2)2  is  always  positive,  it  follows  that  in  the  impact  of 
imperfectly  elastic  hodies  vis  viva  is  always  lost^  and  the 
greatest  loss  is  suffered  when  the  hodies  are  perfectly 
non-elastic. 

If  ,?  =  Oj  (42)  becomes 

M,w  -  v^')  +  J^.w  -  yf)  ^wrr^,  ^"^  ~  "">'  >  ^*^) 

in  which  each  member  is  the  total  loss  by  both  bodies.  It  is 
also  the  loss  up  to  the  instant  of  greatest  compression  when  the 
bodies  are  elastic. 

If  M2  is  very  large  compared  with  M[  we  have  from  (38) 
Vi  =  V2  nearly,  =  Fg , 
and  (43)  becomes 

M,v,'  -  M,  Yf  =  M,{v,  -  V,f, 

the  second  member  of  which  is  frequently  used  in  hydraulics 
for  finding  the  vis  viva  lost  by  a  sudden  change  of  velocity. 

These  investigations  show  the  great  utility  of  springs  in 
vehicles  and  machines  which  are  subjected  to  impact. 


RELATIONS   OF    FORCE,    MOMENTUM,    WORK,    AND   VIS   VIVA. 

33,  We  MA.Y  NOW  DETERMINE  THE  EXACT  OFFICE  in  the  Same 
prol)lem  of  the  quantities  ;— force,  momentum,  work,  and  vis 
viva.  Suppose  that  a  force,  whether  variable  or  constant, 
impels  a  body,  it  will  in  a  time  t  generate  in  the  mass  M  a 
certain  velocity  v.  HMy^  force  may  at  any  instant  of  its  action 
be  measured  by  a  certain  number  of  pounds  or  its  equivalent 


62  IMPULSE.     STATICS.  [34,  35.] 

Suppose  that  this  mass  impinges  upon  another  bod}^,  which  may 
be  at  rest  or  in  motion.  In  order  to  determine  the  effect  upon 
their  velocities  we  use  the  principle  of  momentum^  as  has  been 
shown.  But  the  bodies  are  compressed  during  impact  and 
hence  work  is  done.  The  amount  of  work  which  they  are 
capable  of  doing  is  equal  to  the  sum  of  their  vis  viva  ;  and  if 
they  are  brought  to  rest  all  this  work  is  expended  in  compress- 
ing them.  If  the  velocity  of  a  body  after  impact  is  less  than 
that  before,  it  has  done  an  amount  of  work  represented  by 
\M{v^  —  F^),  and  similarly  if  the  other  body  has  its  velocity 
increased  kinetic  energy  is  imparted  to  it.  The  distortions  of 
hodies  represent  a  certain  amount  of  work  expended.  And  this 
explains  why  in  the  impact  of  imperfectly  elastic  bodies  vis 
viva  is  always  lost,  for  a  poi-tion  of  the  distortion  remains.  But 
no  force  is  lost.  One  of  the  grandest  generalizations  of  physical 
science  is,  that  no  force  in  nature  is  lost.  In  the  case  of  im- 
pact, compression  develops  heat,  and  this  passes  into  the  air  or 
surrounding  objects,  and  the  amount  of  energy  which  is  stored 
in  the  heat,  electricity  or  other  element  or  elements,  which  is 
developed  by  the  compression,  exactly  equals  that  lost  to  the 
masses.  We  thus  see  that  in  the  case  of  moving  bodies,  foi'ce 
iinjpels^  momentwin  determines  velocity  after  impact,  and  work 
or  vis  viva  represents  the  resistance  which  the  particles  offer  to 
heing  displaced. 

34.  Statics  is  that  case  in  w^hich  the  force  or  forces  which 
would  produce  motion  are  instantly  arrested,  resulting  in  pres- 
sure only.  The  expression  for  the  elementary  work  which  a 
force  can  do  is  Fds,  but  if  the  space  vanishes,  we  have,  Fds  =  0. 
This,  as  we  shall  see  hereafter,  is  a  special  case  of  "  virtual 
velocities." 

The  forces  which  act  upon  a  body  may  be  in  equilibrium  and 
yet  motion  exist,  but  in  such  cases  the  velocity  is  uniform. 

36.  The  term  power  is  often  used  in  the  same  sense  as  force, 
but  generally  it  refers  to  an  acting  agent.  The  term  mechan- 
ical power  is  not  only  recognized  in  this  science,  but  has  a 
specific  meaning,  and  for  the  purpose  of  avoiding  ambiguity, 
it  is  better  to  use  the  term  efort  in  reference  to  mechanical 
agents.  Thus,  instead  of  saying  the  power  and  weight,  as  ia 
often  done,  say  the  effort  and  resistance. 


[36-38.] 


INERTIA. 
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38.  l^¥.B.TiA.  implies  passiveness  or  want  of  jpower.  It  means 
that  matter  has  no  power  within  itself  to  put  itself  in  motion, 
or  when  in  motion  to  change  its  rate  of  motion.  Unless  an 
external  force  be  applied  to  it,  it  would,  if  at  rest,  remain  for- 
ever in  that  condition ;  or  if  in  motion,  continue  forever  in 
motion.  Gravity,  which  is  a  foi-ce  apparently  inherent  in  mat- 
ter, can  produce  motion  only  by  its  action  upon  other  matter. 

Inektia  is  not  a  force,  but  because  of  the  property  above 
explained,  those  impressed  forces  which  produce  motion  are 
measured  by  the  product  of  the  mass  into  the  acceleration  as 
explained  in  preceding  articles  ;  and  many  writers  call  this 
MEASURE  the  force  of  inertia. 

37.  Newton's  Three  Laws  of  Motion. 

Sir  Isaac  Newton  expressed  the  fundamental  principles  of 
motion  in  the  form  of  three  laws  or  mechanical  axioms ;  as 
follows : — 

Ist.  Every  body  continues  in  its  state  of  rest  or  of  uniform 
motion  in  a  straight  line  unless  acted  upon  by  some  external 
force. 

2d.  Change  of  motion  is  proportional  to  the  force  impressed, 
and  is  in  the  direction  of  the  line  in  which  the  force  acts. 
'  3d.  To  every  action  there  is  opposed  an  equal  reaction. 

[As  simple  as  these  laws  appear  to  the  student  of  the  present  day,  the 
science  of  Mechanics  made  no  essential  progress  until  they  were  recognized. 
See  Whewell's  Inductive  Sciences,  3d  ed.,  vol.  1,  p.  311.] 

38.  In  all  the  problems  thus  far  considered,  it  has  been 
assumed  that  the  ac- 
tion-line of  the  force  or 
forces  passed  through 
the  centre  of  the  mass, 
producing  a  motion  of 
translation  only.  But 
if  the  action-line  does 
not  pass  through  the 
centre,  it  will  produce 
both  translation  and 
rotation,  ^     ,^ 

Fig.  18. 


64  DIRECT   ECCENTRIC   IMPACT.  [38.] 

In  eccentric  iinjpact  both  translation  and  rotation  is  pro- 
duced. The  centre  of  the  body  will  move  in  a  straight  line, 
hut  every  other  point  will  describe  arcs  of  circles  in  reference 
to  the  centre  of  the  body^  which  in  space  will  be  curves  more  or 
less  elongated.  The  velocity  of  traiislation  will  be  directly 
proportional  to  the  intensity  of  the  impidse  imparted  to  the 
body,  but  the  angular  velocity  will  depend  upon  the  intensity 
of  the  impulse  and  the  distance  of  the  point  of  impact  from 
the  centre  of  the  body. 

In  Figure  18,  let  Q  =  Mv  be  the  impulse  imparted  to  the 
body ;  in  which  M  is  the  mass  of  the  body  and  v  the  velocity 
of  the  centre.  Let  this  impulse  be  imparted  at  a.  At  b,  a 
distance  from  the  centre  =  cb  =  ac,  let  two  equal  and  opposite 
impulses  be  imparted,  each  equal  to  ^Q.  The  impulse  Q, 
equals  iQ -\- iQ.  The  four  impulses  evidently  produce  the 
same  effect  upon  the  body  as  the  single  impulse  Q.  If  now 
one  of  the  impulses,  iQ,  above  the  centre  is  combined  with 
the  equal  and  parallel  one  acting  in  the  same  direction  below 
the  centre,  their  effect  will  be  equivalent  to  a  single  one,  equal 
to  Q  applied  at  the  centre  c.  This  produces  translation  only. 
The  other -J ^  above  the  centre  combined  with  the  equal  and 
opposite  iQ  below  the  centre,  produces  rotation  only;  and  it 
is  evident  that  the  greater  the  distance  a,  the  point  of  impact, 
is  from  the  centre,  the  greater  w^ill  be  the  amount  of  rotation. 

An  impact  (or  blow)  at  a  to  produce  a  velocity  v  at  the  centre 
of  the  body,  must  act  through  a  greater  space  during  contact, 
or  the  impacting  body  must  move  with  a  greater  velocity,  than 
if  the  impact  be  in  a  line  passing  through  the  centre  c.  Such 
an  impulse  at  a  will  impart  more  energy  to  the  body  than  the 
one  at  c  ;  for  there  will  be  the  same  energy  due  to  translation 
in  both  cases,  viz.,  \,M\?,  and  in  the  former  case  there  will  be 
an  additional  amount  due  to  rotation. 

(The  entire  energy  stored  in  the  body  will  be  iifw-  +  i/m^"^,  in  which  Im  is 
the  moment  of  inertia  of  the  rotating  mass  in  reference  to  an  axis  through  the 
centre,  and  w  is  the  angular  velocity  in  reference  to  the  same  axis  ;  and  the 
other  notation  is  the  same  as  in  the  preceding  Article.  See  Article  127.  This 
expression  for  the  energy,  in  case  the  bodies  are  perfectly  elastic,  will  equal 
the  energy  lost  by  the  impacting  body.) 


CHAPTER  II. 

COMPOSITION  AND  RESOLUTION  OF  FORCES. 

CONCUKKENT   FORCES. 

39.  If  two  or  more  forces  act  upon  a  material  particle,  they 
are  said  to  be  concurrent.  They  may  all  act  towards  the 
particle,  or  from  it,  or  some  towards  and  others  from. 

40.  If  several  forces  act  along  a  material  line,  they  are 
called  conspiring  forces,  and  their  effect  will  be  the  same  as  if 
all  were  applied  at  the  same  point. 

41.  The  Resultant  of  two  or  more  concurrent  forces  is  that 
force  which  if  substituted  for  the  system  will  produce  the 
same  effect  upon  a  particle  as  the  sj^stem. 

Therefore,  if  a  force  equal  in  magnitude  to  the  resultant  and 
acting  along  the  same  action-line,  but  in  the  opposite  direction, 
be  applied  to  the  same  particle,  the  system  will  be  in  equilib- 
rium. 

If  the  resultant  is  negative,  the  equilibrating  force  will  be 
positive,  and  vice  versa. 

Hence,  if  several  concurrent  forces  are  in  equilibrium,  any 
one  may  be  considered  as  equal  and  opposite  to  the  resultant 
of  all  the  others. 

42.  The  resultant  of  several  conspiring  forces^  equals  the 
algebraic  sum  of  the  forces.  That  is,  if  i^ ,  i^  ,  i^^ ,  etc.,  are  the 
forces  acting  along  the  same  action-line,  some  of  which  may  be 
positive  and  the  others  negative,  and  li  is  the  resultant ;  then 

E  =  F^^-F^-\-F^  +  etc.  =  XF.  (45) 

43.  If  two  concurring  forces  he  represented  in  magnitude 
and  direction  hy  the  adjacent  sides  of  a  parallelogram,,  the 
resultant  will  he  represented  in  magnitude  and  direction  hy 
the  diagonal  of  the  parallelogram.  This  is  called  the  paral- 
lelogram of  forces. 

If  each  force  act  upon  a  particle  for  an  element  of  time 
it  will  generate  a  certain  velocity.     See  equation  (44).     Let 
5 
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PARALLELOGRAM  OF  FORCES. 


[43.] 


the  velocity  which  i^ would  produce  be  represented  by  AB  ; 
and   that  of  P  by  AD  =  BC.      These   represent   the  spaces 

over  which  the  forces 
respectively  would  move 
the  particle  in  a  unit  of 
time  if  each  acted  sepa- 
rately. If  we  conceive 
that  the  force  F  moves 
it  from  ^  to  ^  and  that 
the  motion  is  there  ar- 
Fio.  19.  rested,   and    that   P    is 

then  applied  at  B,  but  acting  parallel  to  AD,  then  will  the 
particle,  at  the  end  of  two  seconds,  be  at  O.  If,  next,  we  con- 
ceive that  each  force  acts  alternately  during  one-half  of  a 
second  beginning  again  at  JL,  the  particle  will  be  found  at  a  in 
one-half  of  a  second  ;  at  h  at  the  end  of  one  second ;  at  c  at  the 
end  of  one  and  one-half  seconds  ;  and  finally  at  G  at  the  end 
of  two  seconds.  If  the  times  be  again  subdivided  the  path  will 
be  Ad,  de,  ef.fb,  hg,  gh,  hi,  and  iC,  and  it  will  arrive  at  C  in 
the  same  time  as  before. 

As  the  divisions  of  the  time  increase,  the  number  of  sides  of 
the  polygon  increase,  each  side  becoming  shorter;  and  tlie 
polygonal  path  approaches  the  straight  line  as  a  limit.  There- 
fore at  the  limit,  when  the  force  P  and  i^act  simultaneously, 
the  particle  will  move  along  the  diagonal,  AC,  of  the  parallelQ- 
gram.  But  when  they  act  simultaneously,  they  will  produce 
their  effect  in  the  same  time  as  each  when  acting  separately ; 
and  hence,  the  particle  will  arrive  at  C  at  the  end  of  one  second. 
Therefore,  a  single  force  P,  which  is  represented  by  A  C,  will 
produce  the  same  effect  as  P  and  F,  and  will  be  the  resultant. 
If  now  a  force  equal  and  opposite  to  P  act  at  the  same  point 
as  the  forces  i^and  P,  the  motion  will  be  arrested  and  pressure 
only  will  be  the  result.  See  article  34.  Hence,  the  parallelo- 
gram of  velocities  and  of  pressures  becomes  established.* 


*  This  is  one  of  the  most  important  propositions  in  Mechanics,  and  has 
been  proved  in  a  variety  of  ways.  One  work  g-ives  forty-five  different  proofs. 
A  demonstration  given  by  M.  Poisson  is  one  of  the  most  noted  of  the  analytical 
proofs.     Many  persons  object  to  admitting  the  idea  of  motion  in  proving  the 
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If  6  be  the  angle  between  the  sides  of  the  parallelogram 
which  represent  the  forces  P  and  i^ 
and  Ji  be  the  diagonal,  or  resultant, 
we  have  from  trigonometry 


I^  =  JP-hF^-h2FFcose.    (46) 

If  6  exceeds  90  degrees,  it  must  be 
observed  in  the  solution  of  problems 
that  cos  6  will  be  negative. 

If  ^  =  90  decrees,  we  have 


>ll 


Fig.  20. 


Fia.  21 


Also,  if  ^  =  90°,  and  a  be  the  angle   between  JR  and  P 
and  §  between  F  and  i^;  then 


m 


P  —  R  cos  a  ;  ] 

F  =  B  co^  §  =  B  sin  a.  j 

Squaring  and  adding,  we  have 

as  before. 

The  forces  P  and  i^^are  called  convponent  forces,  or  simply 
components. 

44.  Triangle  of  Foeces.  If  two  forces  are  represented  m 
magnitude  and  direction  hy  two  sides  of  a  triangle  taJcen  in 
their  order,  ihe  residtant  will  he  represented  in  magnitude  and 
direction  hy  the  third  side. 

Thus,  in  Fig.  19,  if  AB  and  BC  represent  two  forces  in 
magnitude  and  direction,  ^6^  will  represent  the  resultant. 

parallelogram  of  pressures ;  but  we  have  seen  that  a  pressure  when  acting 
upon  a  free  body  will  produce  a  certain  amount  of  motion,  and  that  this  motion 
is  a  measure  of  the  pressure,  and  hence  its  use  in  the  proof  appears  to  be 
admissible.  But  the  strongest  proof  of  the  correctness  of  the  proposition  is 
the  fact  that  in  all  the  problems  to  which  it  has  been  applied,  the  results 
agree  with  those  of  experience  and  observation. 
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POLYGON  OF  FORCES. 
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Since  the  sines  of  the  angles  of  a  triangle  are  proportional 
to  the  sides  opposite,  we  have 


F 


R 


A  A 

Bin  PyR    sin  F^R 


sm 


F^P 


(48) 


POLYGON  OF   FORCES. 

45.  If  several  son- 
current  forces  are  re- 
presented in  magni- 
tude and  direction  hy 
the  sides  of  a  closed 
polygon  taken  in  their 
order,,  they  will  he  in 
equilihriunh. 

This  may  be  proved  by  finding  the  resultant  of  two  forces 
by  means  of  the  triangle  of  forces  ;  then  the  resultant  of  that 
resultant  and  another  force,  and  so  on. 
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PAEALLELOPIPED  OF   FORCES. 

46.  If  three  concurrent  forces  not  in  the  same  jplane  are 
rej^resented  in  magnitude  and  direction 
hy  the  adjacent  edges  of  a  jparallelojpijpe- 
don,  the  resultant  will  he  represented  in 
magnitude  and  direction  hy  the  diago- 
nal /  and  conversely  if  the  diagonal  of  a 
parallelopipedon  represents  a  force,  it 
may  he  considered  as  the  resultant  of 
three  forces  represented  hy  the  adjacent 
edges  of  the  parallelopipedon. 

In  Fig.  22,  if  AD  represents  the  force  F^  in  magnitude  and 
direction,  and  similarly  DB  represents  i^,  and  BC^  i^ ;  then 
according  to  the  triangle  of  forces  AB  will  represent  the 
resultant  of  F^  and  i^  ;  and  A  C  the  resultant  of  AB  and  i^, 
and  hence  it  represents  the  resultant  of  i^,  i^,  and  7^. 


Fig.  22. 
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If  Fi,  F2,  and  F^  are  at  right  angles  with  each  other,  we 
have 

Ji'  =  JF?  +  Fi^Fi\ 

A  A  A 

and  if  «  is  the  angle  R^F^ ,  |3  of  ^,i^ ,  and  y  of  B^F^ ;  then 

i^  =  ^  cos  « ;    \ 

i^2  =  ^008/3;    V  (49) 

i^  =  ^  cos  y.     ) 

Squaring  these  and  adding,  we  have 

m^F^^  Fi^  Fi,  as  before. 

Examples. 

1.  When  F=  F^  and  0  =  60°,  find  R ;  (See  Eq.  (46) ). 

Ans.  R  =  FVS. 

2.  If  F=  F^  and  0  =  120°,  find  R. 

3.  If  F=  F^ande  =  135°,  find  R. 

Ans.  R  =  FV^  -  V2. 

4.  If  F=  2i^  =  SR,  find  0. 

5.  If  iF=  |i^  =  R,  find  the  angle  F,Fi, 

Ans,  90° 

6.  If  F=7,Fi  =  9,  and  (9  =:  25°,  find  R  and  angle  i<;^. 

7.  A  cord  is  tied  aronnd  a  pin  at  a  fixed  point,  and  its  two 
ends  are  drawn  in  different  directions  by  forces  i^and  jP.  Find 
6  when  the  pressure  npon  the  pin  i&  R  =  ^  {P  -\-  F). 

Ans  cos  e  -  ^PF-^JP'  +  F^ 

M.716.   LOS  (7  —  ^  PJP ' 

8.  When  the  concurring  forces  are  in  equilibrium,  prove  that 

AAA 
P  :  i^:  ^:  :sin  F,R  :  sin  P,R  :  sin  F,F 

9.  If  two  equal  rafters  support  a  weight  W  at  their  upper 
ends,  required  the  compression  on  each.     Let  the  length  of 
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each  rafter  be  a  and  the  horizontal  distance  between  their  lower 
ends  be  h, 

a 


Ans. 


V4ca^-b^ 


W, 


10.  If  a  block  whose  weight  is  200  pounds  is  so  situated 
that  it  receives  a  pressure  from  the  wind  of  25  pounds  in  a 
due  easterly  direction,  and  a  pressure  from  water  of  100 
pounds  in  a  due  southerly  direction ;  required  the  resultant 
pressure  and  the  angle  which  the  resultant  makes  with  the 
vertical. 


RESOLUTION   OF   CONCUEKENT   FORCES. 

47-  I^et  there  be  many  concurrent 
forces  acting  upon  a  single  particle, 
and  the  whole  system  be  referred  to 
^        rectangular  co-ordinates. 

Let  F^^F^^  i^ ,  etc.,  be  the  forces 
acting  upon  a  particle  at  A ; 
a?,  y,  z  the  co-ordinates  of  A  ; 
«ij  «2  5  etc.,  the  angles  which  the 
Tig.  23.  directiou-liues  of   the  respec- 

tive forces  make  with  the  axis  of  x ; 
/3i ,  ^2 ,  etc.,  the  angles  which  they  make  with  y  ; 
71 ,  72 ,  etc.,  the  angles  which  they  make  with  z ;  and 
X,  y,  and  Z,  the  algebraic  sum  of  the  components  of  the 
forces  when  resolved  parallel  to  the   axes  a?,  y^  and  ^, 
respectively. 

Then,  according  to  equations  (45)  and  (49),  we  have  for 
equilibrium ; 

X=  jRcos«i+i^cosa2-hi^cos  wg  +  etc^^*  Z^cosa  =  0;  j 
]r=i^cos^i-|-i^cos/?2+i^3COS/93+etc.=2'i^cos|3=  0;  t  (50) 
Z"  =  i^  cos  7i+i^  cos  j'2+^  ^os  73  -)-  etc.=2'i^cos  7  =  0;) 

If  they  are  not  in  equilibrium,  let  R  be  the  resultant,  and 
by  introducing  a  force  equal  and  opposite  to  the  resultant,  the 
system  will  be  in  equilibrium. 
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Let  «,  h  and  c  be  the  angles  which  the  resultant  makes  with 
the  axes  a?,  y  and  z  respectively ;  then 
X  =  H  cos  a ; 


Y  =  Jico&h 

Z  =z  a  cos  G 


(51) 


(52) 


Squaring  and  adding,  we  have 

X'+Y'+Z'  =  B' 
If  ^  =  0  equations  (51)  reduce  to  (50). 

When  the  forces  are  in  equilibrium  any  one  of  the  jp" -forces 
may  be  considered  as  a  resultant  (reversed)  of  all  the  others. 
Equations  (50)  are  therefore  general  for  concurring  forces. 

The  values  of  the  angles  a,  §,  y,  etc.,  may  be  determined  by 
drawing  a  line  from  the  origin  parallel  to  and  in  the  direction 
of  the  action  of  the  force,  and  measuring  the  angles  from  the 
axes  to  the  line  as  in  Anal^^tical  Geometry.  The  forces  may 
always  be  considered  as  positive,  and  hence  the  signs  of  the  terms 
in  (50)  will  be  the  same  as  those  of  the  trigonometrical  func- 
tions. In  Fig.  23  the  line  Oa  is  parallel  to  i^ ,  and  the  corre- 
sponding angles  which  it  makes  with  the  axes  are  indicated. 

If  all  the  forces  are  in  the  plane  x  y  then  yi ,  /g ,  etc.  —  90°, 
and  (50)  becomes 

X^-S-i^cos  «  =  0;    [ 
T=XFcos^  =  0.     i 


(53) 


CONSTRAINED   EQUILIBRIUM. 

48.  A  body  is  constrained  when  it  is  prevented  from  moving 
freely  under  the  action  of  applied  forces. 

If  a  particle  is  constrained  to  remain 
at  rest  on  a  surface  under  the  action  of 
any  number  of  concurring  forces,  the 
resultant  of  all  the  applied  forces  must 
be  in  the  direction  of  the  normal  to  the 
surface  at  that  point. 

For,  if  the  resultant  were  inclined  to 
the  normal,  it  could  be  resolved  into 
two  components,  one  of  which  would  be  pio.  24. 
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tangential,  and  would  produce  motion ;  and  the  other  normal, 
which  would  be  resisted  by  the  surface. 

Let  iV  =  the  normal  reaction  of  the  surface,  which  will  be 
equal  and  opposite  to  the  resultant  of   all  the 
impressed  forces ; 
6^  =  the  angle  (ir,a?)  ; 
6y  =  the  angle  {J^,y) ; 
6g  =  the  angle  (ir,^) ; 
Z  =  ^  (a?,  y,  z)  =  0,  be  the  functional  equation  of  the 

surface;  and 
i^ ,  i^ ,  i^ ,  etc.,  be  the  impressed  forces. 
Then  from  (51)  and  (52),  we  have 


From  Calculus  we  have 
cos^, 


X=  iV^cos  6^; 


x/'-dr-o 


\dx  I 


lldLY,  IdD^,  IdL 


(54) 


(55) 


and  similarly  for  cos  6y  and  cos  0^ . 
These  values  in  (54)  readily  give 

X    _     Y    _     Z 

W/       \dy)       Kdzl 


(56) 


After  substituting  the  values  of  cos  6^ ,  cos  6y ,  and  cos  6^  in 
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(54),  multiply  the  first  equation  by  dx^  the  second  by  dy^  the 
third  by  dz^  add  the  results,  and  reduce  by  the  equation 

which  is  the  total  differential  of  the  equation  Z  =  0 ;    and  we 
have 

X.dx  +  Ydy  +  Zd2  =  0.  (57) 

Equations  (56)  give  two  independent  simultaneous  equations 
which,  combined  with  the  equation  of  the  surface,  will  deter- 
mine the  point  of  equilibrium  if  there  be  one.  Equation  (57) 
is  one  of  condition  which  will  be  satisfied  if  there  be  equilibrium. 

To  deduce  (55)  let  /  {x\  y')  =  0,  and  /'  {x\ 
g')  =z  0,  be  the  equations  of  the  normal  to  the 
surface  at  the  point  where  the  forces  are  applied. 
In  Fig.  25  let  Oa  be  drawn  through  the  origin  of 
co-ordinates  parallel  to  the  required  normal, 
then  will  dx\  dy'  and  dz'  be  directly  propor- 
tional to  the  co-ordinates  of  a  ; 


,*.  cos  aOx  =  cos  Qx  = 


Oa 


dx' 


Fig.  25. 


Vdx^+  dy'-'+dz* 


4 


1  + 


(dyY 


/dz  y 


But  the  normal  is  perpendicular  to  the  tangent  plane,  and  hence  the  pro- 
jections of  the  normal  are  perpendicular  to  the  traces  of  the  tangent  plane. 
The  Equation  of  Condition  of  Perpendicularity  is  of  the  form  14-  aa'  -0 

(See  Analytical  Geometry)  ;    in  which  «'  =  ^  ,  and  «  =  ^  ;    the   latter  of 


dx' 


dx' 


which  is  deduced  from  the  equation  of  the  surface  ; 


^_^dy'  dy 
dx'  dx 


=  0 ;  and  similarly 


^      dz'  dz 
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hence 

dy' 
dad  ~ 

tdLX                                           ldL\ 
dx        \<^y  1               dz'            dx       \^  J 

dy      TTTZTT  '   ^     dx'          dz      TTTT ' 

\dx)                                           [dx] 

[49. 


the  last  terms  of  which  contain  the  partial  differential  co-efficients  deduced 
from  the  equation  of  the  surface.  These,  substituted  in  the  value  of  cos  e^. 
above,  and  reduced,  give  equation  (55). 


CONSTEAINED   EQUILIBKIUM   IN   A   PLANE. 

49-  If  all  the  forces  are  in  the  plane  of  a  curve,  let  the 
plane  yx  coincide  with  that  plane;  then  Z  =  0  and  (56) 
becomes 


/dT\~ 


\dx  I      \dy  I 


(58) 


or,  Xdx  z=  —  Ydy ; 

and,  Xdx  +  Ydy  =  0 ;  (59) 

in  which  the  first  of  (58)  may  be  used  when  the  equation  of 
the  curve  is  given  as  an  implicit  function ;  and  the  second  of 
(58),  or  (59),  when  the  equation  is  an  explicit  function. 

When  the  particle  is  not  constrained  it  has  three  degrees  of 
freedom  (equations  (50) ) ;  when  confined  to  a  surface,  two 
degrees  (equations  (56)) ;  and  when  confined  to  a  plane  curve, 
only  one  degree  (equation  (58) ). 


Examples. 

1.  A  body  is  suspended  vertically  by  a  cord  which  passes 
o\er  a  pulley  and  is  attached  to  another  weight  which  rests 

upon  a  plane;    required  the  position 
of  equilibrium. 

In  Fig.  26,  let  the  pulley  be  at  the 

upper  end  of  the  plane  and  the  cord 

and    plane    perfectly   smooth.       The 

Pio.  26,  weight    -P  is   equivalent  to   a   force 
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which  acts  parallel  to  the  plane,  tending  to  move  the  weight 
W  up  it. 

Let  W  =  the  weight  on  the  plane,  which  acts  vertically 
downwards ; 
P  =  the  weight  suspended  by  the  cord  ; 
i  =  the  inclination  of  the  plane  to  the  horizontal ;  and 
Z  =  —  y  -r  ax  -^  I  =  0,  he  the  equation  of  the  plane. 
X  =  P  cos  i ; 
Y^  -TT  +  Psin^'; 


Then 


a  =  tan  i 


(f ) = -'. 


sm  % 
cos* 


and 


ldL\ 


and  these  in  (58)  give 

P  =  Tfsin*; 
which  only  establishes  a  relation  between  the  constants,  and 
thus  determines  the  relation  which  must  exist  in  order  that 
there  may  be  equilibrium ;  and  since  the  variable  co-ordinates 
do  not  appear,  there  will  be  equilibrium  at  all  points  along  the 
plane  when  P  =  TT  sin  i. 

The  equation  of  the  line,  given  explicitly,  is 

y  =  ax  ^-l'^ 
.'.  dy  =  a  dx\ 

which  in  the  2°^  of  (58),  or  in  (59),  gives,  P  —  TF  sin  i  as  before. 

2.  Two  weights  P  and  W  are  fastened  to  the  ends  of  a  cord, 
which  passes  over  a  pulley  0 ;  the  weight  W  rests  upon  a 
vertical  plane  curve,  and  P  hangs  freely ; 
required  the  position  of  equilibrium. 

The  applied  forces  at  W  are  the  weight 
TF",  acting  vertically  downward ;  the  ten- 
sion P  on  the  string ;  and  the  normal 
reaction  of  the  curve. 

[Consider  the  weight   W  and  pulley  0  as  re- 
duced to  points.  J 


Let    T=OW\  Q=WOA\y^OA\ 


Pig.  27. 
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Then,  ^ 

sin  ^  =  —  ;  cos  ^  =  -;  r^  =  a?  -^  7^\ 

F  =  W+  F  cos  aOB=  W-  P  cos  6 ; 
X  =  P  cos  cba  =  —  P  sm  6\ 

and  (59)  becomes 

- P  sm  e  dx  +  {W -  P  cos  6)  dy  =  0', 
or, 

Wdy  =  P  -—^  =  Pdr  ; 

which  integrated  gives 

Wy  =  Pr-{-  O;  {a) 

and  this,  combined  with  the  equation  of  the  curve,  gives  the 
required  co-ordinates. 

3.  Let  the  given  curve  be  a  parabola,  in  which  the  origin  is 
at  the  focus. 

The  equation  of  the  curve  will  be  x^  =  2j)  (y  -\-  \p) ;  but  it 
is  unnecessary  to  use  it,  since,  by  a  well-known  property  of 
the  curve,  r  equals  the  distance  froin  the  point  on  the  curve  to 
the  directrix  =.  y  -\-  j^.  Substituting  this  value  of  r  in  equa- 
tion (a)^  we  have 

Wy=P{y^jp)-r  a 

To  find  C  we  observe  that  when  the  weight  W,  Fig.  27,  is  in 
the  horizontal  line  through  the  focus,  y  =  0  .'.  C  —  —  Pp\ 
and  this  value  substituted  above  gives 

Wy  =  Py',  or  W  =  P  ] 
from  which  it  appears  that  if  TF  —  P,  the  weights  will  be  in 
equilibrium  at  all  points  on  the  curve.     The  result  holds  true 
when   the   parabola   reduces   to   the  particular   case   of  two 
vertical  straight  lines  passing  through  the  focus. 

This  problem  may  also  be  proved  by  observing  that  the 
normal  bisects  the  angle  formed  by  the  radius  vector  and 
diameter  passing  through  any  point,  and,  hence,  the  forces  along 
the  diameter  and  radius  vector,  which  are  the  components,  must 
equal  each  other. 
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4.  Let  the  curve  be  a  circle  iu  which  the  distance  of  O  from 
the  centre  is  a ;  and  the  equation  of  the  circle  is 

Ans.  r  =  -r^  a. 
W 

5.  Let  the  curve  be  an  hyperbola,  having  the  origin  of 
coordinates  at  the  centre  of  the  hyperbola. 

The  equation  of  the  curve  vrill  be  ti^^ar^  —  h^y^  =  —  aW,  and 
if  e  is  the  eccentricity,  we  have 

hW 

6.  Eequired  the  curve  such  that  the  weight  W  may  be  in 
equilibrium  with  any  weight  P  at  all  points  of  the  curve. 

This  requires  that  the  relation  between  y  and  r  (or  y  and  x) 
in  equation  (d)  shall  be  true  for  all  assumed  values  of  W 
and  P. 

In  Fig.  27,  let  OB  =  a,  be  the  distance  of  the  origin  of 
coordinates  from  the  vertex  of  the  curve,  then  when  W  is  at 
jB,  we  have  y  =  r  =  a,  which,  in  equation  (a),  gives 

0={W-F)a; 

and  from  the  figure  we  have 

y  =  r  coa  6; 

which  values  in  (a)  finally  give 

p 


I 


r  =  — — —  a, 
1  —  -pcosd 

which  is  the  equation  of  a  conic  of  which  the  focus  is  at  the 
pole  O. 

(Discuss  the  equation  and  determine  all  the  species  of  the  conic.) 

7.  A  particle  is  placed  on  the  concave  surface  of  a  smooth 
sphere  and  acted  upon  by  gravity,  and  also  by  a  repulsive 
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force,  which  varies  inversely  as  the  square  of  the  distance  from 
the  lowest  point  of  the  sphere ;  find  the  position  of  equilibrium 
of  the  particle. 

Take  the  lowest  point  of  the  sphere  for  the  origin  of  coordi- 
nates, y  positive  upwards,  and  the  equation  of  the  surface 
will  be 

L  =  ^-Vy^  •\-^-  '^Ey  =  0. 

Let  r  be  the  distance  of  the  particle  from  the  lowest  point ; 
then 

7^-=^  ■\-f  ^^  =  ^Ry,  {h) 

Let  IX  be  the  measure  of  the  repulsive  force  at  a  unit's  dis- 
tance ;  then  the  forces  will  be 

-^  =  Jt   ,  and  mg  z=zw  =z  the  weight  of  the  particle. 
'^      ^^Ry'r'  2Ry'  T         '  '^Ry'  r  ' 


which  in  (56)  give,  after  reduction, 


which  in  (5)  gives,  ^^  —  —  R. 

To  see  if  these  values  satisfy  equation  (57),  substitute  in  it 
the  values  of  X,  y,  Z,  and  the  final  values  of  y  and  r,  and 
we  find, 

xdx  +  ydy  —  Rdy  +  zdz  =  0 ; 

which  is  the  differential  of  equation  (5),  and  hence  is  true. 
[This  is  the  theory  of  the  Electroscope,'] 

8.  A  particle  on  the  surface  of  an  ellipsoid  is  attracted  by 
forces  which  vary  directly  as  its  distance  from  the  principa 
planes  of  section  ;  determine  the  position  of  equilibrium. 


[50,  51.] 
Let 
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be  the  equation  of  the  surface ; 

IdIX  _  2xdx      idL\  ^  2ydy      (dZ\ 


22d3 


and  let  the  x,  y,  and  z-comjponents  of  the  forces  be  respec- 
tively, 

X=  —  /iiOJ,        T——fiiy,        Z-  —  ii^z; 

and  (56)  will  give, 

which  simply  establishes  a  relation  between  the  constants ;  and 
hence  when  this  relation  exists  the  particle  may  be  at  rest  at 
any  point  on  the  surface. 

The  result  may  be  put  in  the  form, 


IH  +  fH  +  tH 

^-2  4-  5-2  +  c-2 


MOMENTS   OF   FORCES. 

50.  Def.  The  moment  of  a  force  in  reference  to  a  point 
is  the  jproduct  arising  from  multi/plying  the  force  hy  the 
'perpendicular  distance  of  the  action-line  of  the  force  from 
the  point. 

Thus,  in  Fig.  28,-  if  O  is  the  point 
from  which  the  perpendicular  is 
drawn,  F  the  force,  and  Oa  the 
perpendicular,  then  the  moment  of 
i^is 

EOa  =  FA 

in  which  y  is  the  perpendicular  Oa. 

Fio.  28. 

61,  Nature  of  a  moment.  The  moment  of  a  force 
measures  the  turning  or  twisting  effect  of  a  force.  Thus,  in 
Fig.  28,  if  the  particle  upon  which  the  force  F  acts  is  at  A, 
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and  if  we  conceive  that  the  point  0  is  rigidly  connected  to 
A^  the  force  will  tend  to  move  the  particle  about  O^  and  it 
is  evident  that  this  effect  varies  directly  as  F.  If  the  action- 
line  of  F  passed  through  O  it  would  have  no  tendency  to 
move  the  particle  about  that  point,  and  the  greater  its  dis- 
tance from  that  point  the  greater  will  be  its  effect,  and  it  will 
vary  directly  as  that  distance ;  hence,  the  measure  of  the  effect 
of  a  moment  varies  as  thej^oduct  of  the  force  and  jperjpendi- 
cular  ;  or  as 

oFf; 
where  c  is  a  constant.     But  as  c  may  be  chosen  arbitrarily,  we 
make  it  equal  to  unity,  and  have  simply  Ff  as  given  above. 

52.  Def.  The  point  0  from  which  the  perpendiculars  are 
drawn  is  chosen  arbitrarily,  and  is  called  the  origin  of  mo- 
ments. When  the  system  is  referred  to  rectangular  coordinates, 
the  origin  of  moments  may,  or  may  not,  coincide  with  the 
origin  of  coordinates.  The  solution  of  many  problems  is 
simplified  by  taking  the  origin  of  moments  at  a  particular 
point. 

53.  The  lever  aem,  or,  simply,  the  arm^  of  a  force  is  the 
perpendicular  from  the  origin  of  moments  to  the  action-line 
of  the  force.  Thus,  in  Fig.  29,  Oa  is  the  arm  of  the  force  F^ ; 
Oc  that  of  the  force  i^ ,  etc.  Generally^  the  arm  is  the  per- 
pendicular distance  of  the  action -line  from  the  axis  about 
which  the  system  is  supposed  to  turn. 

54.  The  sign  of  a  moment  is  considered  ^positive  if  it 
tends  to  turn  the  system  in  a  direction  opposite  to  that  of 
the  hands  of  a  watch;  and  negative/d.  in  the  opposite  direc- 
tion. This  is  arbitrary,  and  the  opposite  directions  may  be 
chosen  with  equal  propriety  ;  but  this  agrees  with  the  direction 
in  which  the  angle  is  computed  in  plane  trigonometry.  Gen- 
erally we  shall  consider  those  moments  as  positive  which 
tend  to  turn  the  system  in  the  direction  indicated  by  the  nat- 
ural order  of  the  letters,  that  is,  positive  from  -f  a?  to  +y; 
from  +  y  to  -f  ^ ;  then  from  +  zto  -\-  x\  and  negative  in  the 
reverse  direction. 

The  value  of  a  moment  may  be  represented  by  a  straight 
line  drawn  from  the  origin  and  along  the  line  about  which 
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rotation  tends  to  take  place,  in  one  direction  for  a  jpositive 
value,  and  in  the  opposite  direction  for  a  negative  one. 

55.  The  composition  and  resolution  of  moments  may 
be  effected  in  substantially  the  same  manner  as  for  forces. 
They  may  be  added,  or  subtracted,  or  compounded,  so  that  a 
resultant  moment  shall  produce  the  same  effect  as  any  num- 
ber of  single  moments.  The  general  proof  of  this  proposi- 
tion is  given  in  the  next  Chapter. 

56.  A  MO]viENT  AXIS  IS  a  line  passing  through  the  origin  of 
moments  and  perpendicular  to  the  plane  of  the  force  and 
arm. 

57.  The  moment  of  a  fobce  befebred  to  a  moment  axis 
is  thejp^'oduct  of  the  force  into  the  j^erpendicular  distance  of 
the  force  from  the  axis. 

If,  in  Fig.  29,  a  line  is  drawn  through  O  perpendicular  to 
the  plane  of  the  force  and  arm,  it  will  be  a  moment  axis,  and 
the  turning  effect  oi  F[  upon  that  axis  will  be  the  same  wher- 
ever applied,  providing  that  its  arm  Oa  remains  constant. 

If  the  force  is  not  perpendicular  to  the  arbitrarily  chosen 
axis,  it  may  be  resolved  into  two  forces,  one  of  which  will  be 
perpendicular  (but  need  not  intersect  it)  and  the  other  parallel 
to  the  axis.  The  moment  of  the  former  component  will  be 
the  same  as  that  given  above,  but  the  latter  will  have  no  mo- 
ment in  reference  to  that  axis  although  it  may  have  a  moment 
in  reference  to  another  axis  perpendicular  to  the.  former. 

58.  The  moment  of  a  foece  in  befeeence  to  a  plane 
TO  WHICH  IT  IS  paeallel  is  the  product  of  the  force  into  the 
distance  of  its  action-line  from  the  plane. 

59.  Tf  any  nunnber  of  concurring  forces  are  in  eguilihriu7n 
the  algebraic  sum  of  their  moments  will  he  zero.   " 

Let  i^ ,  i^ ,  i^^ ,  etc.,  Fig.  29,  be  the 
forces  acting  upon  a  particle  at  A  ; 
and  0  the  assumed  origin  of  moments. 
Join  0  and  A,  and  let  fall  the  per- 
pendiculars Oa,  Ob,  Oc,  etc.,  upon  the 
action -lines  of  the  respective  forces, 
and  let  ] 

Oa=f\  01=  f\  Oc=f;  etc.  i-ia.  29. 


82 


RESULTANT  MOMENT. 


[60.] 


Kesolve  the  forces  perpendicularly  to  the  line  OA  ^  and 
since  they  are  in  equilibrium,  the  algebraic  sum  of  these  com- 
ponents will  be  zero  ;  hence, 

F^  sin  OAF^  -\-F,  sin  OAF^  +  F^  sin  OAF^  +  etc.  =  0 ; 


-^  Oa       ^  Oh       ^  Og 
or,i^— +  i^-^-^+i^s^+etc. 


0. 


Multiply  by  OA^  and  we  have 

F^Oa  +  FciOh  ■{■  F^Oc  +  etc.  =  0 ; 
or,  F,f,  +  F,f,  +  F,f,  +  etc.  =  2Ff=  0.         (60) 
It  is  evident  that  any  one  of  these  moments  may  be  taken  as 
the  resultant  of  all  the  others. 

MOMENTS    OF    COXCUERING   FORCES   WHEN  THE  SYSTEM  IS   REFERRED 
TO    RECTANGULAR   AXES. 

Y 

V 

60.  I^et  A,  Fig.  30,  be  the 
point  of  application  of  the  forces 
Ft,  F2,  Fs,  etc.,  and  O  the  ori- 
gin of  coordinates,  and  also  the 
origin  of  moments.  Let  x,  y, 
and  2  be  the  coordinates  of  the 
point  A.  Resolving  the  forces 
parallel  to  the  coordinate  axes, 
we    have,  from    equation    (60), 

2  Fgo^  a ; 
^i^cos  /3; 
2  Fqo^  7. 


1 

A 

J 

\ 

^ 

l^r, 

B 

^ 

\ 

1 

/ 

V 

z 


Fio.  30. 


X 
T 
Z 


The  X-forces  prolonged  will  meet  the  plane  of  yz'mB\  and 
will  tend  to  turn  the  system  about  the  axis  of  y,  in  reference 
to  which  it  has  the  2.vra  BC=z\  and  also  about  ^,  in  refer- 
ence to  which  it  has  the  arm  BD  =  y.  Hence,  employing 
the  notation  already  established,  we  have  for  the  moment  of 
the  sum  of  the  components  parallel  to  x, 


Xy,  and  -f-  Xz, 
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Similarly  for  the  y-comjponents  we  find  the  moments, 

+  Zic,  and  —  Tz  ; 

and  for  the  z-components, 

—  Zx,  and  +  Zy, 

The  moment  Xy  tends  to  turn  the  system  one  way  about  the 
axis  of  z,  and  Yx  tends  to  turn  it  about  the  same  axis,  but  in 
the  opposite  direction ;  and  hence,  the  combined  effect  of  the 
two  will  be  their  algebraic  sum  ;  or 

Yx  -  Xy, 

But  since  there  is  equilibrium  the  sum  will  be  zero.  Com- 
bining the  others  in  the  same  manner,  we  have,  for  the 
moments  of  concurring  forces^  in  equilibrium: 

In  reference  to  the  axis  of  a?  .  .  .  .  Zy  —  Yz  =  0 ; 

"  "       J^'     "     "     ''  y  .  .  .  .Xz-Zx--=0; 

"  "        "     "     "     "  2  .  .  .  .  Taj  -  Xy=  0. 

The  third  equation  may  be  found  by  eliminating  z  from  the 
other  two ;  hence,  when  X,  Y,  and  Z  are  known,  they  are  the 
equations  of  a  straight  line  ;  and  are  the  equations  of  the 
resultant. 

If  the  origin  of  moments  be  at  some  other  point,  whose 
coordinates  are  x\  y\  and  z' ;  and  the  coordinates  of  the  point 
A  in  reference  to  the  origin  of  moments  be  ajj,  yi,and  z^\ 
then  will  the  lever  arms  be 


(61) 


x^—x  —  x 


and  z^  —  z  —  z' , 


\  yx  =  y-y  \ 

When  the  system  is  referred  to 
rectangular  coordinates  the  arm  of 
the  force,  referred  to  the  s-axis,  is 

y  cos  a  —  X  cos  ^, 

in  which  y  and  x  are  the  coordinates 

of  any  point  of  the  action-line  of 

the  force ;  and  a  is  the  angle  which 

the  action-line  makes  with  the  axis  of  a;,  and  /3  the  angle  which 

it  makes  with  y. 


Fig.  31. 
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In  Fig.  31,  let  AF  be  the  action-line  of  the  force  F,  0 
the  origin  of  coordinates,  A  any  point  in  the  line  AF,  of 
which  the  coordinates  x  —  Oh,  and  y  =  Ah.  Draw  Oa  and  ho 
perpendicular  to  AF,  and  Od  from  O  parallel  to  AF.  The 
origin  of  moments  being  at  O,  Oa  will  be  the  arm  of  the 
force. 
We  have 

dOh  =  a  =  chA, 
cAh  =  l3  =  Ohd, 
ch  =  y  cos  a, 
dh  =  x  cos  0; 
/.  aO  =  ch  —  dh=  y  cos  a  —  x  cos  13.  {61a) 

If  there  are  three  coordinate  axes,  this  will  be  the  arm  in 
reference  to  the  axis  of  b  ;  and  if  there  be  many  forces,  the 
sum  of  their  moments  in  reference  to  that  axis,  will  be 
^F{y  cosa  —  X  cos  jS). 

Examples. 

1.  A  weight  W  is  attached  to  a  string,  which  is 
secured  at  A,  Fig.  32,  and  is  pushed  from  a 
vertical  by  a  strut  OJS  /  required  the  pressure 
i^on  j^C' when  the  angle  CAB  is  6. 

The  forces  which  concur  at  JS  are  the  weight 
W,  the  pressure  F,  and  the  tension  of  the  string 
AB.  Take  the  origin  of  moments  at  A,  and 
we  have 

-  W.BO  -f  FA  C  +  tension  x  0  =  0  ; 


Fig.  32. 


2.  A  brace,  AB,  rests  against  a  vertical 
wall  and  upon  a  horizontal  plane,  and 
supports  a  weight  W  at  its  upper  end  ; 
required  the  compression  upon  the  brace 
and  the  thrust  at  A  when  the  angle  CAB 
is  6 ;  the  end  B  being  held  by  a  string  B  O. 


Fio.  33. 


[60.] 
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The  concurring  forces  at  A,  are  W,  acting  vertically  down- 
ward, the  reaction  of  the  wall  JV  acting  horizontally,  and  the 
reaction  of  the  brace  K 

Take  the  origin  of  moments  at  j5,  we  have 
-  J!f.I}B  +W.OB+K0  =  0; 

Taking  the  origin  of  moments  at  D,  we  have 
W,  AD-F,  DB  sin  (9  +  iV^.  0  =  0  ; 
.'.F^  TF sec  l9. 

3.  A  rod  whose  length  \%  BC  =1  is  secured  at  a  point  B^  in 
a  horizontal  plane,  and  the  end  C  is  held  up  by  a  cord  A  0 
so  that  the  angle  ^^  6^is  6,  and  the  distance  AB  =  a ;  required 
the  tension  on  AO  and  compression  on  B  C,  due  to  a  weight 

TT  applied  at  O. 

Ans.    Compression  =  —  TFcot  0. 

4.  A  cord  whose  length  AO=lis  secured  at  two  points  in  a 
horizontal  line,  and  a  weight  W  is  suspended  from  it  at  j5  ; 
required  the  tension  on  each  part  of  the  cord. 


CHAPTER  in. 
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61,  Bodies  are  extended  masses,  and  forces  may  be  applied 
at  any  or  all  of  their  points,  and  act  in  all  conceivable  direc- 
tions, as  in  Fig.  34. 


62.  SllPPOSE  THAT  THE  ACTION- 
LINES  OF  ALL  THE  FOKCES  ARE  PARAL- 
LEL TO  EACH  OTHER.  This  is  a  spe- 
cial case  of  concurrent  forces,  in 
which  the  point  of  meeting  of 
the  action-lines  is  at  an  infinite 
distance.  In  Fig.  35,  let  the  points 
a,  h,  c,  etc.,  which  are  on  the  action- 
lines  of  the  forces  and  within  the 
body,  be  the  points  of  applica- 
tion of  the  forces,  and  O  the  point 
where  they  would  meet  if  pro- 
longed. If  the  point  O  recedes 
from  the  body,  while  the  points 
of  application  a,  5,  (?,  etc.  remain 
fixed,  the  action-lines  of  the  forces 
will  approach  parallelism  with 
each  other,  and  at  the  limit  will 
be  parallel. 


Fio.  34. 


::z-z£i^  0 


Pio.85. 


63,  Resultant  of  parallel  forces.  The  forces  being  par- 
allel, the  angles  which  they  make  with  the  respective  axes, 
including  those  of  the  resultant,  will  be  equal  to  each  other 
Hence, 
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a—Oi  =03  =03,  etc.  =  a ; 
J  =  A  =  A^^8,etc.  =  /3; 
c  =  7i  =  72  =  73  J  etc.  =  7 ; 
and  these,  in  equations  (50)  and  (51),  give 
X=  B  (iosa  =  (Fi-h  Fi+  Fs-{-  etc.)  cos  a. 
T=  B  cos  /3  =  {F^  ^  F2  -{-  F^  +  etc.)  cos  A  (62) 

Z=i?cos7  =  (i^+i^+i^+  etc.)  cos  7. 
From  either  of  these,  we  have 

B  =  Fi  +  F2  +  F^-h  etc.  =  SF  (63) 

Hence,  the  resultant  of  parallel  forces  equals  the  algebrado 
sum  of  the  forces. 

From  (62),  we  have 
which  is  the  same  as  (52). 

MOMENTS   OF    PARALLEL   FORCES. 

64.  Let  Fi,  7^,  7^,  etc.,  be  the  forces,  and  a?i,  y^,  2^ ;  X2,  y%y 
S2,  etc.,  be  the  coordinates  of  the  points  of  application  of  the 
forces  respectively  (which,  as  before  stated,  may  be  at  any 
point  on  their  action-lines).  Then  the  moments  of  F^  will  be, 
according  to  Article  (60), 

in  reference  to  the  axis  of  aj,  F^  cos  y  -Vi  —  F^  cos  )8 .  % ; 

"         "    "       "     "  2/,i^cosa.5i -i^cos7.aJi; 

"    "       "     "  s,  i^cosyS.cci-i^.cosa.^i; 

and  similarly  for  all  the  other  forces.     Hence,  the  sum  of  the 
moments  in  reference  to  the  respective  axes  for  equilibrium  is, 


S- 


(i^i  +  7^2/2  +  F^y^  +  etc.)  cos  7 
(F[2i  +  F^  +  i^^  +  etc.)  cos  /3 

ho. 


{JF[z^  +  F^2  +  F^Zz  +  etc.)  cos  a 

7 


—{Fip(^  4-  F2X2  +  F^pCz  +  etc.)  cos  7 

{Fipc^  +  ife  +  F^on^  +  etc.)  cos  /9 
-{F,y^  +  i^2/2  +  i^y3  +  etc.)  cos 
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These  equations  will  be  true  for  all  values  of  a,  yS,  and  7,  if 
the  coefficients  of  cos  a,  cos  /3,  cos  7,  are  respectively  equal  to 
zero ;  for  which  case  we  have 


■^>i  +  F^  +  i^a?3  +  etc.  r=  XFx  =  0 ;  ^ 
F{y^  +  ^22/2  +  ^sVs  +  etc.  =  ^7^2/  =  0; 
i^%  +  i^>2  -f  i^%  +  etc.  =  XFz  =  0 ; 


(64) 


from  which  the  coordinates  of  the  point  of  application  of  any 
one  of  the  forces,  as  7^,  for  instance,  may  be  found  so  as  to 
satisfy  these  equations,  when  all  the  other  quantities  are  given. 
Let  the  given  forces  have  a  resultant.  Let  a  force,  as  i^, 
equation  (64),  equal  and  opposite  to  the  resultant,  be  introduced 
into  the  system,  then  will  tliere  be  equilibrium.  Let  2!Fx,  ^Fy^ 
XFz^  include  the  sum  of  the  respective  products  for  all  the 
forces  excejpt  that  of  the  resultant;  R  be  the  resultant,  and  x', 
y/,  2,  the  coordinates  of  the  point  of  application  of  the  result- 
ant ;  so  chosen  as  to  satisfy  equations  (64),  then  we  have 

Ex-'SFx=0',    Ry-XFy  =  0',    BJ-XF3  =  0.    (65) 

Substitute  the  value  of  ^  =  XF,  in  these  equations,  and  we 
find 

by  which  the  point  of  application  of  the  resultant  becomes 
known,  and,  being  independent  of  a,  y8,  and  7,  is  a  point 
through  which  the  resultant  constantly  passes^  as  the  forces  are 
turned  about  their  points  of  application^  the  forces  constantly 
retaining  their  parallelism.  This  point  is  called  the  centre  of 
parallel  forces. 

65.  If  the  system  consists  of  theee  foeces  only,  and  are 
in  the  plane  a?y,  we  have 

F,x,  +  F^, .  and  ^  -  ^^yi±Ikl      \         (67) 
"-    F,  +  F^    ,  anay-     ^^^   .    j 
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Ist.  Consider  F^  and  t\  as  positive. 
The  resultant  will  equal  the  arith- 
metical sum  of  the  forces.  Take 
the  origin  at  a  Fig.  36,  where  the 
resultant  cuts  the  axis  of  a?;  then 
5J  =  0,  and  the  second  of  (67)  gives 

i^.5?i  =  -  ife ; 
and  hence,  if  t\>  F^,x^  will  exceed 
a?i ;  that  is,  the  resultant  is  nearer  the 
greater  force. 

2d.   Consider  F^  as  negative. 

In  this  case  the  resultant  equals  the 
difference  of  the  forces.  Take  the  origin 
at  a,  Fig.  37,  and  we  have 

F^x^  =  F,x^ ; 

and  hence  both  forces  are  either  at  th  ' 
rifj:ht  or  left  of  the  resultant. 


F. 


F. 


Fig.  36. 


r. 


R 
F^ 


Fig.  37. 


3d.  Let  Fx  —  Fi  —  F^  and  one  of  the  forces  be  negative,  then 


R^F-F 


F  {x,  ±  X2) 


r,  ;  and  y  =  00  ;     (68) 


that  is,  the  resultant  is  zero,  while  the  forces  may  have  a  finite 
moment  equal  to  i^(^i  ±  x^.     Such  systems  are  called 


COUPLES. 

66.  ^  ('owple  consists  of  two  equal  parallel  forces  acting  in 
opposite  directions  at  a  finite  distance  from  each  other. 

A  statical  couple  cannot  be  equilibrated  by  a  single  force. 
It  does  not  produce  translation,  but  simply  rotation.  A  couple 
can  he  equilihriated  only  hy  an  equivalent  couple. 

Equivalent  couples  are  such  as  have  equal  moments. 

The  resultant  of  several  couples  is  a  single  con  pie  which 
will  produce  the  same  effect  as  the  component  couples. 
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AXIS  OF  A  COUPLE. 


[67-68.] 


67-  The  arm  of  a  cowple  is  the  perpendicular  distartce 
hetween  the  action-lines  of  the  forces. 
Thus,  in  Fig.  38,  let  0  be  the  origin 
of  coordinates,  and  the  axis  of  x  per- 
pendicular to  the  action-line  of  F', 
—  X  then  will  the  moment  of  one  force  be 
Fxi ,  and  of  the  other  Fx^ ,  and  hence 
the  resultant  moment  will  he 


Xi 


Xi 


Fio.  38. 


F{xi-X2)  =  Fah; 


(69) 


hence,  ah  is  the  arm.  If  the  origin  of  coordinates  were 
between  the  forces  the  moments  would  be  F{xi  -\-  x^)  =  F.ah 
as  before.  If  the  origin  be  at  a  we  have  i^O  -f-  F.ah  =  F.ah  as 
before. 

68-  The  axis  of  a  statical  couple  is  any  line  perpen- 
dicular to  the  pla7ie  of  the  couple.  The  length  of  the  axis 
may  be  made  proportional  to  the  moment  of  the  couple,  and 
placed  on  one  side  of  the  plane  when  the  moment  is  positive, 
and  on  the  opposite  side  when  it  is  negative ;  and  thus  com- 
pletely represent  the  couple  in  magnitude  and  direction. 

If  couples  are  in  parallel  planes^  their  axes  may  be  so  taken 
that  they  will  conspire,  and  hence  the  resultant  couple  equals 
the  algebraic  sum  of  all  the  couples. 

If  the  planes  of  the  couples  intersect,  their  axes  may 
intersect. 

Let  O  =  F.ah  =  the  moment  of  one  couple ; 

Oi=  Il.aihi  =  the  moment  of  another  couple ; 
6  =  the  angle  between  their  axes ;  and 
Oji  =  the  resultant  of  the  two  conples ; 
then 


and  this  resultant  may  be  combined  with  another  and  so  on 
until  the  final  resultant  is  obtained. 

Examples. 
1.  Three   forces   represented   in   magnitude,  direction   and 
positio7i,hjthe  sides  of  a  triangle,  taken  in  their  order,  produce 
a  couple. 
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2.  If  three  forces  are  represented  in  magnitude  and  position 
by  the  sides  of  a  triangle,  but  whose  directions  do  not  follow  the 
order  of  the  sides  ;  show  that  they  will  have  a  single  resultant. 

3.  On  a  straight  rod  are  suspended  several  weights ;  F^  = 

5  lbs.,  i^  =  15  lbs.,  i^  =  7  lbs., 
i^  =  6  lbs.,  i^  =  9  lbs.,  at  dis 
tances  AB  =  3  ft.,  BD  =  6  ft., 
I)E=  5  ft.,  and  £:F=  4  ft. ; 
required  the  distance  AC  at 
which  a  fulcrum  must  be  placed 
so  that  the  weights  will  balance 
on  it ;  also  required  the  pressure  upon  it. 

4.  The  whole  length  of  the  beam  of  a  false  balance  is  2  feet 

6  inches.  A  body  placed  in  one  scale  balances  6  lbs.  in  the 
other,  but  when  placed  in  the  other  scale  it  balances  8  lbs. ; 
required  the  true  weight  of  the  body,  and  the  lengths  of  the 
arms  of  the  balance. 

5.  A  triangle  in  the  horizontal  plane  x,  y  has  weights  at  the 
several  angles  which  are  proportional  respectively  to  the 
opposite  sides  of  the  triangle ;  required  the  coordinates  of  the 
centre  of  the  forces. 

Let  a?i ,  2/i  be  the  coordinates  of  A^ 
x^^y^oiB]  x^,yzoi  G\ 
X,  y  of  the  point  of  application  of  the  resultant ; 
then  we  have 

{a  -^  h  +  c)  X  =  axi  +  hx2  -\-  Gx^;  and 
{a  +h  +  c)y  =ayi  +  hy^  +  oy^. 

6.  If  weights  in  the  proportion  of  1,  2,  3,  4,  5,  6,  7  and  8  are 
suspended  from  the  respective        ~ 
angles  of  a  parallelopiped ;   re- 
quired the  point  of  application 
of  the  resultant. 

7.  Several  couples  in  a  plane, 
whose  forces  are  parallel,  are 
applied  to  a  rigid  right  line,  as 
in  Fig.  40 ;  required  the  re- 
sultant couple.  „  -^^^^ 


F. 


r. 


F, 


F, 
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8.  Several  couples  in  a 
plane,  whose  respective 
arms  are  not  parallel,  as 
in  Fig.  41,  act  upon  a  rigid 
right  line ;  required  the 
resultant  couple. 


Fig,  41. 


CENTRE   OF   GRAVITY   OF   BODIES. 

69-  The  action-lines  of  the  force  of  gravity  are  normal  to 
the  surface  of  the  earth,  but,  for  those  bodies  which  we  shall 
here  consider,  their  convergence  will  be  so  small,  that  we 
may  consider  them  as  parallel.  We  may  also  consider  the 
force  as  the  same  at  all  points  of  the  body. 

The  centre  of  gravity  of  a  body  is  the  point  of  application 
of  the  resultant  of  the  force  of  gravity  as  it  acts  upon  every 
particle  of  the  body.  It  is  the  centre  of  parallel  forces.  If 
this  point  be  supported  the  body  will  be  supported,  and  if  the 
body  be  turned  about  this  point  it  will  remain  constantly  in 
the  centre  of  the  parallel  forces. 

Let      M  —  the  mass  of  a  body  ; 

m  —  the  mass  of  an  infinitesimal  element ; 

V  —  the  volume  of  the  body ; 

D  —  the  density  at    the  point  whose  coordinates  are 

a?,  y,  and  z  ; 
B  =  W  =  the  resultant  of  gravity,  which  is  the  weight ; 

and 
X,  y,  and  i  be  the  coordinates  of  the  centre  of  gravity. 

We  have,  according  to  equations  (63)  and  (20), 
B  =  W='Sgm  =  M  x  g; 
and  (65)  becomes 

X  ^g7n  —  ^gmx  ;  or  JIx  =  Smx 
y  Xgni  =  ^g^y ;  or  My  =  Xmy 
z  "^gm  —  Xgim ;  or  Ms  =  ^mz. 

If  the  density  is  a  continuous  function  of  the  coordinates  of 
the  body  we  may  integrate  the  preceding  expressions.      The 


n 


(70) 
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complete  solution  will  sometimes  require  two  or  three  integra- 
tions, depending  upon  the  character  of  the  problem ;  but,  using 
only  one  integral  sign,  (22)  and  (70)  become 


^fDdV=fnxdY', 
y/DdV^/DydV^ 
^/BdV^fDzdV, 


(71) 


If  the  origin  of  coordinates  be  at  the  centre  of  gravity, 

then 


and  hence, 

Smx=fI)xdY=0', 
and  similarly  for  the  other  values. 
If  D  be  constant,  this  becomes 

f,['xdY=0', 


(71^) 


(71J) 


the  limits  of  integration  including  the  whole  body. 

If  the  mass  is  homogeneous,  the  density  is  uniform,  and  D 
being  cancelled  in  the  preceding  equations,  we  have 


X  = 


fxdV , 


y  —     Y    '^ 


(72) 


Many  solutions  may  be  simplified  by  observing  the  following 
principles : 

1.  If  the  tody  has  an  axis  of  symmetry  the  centre  of  gravity 
will  he  on  that  axis. 
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2.  If  the  hody?tas  a  jplane  of  symmetry  the  centre  of  gravity 
will  he  in  that  j>lane. 

3.  If  the  hody  has  two  or  more  axes  of  symmetry  the  centre 
of  gravity  will  he  at  their  intersection. 

Hence,  the  centre  of  gravity  of  a  physical  straight  line  ol 
uniform  density  will  be  at  the  middle  of  its  length ;  that  of 
the  circumference  of  a  circle  at  the  centre  of  the  circle ;  that 
of  the  circumference  of  an  ellipse  at  the  centre  of  the  ellipse ; 
of  the  area  of  a  circle,  of  the  area  of  an  ellipse,  of  a  regular 
polygon,  at  the  geometrical  centre  of  the  figures.  Similarly 
the  centre  of  gravity  of  a  triangle  will  be  in  the  line  joining 
the  vertex  with  the  centre  of  gravity  of  the  base  ;  of  a  pyramid 
or  cone  in  the  line  joining  the  apex  with  the  centre  of  gravity 
of  the  base. 

There  is  a  certain  inconsistency  in  speaking  of  the  centre  of 
gravity  of  geometrical  lines,  surfaces,  and  volumes  ;  and  when 
they  are  used,  it  should  be  understood  that  a  line  is  ?i physical 
or  material  line  whose  section  may  be  infinitesimal ;  a  surface 
is  a  inaterial  section^  or  thin  plate,  or  thin  shell ;  and  a  volume 
is  a  mass,  however  attenuated  it  may  be. 

When  a  body  has  an  axis  of  symmetry,  the  axis  of  x  may  be 
made  to  coincide  with  it,  and  only  the  first  of  the  preceding 
equations  will  be  necessary.  If  it  has  a  plane  of  symmetry, 
the  plane  x  y  may  be  made  to  coincide  with  it,  and  only  the 
first  and  second  will  be  necessary. 

70.  Centre  of  gravity  of  material  lines. 

Let  h  =  the  transverse  section  of  the  line,  and 
ds  =  an  element  of  the  length, 
then 

dV=Ms; 

and  (71)  becomes 

xfDMs  —  fDJcxds ; 

yfDMs  =  fDhyds ;  \  (73) 

~^fDUs  =  fDhzds. 
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If  the  transverse  section  and  the  density  are  uniform,  we 
have 


-  _  f'^^  . 


y=f^., 


fzds 


(74) 


The  centre  of  gravity  will  sometimes  be  outside  of  the  line 
or  body,  and  hence,  if  it  is  to  be  supported  at  that  point,  we 
must  conceive  it  to  be  rigidly  connected  with  the  body  by 
lines  which  are  without  weight. 

Examples. 

1.  Find  the  centre  of  gravity  of  a  straight  fine  wire  of  uni- 
form section  in  which  the  density  varies  directly  as  the  distance 
from  one  end. 

Let  the  axis  of  x  coincide  with  the  line,  and  the  origin  be 
taken  at  the  end  where  the  density  is  zero.  Let  S  be  the  density 
at  the  point  where  a?  =  1 ;  then  for  any  other  point  it  will  be 
D  ^=  hx\  and  substituting  in  the  first  of  (73),  also  making 
ds  =  dx,  we  have 


X  j  Bocdx  —   I 


BaPdx; 


x  = 


This  corresponds  with  the  distance  of  the  centre  of  gravity 
of  a  triangle  from  the  vertex. 


Fio.  42.  Fig.  43. 

Find  the  centre  of  gravity  of  a  cone  or  pyramid,  whether 
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right  or  oblique,  and  whether  the  base  be   regular  or  irre- 
gular. 

Draw  a  line  from  the  apex  to  the  centre  of  gravity  of  the 
base,  and  conceive  that  all  sections  parallel  to  the  base  are  re- 
duced to  this  central  line.  The  problem  is  then  reduced  to 
finding  the  centre  of  gravity  of  a  physical  line  in  which  the 
density  increases  as  the  square  of  the  distance  from  one  end. 

Ans.  X  =  ia. 

3.  To  find  the  centre  of  gravity  of  a 
circular  arc. 

Let  the  axis  of  x  pass  through  the 
centre  of  the  arc,  B,  and  the  centre 
of  the  circle  O ;  then  Y=  0.  Take 
the  origin  at  jB  ; 

and  let  x  =  BD^ 


25  =  the  arc  A  BC,  and 
r  =  OC  =  the  radius  of  the  circle ; 


then, 


y^  =  2rx  —  cc^. 

Differentiate,  and  we  have   . 

ydy  =  rdx  —  xdx ; 

dy        dx    .  .  ,        da 
.-.  —^—  =  —  which  =  — ; 
r—x        y  r 

hence,  the  first  of  (74)  gives 
y        xdx 


n 

ty  0  V  2rx  —  a^       r  I  ./-x -«  |^  ry 

=  —  I  —  V  2rx  —  ar  +  5  I    =  Q' : 

*  L  Jo         ' 


_  V  2ra?  —  x^ 

X  =  „ 


(ry\     vy 
r )=  — > 
s  /       s 

hence,  the  distance  of  the  centre  of  gravity  of  an  arc  from  the 
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centre  of  the  circle  is  a  fourth  proportional  to  the  arc,  the 
radius,  and  the  chord  of  the  arc. 

71.  Centre  of  gravity  of  plane  surfaces. 

Let  the  coordinate  plane  xy  coincide  with  the  surface  ;  then 
clV=  dxdy\  .'.  V  =  ffdxdy  =  fydx  or  fxdy;  and  (71)  be- 
comes 

xffDdxdy=ffDxdxdy;   ) 

yffDdxdy=ffDydxdy.     \  ^     ^ 

The  integrals  are  definite,  including  the  whole  area.  The 
order  of  integration  is  immaterial,  but  after  the  first  integra- 
tion the  limits  must  be  determined  from  the  conditions  of  the 
problem.  If  J)  is  constant  and  the  integral  is  made  in  respect 
to  y,  we  have 

_     fyxdx  '] 


y  = 


fydx' 
Iffdx 


(76) 


fydx    ' 

and  if  x  be  an  axis  of  symmetry,  the  first  of  these  equations 
will  be  sufiicient. 

If  the  surface  is  referred  to  polar  coordinates,  then  dY  = 
pdpdO,  and  x  ^=  p  cos  6,  y  =:  p  sin  6,  and  (71)  becomes 


__  ffDp'cosedpdd 
"^  -      ffUpdpdO 


(77) 


JfDl^medpdQ_ 
^  -       ffBpdpdd      • 

Examples. 
1.  Find  the  centre   of  gravity   of  a   semi-parabola  whose 
equation  is  ^/^  =  2j)x. 
Equations  (76)  become 


L 


V^px^dx 


i  J  ^  ipxdx 

1= — ¥^^^^' 
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2.  Find  the  centre  of  gravity  of  a  quadrant  of  a  circle  in 
which  the  density  increases  directly  as  the  distance  from  the 
centre. 

Let  S  =  the  density  at  a  unit's  distance  f  ix)m  the  centre ; 
then 

I)  =  Bp  Sit  B,  distance  p ; 
and  (Y7)  becomes 

Att   rr 
B  I    p^co&edpdd 

Vo     Jo    '''''' 
72.   Centre  of  gravity  of  curved  surfaces. 

We  have  for  an  element  of  the  area 
dV^=  dx  dy  x  sec.  of  the  angle  hetween  the  tangent  jplane  and 
the  coordinate  ^lane  xy  ;  or, 

d  V=sec.  6  X  dx  dy ; 

or,  in  terms  of  partial  differential  coefficients 


-SI 


.fJdL^     TdL\'     IdlT^ 

rm ^^  ^2/; 

\dz) 


and,  for  a  homogeneous  surface,  (72)  becomes 

X   = y—  > 

y  —      Y 
^  —       Y      ^ 
or,  the  surface  may  be  referred  to  polar  coordinates. 


(78) 
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If  the  surface  is  one  of  revolution,  let  x  coincide  with  the 
axis  of  revolution,  then 

'xfiryds  =  firyxds.  {7Sa) 

Example. 

Find  the  centre  of  gravity  of  one-eighth  of  the  surface  of  a 
sphere  contained  within  three  principal  planes. 
Let  the  equation  of  the  sphere  be 

£  =  x'  +  f  -{-z^  -^  =  0; 

then 

dL      ^        dL      ^         dL 
^=^5    ^  =  22/;     ^  =  23; 

and  the  first  of  (78)  becomes 


_  ff^ 

23     ■ 

-  dx 

dy 

iTT^' 

dxdy 

-  2  rr- 

xdxdy 

\ 


Similarly,  y  =  -Ji?  =  i. 

This  problem  may  "be  easily  solved  by  the  aid  of  elementary  geometry, 
Conceive  that  the  surface  is  divided  into  an  indefinite  number  of  small  zones 
by  equidistant  planes  which  are  perpendicular  to  the  axis  of  sr,  in  which  case 


100 


CENTRE  OF  GRAVITY  OF  VOLUMES. 


[73.] 


the  area  of  the  zones  will  be  equal  to  each  other.  Conceive  that  these  zones 
are  reduced  to  the  axis  of  x ;  they  will  then  be  uniformly  distributed  along 
that  axis,  and  hence  the  centre  of  gravity  will  be  ^R  from  the  centre ;  and  as 
the  surface  is  symmetrical  in  respect  to  each  of  the  three  axes,  we  get  the 
same  result  in  respect  to  each. 

73,   Centre  of  gravity  of  volumes^  or  heavy  hodies. 
We  have 

dV  =  dxdydz\ 
.-.  xfffD  dx  dyd3=fff  Dx  dx  dy  dz ;  (79) 

and  similarly  for  y  and  i. 

If  X  is  an  axis  of  symmetry,  (79)  is  sufficient. 

If  the  surface  is  referred  to  polar  coordinates,  let 


^  =  AOx, 
e  =  dOA, 
p  =  Og, 


Fia.  45. 


then, 

gd  =  dp, 
gf  =  pdd, 

gh   =  p  cos  dd^y 

and, 

dV  =  p^dp cos  dddd(l>, 

also, 

QG  =  p  cos  6  cos  (j) ;  y  =  p  sin  6 ;  and  z—  poos  6  sin<f). 

Hence,  for  a  homogeneous  hody,  we  have 

Vx  =  fff  p""  Go^  e  cos^d  p  de  d^\'\ 

Vy  =fff  p^cosO  si'nddpdedcj?',  [  (80) 

Vz  =ff/p^co^dsinidpded  ;.  J 

If  the  vohnne  be  one  of  revolution  about  the  axis  of  x,  we 
have 


[73.1 


EXAMPLES. 

Vx  =  irfy^  X  dx.  ) 
Example. 
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Find  the  centre  of  gravity  of  one-eighth  of  the  volume  of  a 
homogeneous  ellipsoid,  contained  within  the  three  jprincvpal 
planes. 

Let  the  equation  of  the  ellipsoid  be 


of       If       z^       ^       ^ 


then,  equation  (79)  gives, 


?   /       /         /  dxdydz—  I         I  , 

Jo  Jo    Jo  Jo  Jo    Jo 


Y    rX 

X  dx  dy  dz. 


t 


Performing  the  integration,  we  have 

\  irabc  X  =  -^  irc^bc ; 
/.  Ic  =  f  a. 
Similarly,  y  —  |5,  and  z  =  |o. 

Performing  the  above  integration  in  the  order  of  the  letters  x,  y  and  2, 
and  using  the  limits  in  the  reverse  order  as  indicated,  we  have  for  the 
x-limiU. 


aj  =  0,  and  a;  =  a|/l  _  ^  _  ?^  ==  X, 


62      c-^ 
and  the  limits  for  y  will  be  those  which  correspond  to  these  values  of  a?,  or 

for  a;  =  0,  y  =  IjJ \  _  L  =  T;  and  for  x  ~.  a,i/l  —  ^,y  =  0. 

For  the  j^r«^  member  of  the  equation,  we  have 


i    r      I    dxdydz=  f    fxdy  dz=  r    lax/l-l~-^dydz. 

Jo  Jo    Jo  Jo  Jo  Jo  Jo    V        b'     c'  "^ 

I '¥ 

Consider  W  1 ^—B^  a  constant  in   reference   to  the  y-inUgration^ 

and  we  have 
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u 

=  ivab  I    (1 -]dz  =  ^'ir  abc. 


For  the  second  member,  we  have 

Consider  s  as  constant  in  performing  the  y -integration^  and  we  have 

...     S  =  A^*i  =  J„; 

as  given  above. 

74,  When  the  centre  of  gravity  of  a  body  is  known  and  the 
centre  of  gravity  of  a  part  is  also  known,  the  centre  of  the 
remaining  part  may  be  found  as  follows : — 

Let    W  =  the  weight  of  the  whole  body  ; 

X  =:  the  distance  from  the  origin  to  the  centre  of  gravity 
of  the  body ; 
Wi  =  the  weight  of  one  part ; 
Xi  =  the  distance  of  the  centre  of  w^  from  the  same 

origin  ; 
W2  =  the  weight  of  the  other  part ;  and 
ajg  =  the  distance  of  the  centre  of  w^  from  the  same 
origin ; 
then 

WiXi  +  w^  =  {wi  +  w^^  X  =  Wx ; 
and  hence,  i 

Wx  -  w^x^  , 

X,  = — ——'  m 


175.] 


THEOREMS  OF  PAPPUS. 


103 


If  the  body  is  homogeneous,  the  volumes  may  be  substituted 
for  the  weight. 


Example. 

Let  ABC  be  a  cone  in  which  the  line 
BE  joins  the   vertex   and  the  centre  of 
gravity  of  the  base;  and  the  cone  ADC^ 
having  its   apex  i>,  on  the  line  BE,  and 
the  same  base  ^  6^  be  taken  from  the  for- 
mer cone,  required  the  centre  of  gravity 
of  the  remaining  part,  ADCB. 
Let  F  =  the  volume  of  A  CB^ 
a  =  BE, 
Oi  =  BE, 
X  =z  Ec  —  ^a  ^  the  distance  of  the  centre  of  ABO 

from  E, 
x^=  Eb  =  iai_=  the  distance  of  the  centre  of  ABC 
from  E; 
then, 


Fio.  46. 


^  F  =  the  volume  of  A  OB, 


and  (82)  becomes 


V.ia 


F.J.M 


X2  = 


=  i 


V-  v.% 

or 


a^  —  af 


Centkobaeio   Method,  ob 

75.  Theorems  of  Pappus  or  of  Guldinus. 

Multiply  both  members  of  the  second  of  (74)  by  Stt,  and  it 
may  be  reduced  to 

27rys  =  livfyds,  (83) 

the  second  member  of  which  is  the  area  generated  b}'  tlie  revo- 
lution of  a  line  whose  length  is  s  about  the  axis  of  x,  and  the 
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first  member  is  the  circumference  described  by  the  centre  of 
gravity  of  the  line,  multiplied  by  the  length  of  the  line  ;  hence, 
the  area  generated  hy  the  revolution  of  a  line  about  a  fixed 
axis  equals  the  length  of  the  line  multiplied  hy  the  cirGumfer- 
ence  described  by  the  centre  of  gravity  of  the  line. 

This  is  one  of  the  theorems,  and  the  following  is  the  other. 

From  the  second  of  (76),  we  find 

^iry  A  —firy^dx. 

The  right-hand  member,  integrated  between  the  proper 
limits,  is  the  volume  generated  by  the  revolution  of  a  plane 
area  about  the  axis  of  x.  The  plane  area  must  lie  wholly  on 
one  side  of  the  axis.  In  the  first  member  of  the  equation,  A 
is  the  area  of  the  plane  curve,  and  ^iry  is  the  circumference 
described  by  its  centre  of  gravity.  Hence,  the  volume  gener- 
ated by  the  revolution  of  a  plane  curve  which  lies  wholly  on 
one  side  of  the  axis^  equals  the  area  of  the  curve  multiplied  by 
the  circumference  described  by  its  centre  of  gravity. 

Examples. 

1.  Find  the  surface  of  a  ring  generated  by  the  revolution  of 
a  circle,  whose  radius  is  r,  about  an  axis  whose  distance  from 
tlie  centre  is  c. 

Ans.  ^ni^rc. 

2.  The  surface  of  a  sphere  is  4:7r/^,  and  the  length  of  a 
semicircumference  \^irr\  required  the  ordinate  to  the  centre 
of  gravity  of  the  arc  of  a  semicircle. 

3.  Required  the  volume  generated  by  an  ellipse,  whose  semi- 
axes  are  a  and  J,  about  an  axis  of  revolution  whose  distance 
from  the  centre  is  c ;  c  being  greater  than  a  or  b. 

(Observe  that  the  volume  will  be  the  same  for  all  positions 
of  the  axes  a  and  b  in  reference  to  the  axis  of  revolution.) 

4.  The  volume  of  a  sphere  is  f  tt  t^,  and  the  area  of  a  semi- 
circle is  "Itt  7^ ;  show  that  the  ordinate  to  the  centre  of  gravity' 

.   —        4r 
of  the  semicircle  is  3/  =  ■^. 
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76.  Additional  Examples. 

1.  Find  the  centre  of  gravity  of  the   quadrant  of  the  circumference  of  a 
circle  contained  between  the  axes  x  and  y,  the  origin  being  at  the  centre. 

2r      - 

Atis.  X  =  —  =y. 

IT 

2.  Find  the  distance  of  the  centre  of  gravity  of  the  arc  of  a  cycloid  from  the 
vertex,  r  being  the  radius  of  the  generating  circle. 

Ans.  y  =  ^r, 

3.  Find  the  centre  of  gravity  of  one-half  of  the  loop  of  a  leminiscate,  of 
which  the  equation  is  r^  =  2a  cos  28,  I  being  the  length  of  the  half  loop. 

a''      -       a'    ^2  -1 

4.  Find  the  centre  of  gravity  of  the  helix  whose  equations  are 

X  =  a  cos  (p^  y  =  a  sin  (p,  z  =  na  (p, 

the  helix  starting  on  the  axis  of  x. 

A       -            y     -            a  —  X  ,  -        , 

Ans.  X  =  na  -  \  y  =  na  ;    and  z  =  \z, 

5.  Find  the  centre  of  gravity  of  the  perimeter  of  a  triangle  in  space. 

6.  If  Xa  and  y^  are  initial  points   of  a  curve,    find  the  curve   such  that 
mx  =  X  —  Xo,  and  ny  =  y  —  yo. 

7.  A  curve  of  given  length  joins  two  fixed  points  ;  required  its  form  so  that 
its  centre  of  gravity  shall  be  the  lowest  possible. 

(This  may  be  solved  by  the  Calculus  of  Variations). 

Ans.  A  Catenary, 

8.  Find  the  centre  of  gravity  of  a  trapezoid. 

Let  ADEB  be  the  trapezoid,  in  which  DE  and  /,_ 

AB  are  the  parallel  sides.     Produce  AD  and  BE  /  1  \ 

iintil  they  meet  in  0,  and  join  G  with  E,  the  mid-  /    /     \ 

die  point  of  the  base  ;  then  the  centre  of  gravity  will 
be  at  some  point  g  on  this  line.  The  centre  of  the 
triangle  A  CB  will  be  on  OE,  and  at  a  distance  of 
^CE  from  E;  and  similarly  that  of  JDCE  will  be 
on  the  same  line,  and  at  a  distance  of  ^  CG  from 


'\E 


G  ;  then,  by  (79)  we  may  find  Eg.  ^''*-  ^'^• 

AB  +  2I)E 


Ans.  Eg  =  \FG 


AB  ^  BE 


(If  DE  is  zero,  we  have  Eg  —  ^FG  tor  the  centre  of  gravity  of  the  triangle 
ABG.) 

9.  Find  the  centre  of  gravity  of  the  quadrant  of  an  ellipse,  whose  equ-ition 
is  a-y^  +  ¥x^  =  a'^bK 

Ans,   x  =  ^  —  ',  y  =  \—' 
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10.  Find  the  centre  of  gravity  of  the  circular 
sector  ABC 


Let  the  angle  AGB  =26;  then 


x=Cg  =  ^ 


r  sin  e 


11.  Find  the  centre  of  gravity  of  a  part  of  a 
circular  annulus  ABED. 
Let  AG  =  r,DC  =  n,  and  ACB  =29;  then 

sin  0    7*2  +  rvi  +  Ti^ 


Ans.  Cg2  =  I 

12.  Find  the  centre  of  gravity  of  the  circular  spandril  FOB. 

13.  Find  the  centre  of  gravity  of  a  circular  segment. 

Ans.  Dist.  from  G  = 


r+Ti 


{chordY 


13  area  of  segment 

14.  Find  the  distance  of  the  centre  of  gravity  of  a  complete  cycloid  from 
its  vertex,  r  being  the  radius  of  the  generating  circle. 

Ans.  y  =  \r. 

15.  Find  the  centre  of  gravity  of  the  parabolic 
spandril  OCB,  Fig.  49,  in  which  OG  =  y,  and  GB 
=  x.  _ 

Ans.  X  =  -i\x; 

16.  Find  the  centre  of  gravity  of  a  loop  of  the 
leminiscate,  whose  equation  is  r^  =  a'^  cos  20. 

Ans.  X  =  —-  a. 


Fig.  49. 


17.  Find  the  centre  of  gravity  of  a  hemispherical  surface. 

Ans.  X  =  ir. 

18.  Find  the  centre  of  gravity  of  the  surface  generated  by  the  revolution  of 
a  semi-cycloid  about  its  base,  a  being  the  radius  of  the  generating  circle  and  x 
the  distance  from  the  base. 

Ans.  X  =  Tsa. 

19.  The  centre  of  gravity  of  the  volume  of  a  paraboloid  of  revolution  is 

x  =  ^x. 

20.  The  centre  of  gravity  of  one  half  of  an  ellipsoid  of  revolution,  of  which 
the  equation  is  a^y^  +  b'^x^  =  aW-,  is 

x  =  ia. 


21.  The  centre  of  gravity  of  a  rectangular  wedge  is 


X  =  \a. 
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22.  The  centre  of  gravity  of  a  semicircular  cylindrical  wedge,  whose  .-adius 
is  r,  is  _ 


Fig.  50. 


Fio.  51. 


23.  The  vertex  of  a  right  circular  cone  is  in  the  surface  of  a  sphere,  the 
axis  of  the  cone  passing  through  the  centre  of  the  sphere,  the  base  of  the  cone 
being  a  portion  of  the  surface  of  the  sphere.  If  2d  be  the  vertical  angle  of  the 
cone,  required  the  distance  of  the  centre  of  gravity  from  the  apex. 

1  -  cos^e 
1  -  cosM^' 


Ans. 


24.  Fiad  the  distance  from  O,  Fig.  48,  to  the  centre  of  gravity  of  a  spheri- 
cal sector  generated  by  the  revolution  of  a  circular  sector  G  CA,  about  the 
axis  GO. 

Ans.   i{GO+^GR). 

25.  A  circular  hole  with  a  radius  r  is  cut  from  a  circular  disc  whose  radius 
is  R ;  required  the  centre  of  gfravity  of  the  remaining  part,  when  the  hole  is 
tangent  to  the  circumference  of  the  disc. 

26.  Find  the  centre  of  gravity  of  the  frustum  of  a  pyramid  or  cone. 

It  wiU  be  in  the  line  which  joins  the  centre  of  gravity  of  the  upper  and 
lower  bases.  Let  h  be  the  length  of  this  line,  and  a  and  b  be  corresponding 
lines  in  the  lower  and  upper  bases  respectively,  required  the  distance,  measured 
on  the  line  A,  of  the  centre  from  the  lower  end. 

a'^  +  2ab  +  36' 


Ans.  X  =  i/i 


a^-rab+  b^ 


If  5  =  0,  we  have  the  distance  of  the  centre  of  a  pyramid  or  cone  from  the 
base  equal  to  JA. 

27.  Find  the  centre  of  gravity  of  the  octant  of  a  sphere  in  which  the 
density  varies  directly  as  the  7ith  power  of  the  distance  from  the  centre,  r 
being  the  radius  of  the  sphere. 

-      n  +  S        -      - 
Ans.  X  —^ -rr=  y  —  z. 

27i  +  8       ^ 

28.  Find  the  centre  of  gravity  of  a  paraboloid  of  revolution  of  uniform 
density  whose  axis  is  a. 

Ans.  X  —  \a. 
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SOME   GENERAL   PROPERTIES    OF   THE   CENTRE   OF    GRi^VITY. 

77.  When  a  hody  is  at  rest  on  a  surface,  a  vertical  through 
jie  centre  of  gravity  will  fall  within  the  suj>po7't. 

For,  if  it  passes  without  the  support,  the  reaction  of  the  sur- 
face upward  and  of  the  weight  downward  form  a  statical 
couple,  and  rotation  will  result. 

78.  When  a  body  is  suspended  at  a  jpoint,  and  is  at  rest, 
the  centre  of  gravity  will  he  vertically  under  the  point  of  sus- 
pension. 

The  proof  is  similar  to  the  preceding.  When  the  preceding 
conditions  are  fulfilled  the  body  is  in  equilibrium. 

79.  A  body  is  in  a  condition  of  stable  equilibrium  when,  if 
its  position  be  slightly  disturbed,  it  tends  to  return  to  its  former 
position  when  the  disturbing  force  is  removed  ;  of  unstable 
equilibrium  if  it  tends  to  depart  further  from  its  position  of 
rest  when  the  disturbing  force  is  removed ;  and  of  indifferent 
equilibrium  if  it  remains  at  rest  when  the  disturbing  force  is 
removed. 

Example. 

A  paraboloid  of  revolution  rests  on  a  hori- 
zontal plane ;  required  the  inclination  of  its 
axis. 

Let  P  be  the  point  of  contact  of  the  para- 
boloid and  plane,  then  will  the  vertical  through 
P  pass  through  the  centre  of  gravity  G,  and 
PG  will  be  a  normal  to  the  paraboloid. 

The  equation  of  a  vertical  section  through  the  centre  is  3/^  = 
^px,  in  which  x  is  the  axis,  the  origin  being  at  the  vertex. 

Let    a  =  AX  =  the  altitude  of  the  paraboloid  ; 
S  =  GPP  =  the  inclination  of  the  axis ; 
then,  AG  =  ^  a,  (see  example  28  on  the  preceding  page) ; 

A]}^=^a-p; 
hence,  

dx       y        ^  2x         ^  2{^a—p) 
which  will  be  positive  and  real  as  long  as  %a  exceeds  p!    In 
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this  case  the  equilibrium  is  stable.  When  \a  exceeds^  it  will 
also  rest  on  the  apex,  but  the  equilibrium  for  this  position  is 
unstable.  When  \a  =  jp^Q  =  90°,  and  the  segment  will  rest 
(uily  on  the  apex.  When  %a  is  less  than  ])^  ^^^^  ^  becomes 
imaginary,  and  hence,  this  analysis  fails  to  give  the  position  of 
rest ;  but  by  hidependent  reasoning  we  find,  as  before,  that  it 
will  rest  on  the  apex,  and  that  the  equilibrium  will  be  stable. 

80.  In  a  plane  material  section  the 
sum  of  the  products  found  by  m^idti- 
Jjlying  each  elementary  mass  by  the 
square  of  its  distance  from  an  axis, 
equals  the  sum  of  the  similar  products 
in  reference  to  a  parallel  axis  passing 
through  the  centre,  plus  the  mass  mid- 
tiplied  by  the  square  of  the  distance 
between  the  axes.  ^lo-  53. 

Let  AB  be  an  axis  through  the  centre, 
CD  a  parallel  axis, 
D  =  the  distance  between  AB  and  OJ), 
dm  =  an  elementary  mass, 
yi  =  the  ordinate  from  AB  to  m, 
y  =  the  ordinate  from  CD  to  m,  and 
M  =  the  mass  of  the  section. 
Then 

f  =  {yi  +  Dy  =  y?  +  ^y,D  +  B^, 
Multiply  by  dm  and  integrate,  and  we  have 

ffdm  =-fyMm  +  '^Dfy^dm  +  Bfdm. 
But  since  AB  passes  through  the  centre,  the   integral   of 
yidm,  when  the  whole  section  is  included,  is  zero  (see  Eq.  71J), 
2indifdm  —  M\  hence, 

ffdm  =fy^dm  +  MB^.  (83) 

Similarly,  if  dA  be  an  elementary  area,  and  A  the  total 
area,  we  have 

ffdA  =fyi'dA  +  AD'. 

81.  In  any  plane  area,  the  sum  of  the  products  of  each  ele- 
mentary area  multiplied  by  the  square  of  its  distance  from  an 
axis,  is  least  when  the  axis  passes  through  the  centre. 
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This  follows  directly  from  the  preceding  equation,  in  which 
the  first  member  is  a  minimum  for  D  =  0. 


CENTRE   OF   THE   ISIASS. 

82,  The  centre  of  the  mass  is  such  a  point  that,  if  the  whole 
mass  he  multiplied  hy  its  distance  from  an  axis,  it  will  equal 
the  sum  of  the  products  found  hy  multiplying  each  elementary 
'mass  hy  its  distance  from^  the  same  axis. 
Let  m  =  SLTi  elementary  mass ; 
M  —  the  total  mass ; 
a?i,  2/i,  and  3^  be  the  respective  coordinates,  of  the  centre 

of  the  mass,  and 
X,  y,  and  b  the  general  coordinates, 
then,  according  to  the  definition,  we  have 

Mxi  =  ^7nx;  ] 

My,  =  Hmy;  V  (84) 

M^i  —  ^mz ;  ) 
which  being  the  same  as  (70)  shows  that  when  we  consider 
the  force  of  gravity  as  constant  for  all  the  particles  of  a  body, 
the  centre  of  the  mass  coincides  with  the  centre  of  gi-avity. 
This  is  practically  true  for  finite  bodies  on  the  surface  of  the 
earth,  although  the  centre  of  gravity  is  actually  nearer  the 
earth  than  the  centre  of  the  mass  is. 

If  the  origin  of  coordinates  be  at  the  centre  of  the  mass, 
we  have 

Zmx  =  0 ;     2:my  =  0  ;     ^ms  =  0 ;  (84^) 

which  are  the  same  as  {71a). 


CHAPTEK  IT. 


NON-CONCUERENT  FORCES. 


83.  Equilibrium   op    a   solid   body   acted   upon   by   any 

NUMBER   of   forces   APPLIED   AT   DIFFERENT    POINTS    AND    ACTING 
IN   DIFFERENT   DIRECTIONS. 
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Let  A  be  any  point  of  a  body,  at  which  a  force  F  is  applied, 
and  (7  the  origin  of  coordinates,  which,  being  chosen  arbitrarily, 
may  be  within  or  without  the  body.  On  the  coordinate  axes 
construct  a  parallelopipedon  having  one  of  its  angles  at  O^  and 
the  diagonally  opposite  one  at  A. 

Let  the  typical  force  F\)Q,  in  the  first  angle  and  acting  away 
from  the  origin,  so  that  all  of  its  direction-cosines  will  be  posi- 
tive ;  then  will  the  sign  of  the  axial  component  of  any  force  be 
the  same  as  that  of  the  trigonometrical  cosine  of  the  angle  which 
tlie  direction  of  the  force  makes  with  the  axis. 
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Let  a  =  the  angle  between  i^and  the  axis  of  x, 

Q  —.      a         a  a  a      u      u         u      u   y 

then  will  the  JT,  Y,  and  Z-components  of  the  force  i^be 
jr=  i^cos  a, 

Z  =  i^cos  7. 

The  point  of  application  of  the  X-component^  being  at  any 
point  in  its  line  of  action,  may  be  considered  as  at  D,  where  its 
action-line  meets  the  plane  yz.  At  E  introduce  two  equal  and 
opposite  forces,  each  equal  and  parallel  to  JT,  and  since  they 
will  equilibrate  each  other,  the  mechanical  effect  of  the  system 
will  be  the  same  as  before  they  were  introduced.  Combining 
the  force  -\-  X  2it  D  with  —  ^  at  lL\  we  have  a  couple  whose 
arm  is  DE  —  y  =  the  y-ordinate  of  the  point  A.  This  couple, 
according  to  Article  54,  will  be  negative,  hence,  its  moment  is 

-Xy. 

Hence,  a  force  +  X  at  A  produces  the  same  effect  upon  a 
body  as  the  couple  —  Xy,  and  a  force  +  ^  at  ^. 

At  the  origin  O  introduce  two  equal  and  opposite  forces, 
each  equal  to  X,  acting  along  the  axis  of  x.  This  will  not 
change  the  mechanical  effect  of  the  system.  Combining  —  X 
at  O  with  +  X  a,t  E^  we  have  the  couple  -r  X3,  and  the  force 
+  X  remaining  at  0.  Hence,  a  single  force  -\-X  at  A  is 
equivalent  to  an  equal  parallel  foi'ce  at  the  origin  of  coordin- 
ates^ and  the  two  cowples^ 

—  Xy  and  +  Xz. 

Treating  the  Y-component  in  a  similar  manner,  we  have  the 
force 

-k-  Y  at  the  origin,  and 
the  moments, 

+  Yx  and  —  Yz  ; 

and  similarly  for  the  Z-component,  the  force 

+  Z  at  the  origin,  and 
the  moments, 

—  Zx  and  4-  Zy. 

But  the  couples  +  Zy  and  —  Yz,  have  the  common  axis  jr... 
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and  hence  are  equivalent  to  a  single  couple  which  is  equal  to 
the  algebraic  sum  of  the  two  ;  and  similarly  for  the  others ; 
hence,  the  six  couples  may  be  reduced  to  the  three  following : 

Zy  —  J^,  having  x  for  an  axis 

Xz-Zx,       "       y    "     "     " 
Tx-Xy,     "       z    "    "     " 

hence,  for  the  single  force  F  acting  at  A  there  may  he  suhsti- 
tuted  the  three  axial  comjponents  of  the  force  acting  at  the 
origin  of  coordinates^  and  three  jpairs  of  coujples  having  for 
their  axes  the  resjpective  coordinate  axes. 

If  there  be  a  system  of  forces,  in  which 
7^,  i^,  i^,  etc.,  are  the  forces, 
^1?  ^ij  -^b  the  coordinates  of  the  point  of  application  of  F^^ 

•^j  ya?  ^5  -^2j 

etc.,  etc.,  etc., 

Oi,  02?  ^5  etc.,  the  angles  made  by  i^,  F^^  etc.,  respectively  with 

the  axis  of  a?, 
A?  A?  A?  etc.,  the  angles  made  by  the  forces  with  y,  and 
7i'  725  73?  etc.,  the  corresponding  angles  with  z ; 

then  resolving  each  of  the  forces  in  the  same  manner  as  above, 

we  have  the  axial  comjponents 

X  —  Fi  cos  Oi  -h  7^  cos  02  +  F2,  COS  03  +  etc.  =  SFcos  a  ;  "j 
I^=/IcosA  +  ^cosA  +  ^cosA  +  etG.  =  ^FG0s/3',  1(85) 
Z  =  Fi  cos  ji  -\-  F2  cos  72+^3  cos  73  +  etc.  =  SFcos  7 ;  J 
and  the  component  moments 

Zy  —  Yz  =  ^(Fy  cos  'y  —  Fz  cos  /9)  =  Z  ;  "J 
Xz-  Zx  =  X{F2  cosa  —  Fx  cos  7)  =  M;  I  (86) 

Yx-Xy=  S{Fx  cos  ^  -  Fy  cos  a)  =  iT;  ) 
in  which  Z,  M,  and  iV  are  used  for  brevity. 

RESULTANT  FORCE  AND  RESULTANT  COUPLE. 

84.  Let  J^  =  the  resultant  of  a  system  of  forces  concurring 
at  the  origin  of  coordinates,  and  having  the 
same  magnitudes  and  directions  as  those  of 
the  given  forces ; 
8 
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a^  I,  and  c  =  the  angles  which  it  makes  with  the  axes  x^ 

y,  and  z  respectively  ; 
G  =  the  moment  of  the  resultant  couple  ; 
d,  e,  and  f=  the  angles  which  the  axis  of  the  resultant 
couple  makes  with  the  axes  a?,  y^  and  z  re- 
spectively ; 
then 

X  =  R  cos  a  ; 

r-^cos5;^  (87) 

Z  =■  R  cos  G  ; 

L  =  G  COB  d; 

M=  Gcose',y  {88) 

JV=  G  cos/ 

If  a  force  and  a  couple,  equal  and  opposite  respectively  to 
the  resultant  force  and  resultant  couple,  be  introduced  into  the 
system,  there  will  be  equilibrium,  and  R  and  G  will  both  bo 
zero.     Hence,  for  equilibrium,  we  have 

X=0;         Y=0;         Z  =  0 ;  (89) 

Z  =  0;        M=0',        J^=0.  (90) 

85,  Discussion  of  equations  (87)  and  (88). 

1.  Suppose  that  the  body  is  perfectly  free  to  move  in  any 
manner. 

a.  If  the  forces  concur  and  are  in  equilibrium,  equations 
(87)  only  are  necessary,  and  are  the  same  as  equations  (60) ; 
hence,  we  will  have 

x=o,   r  =  o,  z=o. 

h.  If  R  =  0  and  G  is  finite,  equations  (88)  only  are 
necessary. 

c.  If  R  and  G  are  both  finite,  then  all  of  equations  (87) 
and  (88)  may  be  necessary. 
2  If  07ie  point  of  the  body  hjlxed,  there  can  be  no  trans- 
lation, and  equations  (88)  will  be  sufiicient. 

3.  If  an  axis  parallel  to  x  is  fixed  in  the  body,  there  may  be 
translation  along  that  axis,  and  rotation  about  it ;  hence,  the 
1st  of  (87)  and  the  1st  of  (88)  are  sufficient. 
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4.  If  two  points  are  fixed,  it  cannot  translate,  but  may  i-otate  ; 
and  by  taking  x  so  as  to  pass  through  the  two  points,  the  equa- 
tion Z  =  0  is  sufficient. 

5.  If  one  point  only  is  confined  to  the  plane  xy,  the  body 
will  have  every  degree  of  freedom  except  moving  parallel  to  s, 
and  hence,  all  of  equations  (87)  and  (88)  are  necessary  except 
the  3d  of  (87). 

6.  If  three  points,  not  in  the  same  straight  line,  are  confined 
to  the  plane  xy,  it  may  rotate  about  z,  but  cannot  move  parallel 
to  3;  hence,  the  1st  and  2d  of  (87)  and  the  3d  of  (88)  are 
necessary  and  sufficient. 

7.  If  two  axes  parallel  to  x  are  fixed,  the  body  can  move 
only  parallel  to  x,  and  the  1st  of  (87)  is  sufficient. 

8.  If  the  forces  are  parallel  to  the  axis  of  y,  there  can  be 
translation  parallel  to  y  only,  and  rotation  about  x  and  s. 

9.  If  the  forces  are  in  the  plane  xy,  the  equations  for  equi- 
librium become 


TOL 


X  —  ZF  cos  a  ^=  B  cos  a  =^  0 
T  =  ZF  cos  13  ^  B  co&h  =  0 : 
Xy  —  ^  (Fx  cos ^—Fy  cos  a)—  0. 


(91) 


[Obs.  In  a  meclianical  sense,  whatever  holds  a  body  is  a  force.  Hence, 
when  we  say  "  a  point  is  fixed,"  or,  ''  an  axis  is  fixed,"  it  is  equivalent  to  in- 
troducing an  indefinitely  large  resisting  force.  Instead  of  finding  the  value  of 
the  resistance,  it  has,  in  the  preceding  discussion,  been  eliminated.  When  we 
say  "the  body  cannot  translate,"  it  is  equivalent  to  saying  that  finite  active 
forces  cannot  overcome  an  infinite  resistance.] 

86,  Applications  of  equations  (91). 

a.  problems  in  which  the  tension  of  a  string  is  involved. 

1.  A  body  AB,  whose  weight  is  TT, 
rests  at  its  lower  end  upon  a  perfectly 
smooth  horizontal  plane,  arid  at  its 
upper  end  against  a  perfectly  smooth 
vertical  plane  :  the  lower  end  is  pre- 
vented from  sliding  by  a  string  CB. 
Determine  the  tension  on  the  string, 
and  the  pressure  upon  the  horizontal 
and  vertical  planes. 
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Take  the  origin  of  coordinates  at  C^  the  axis  of  x  coinciding 
with  GB^  and  y  with  AC^  x  being  positive  to  the  right,  and  y 
positive  upwards. 

Let  W  =  the  weight  of  the  body  whose  centre  of  gravity  is 
at  G; 
R  =  the  reaction  of  the  vertical  wall,  and,  since  there 
is  no  friction,  its  direction  will  be  perpendicular 
to  AG; 
]V=  the  reaction  of  the  horizontal  plane,  which  w^ill  be 
perpendicular  to  GjB  ; 
I  =  the  horizontal   distance  from   G  to  the   vertical 

through  the  centre  of  gravity; 
t  =  the  tension  of  the  string ; 
then  equations  (91)  become 
X=  E  +  t  =  0', 

Xy  -  Yx  =  R,AG  +  ^.0  +  KGB  +   F.Z  =  0; 
in  which  all  the  quantities  are  treated  as  positive. 
Solving  these  equations,  gives 

B'^  -   W,  and 

If  the  centre  of  gravity  is  at  the  middle  of  AB^  then 
E  =  -^-^W  =  ^Wi^nBAG. 

We  thus  see  that  the  horizontal  plane  sustains  the  whole 
weight,  and  that  the  tension  of  the  string  is  equal  and  opposite 
to  the  reaction  of  the  vertical  plane. 

The  reaction  iV^and  the  weight  JF,  being  equal  and  parallel, 
and  acting  in  opposite  directions,  constitute  a  couple  whose 
arm  is  equal  to  GB  —  I.  Similarly  the  tension  t  and  the  reac- 
tion i?  constitute  another  couple  whose  arin  is  AG;  and  since 
there  is  equilibrium  in  reference  to  rotation,  we  have 
W{GB  -l)=  R.AG; 


AG      ^' 


as  before. 
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The  direction  of  the  forces  will  generally  he  known  fro7n  the 
conditions  of  the  problem,  and  it  is  generally  best  to  enter  them 
in  the  equations  with  their  proper  signs  ;  but,  as  we  have  seen 
above,  this  is  not  always  necessary.  When  only  three  forces 
are  involved  in  a  system  their  relative  signs  may  be  determined 
from  the  analysis. 

[Obs.  It  will  be  a  profitable  exercise  for  the  student  to  solve  the  same  ex- 
ample by  taking  the  origin  of  coordinates  at  different  points.] 

2.  A  ladder  rests  on  a  smooth  horizontal  plane  and  against  a 
vertical  wall,  the  lower  end  being  held  by  a  horizontal  string ;  a 
jjerson  ascends  the  ladder,  required  the  pressure  against  the 
wall  for  any  position  on  the  ladder. 

3.  A  uniform  beam,  whose  length 
is  AB  and  weight  TF,  is  held  in  a 
]iorizontal  position  by  the  inclined 
string  CD^  and  carries  a  weight  P  at 
the  extremity ;  required  the  tension  of 
the  string. 


Fig.  50 


Ans.  t 


AB  DC 
AB'  AC 


-^y,{P^\Wy 


4.  A  prismatic  piece  AB  is  per- 
mitted to  turn  freely  abont  the 
lower  end  A,  and  is  held  by  a 
strmg  CE\  given  the  position  of 
the  centre  of  gravity,  the  weight 
TFof  the  piece,  the  inclination  of 
tlie  piece  and  string,  and  the 
point  of  attachment  E\  requii-ed 
the  tension  of  the  string,  and  the  fig.  57 

pressure  against  the  lower  end  of  the  beam  at  ^1. 


5.  A  heavy  piece  AB  is 
supported  by  two  cords 
which  pass  over  pulleys  C 
and  D,  and  have  weights 
Pi  and  P  attached  to  them; 
required  the  inclination  to 
the  horizontal  of  the  Ihw 
AB  joining  the  points  of 
attachment  of  the  cord. 

(Consider  the  pulleys  as  reduced 
to  the  points  G  and  D. ) 
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Let  G^  the  centre  of  gravity  of  AB^  be  on  the  line  join- 
ing the  points  of  attachment  A  and  B  \ 
a  =  AG',  h  =  BG', 
i  =  the  angle  BOM; 
B  =  the  inclination  of  BA  to  BO; 
a  =  BOA;aiJid^  =  OBB. 
•  Resolving  horizontally  and  vertically,  we  have 

X=  -  Pi  cos  MOA  +  B  cos  JSTBB  +  TTcos  90°  =  0 ; 
=  -  Pi  cos  (a-i)  +  P  cos  (J3  +  i)  =  0;  (a) 

Y=  Pi  sin  {a-i)  +  P  sin  OS  +  ^)  -  Tr=  0.  {h) 

Taking  the  origin  of  moments  at  G,  making  Gp  perpendi- 
cular to  A  (7,  and  Gj)^  perpendicular  to  PP,  we  have 

-P^xGp^  P  X  ^i?i  4-  TT  X  0  =  0 ; 
or  -Pi.tjsin(a  +  a)  +  P.5sin(/3-S)=:0.  (c) 

The  angle  i  is  given  by  tlie  conditions  of  the  problem  ;  hence 
the  three  equations  (a),  ih),  and  (c)  are  sufiicient  to  determine 
the  angles  a,  yS,  and  S,  when  the  numerical  values  of  the  given 
quantities  are  known.     The  inclmation  will  be  S  +  i- 

6.  Suppose,  in  Fig.  58,  that  the  lengths  of  the  strings  ^6^ and 
BB  are  given,  required  the  inclination  of  AB. 

[The  solution  of  this  problem  involves  an  equation  of  the  8th  degree] . 

7.  A  heavy  piece  AB,  Fig.  59, 
is  free  to  swing  about  one  end  A, 
and  is  supported  by  a  string  BO 
which  passes  over  a  pulley  at  67,  and 
is  attached  to  a  weight  P ;  find 
the  angle  AOB  when  they  are  in 
equilibrium. 

8.  A  weight  W  rests  on  a  plane 
whose  inclination  to  the  horizontal  is 
i,  and  is  held  by  a  string  whose  in- 
clination to  the  plane  is  6  ;  required 
the  relation  between  the  tension  P 
and  the  weight,  and  the  value  of  the 
normal  pressure  upon  the  plane. 


Fig. 


^^.p^lHLlTT; 


cos^ 


Novmal  jpressure 


_  cos(^+^'),^ 
"      cos  ^ 
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I.    EQUILIBRIUM   OF    PERFECTLY    SMOOTH    BODIES    IN     CONTACT    WITH 

EACH    OTHER. 

9.  A  heavy  learn  rests  on  two  smooth  inclined  planes,  as  in 
Fig.  61 ;  required  the  inclination  of  the  heam  to  the  horizontal, 
and  the  reactions  of  the  respective  jplanes. 

Let  AC  and  CB  be  the  in- 
clined planes;  AB  the  beam 
whose  centre  of  gravity  is  at  Q, 
When  it  rests,  the  reactions  of 
the  planes  must  be  normal  to  the 
planes,  for  otherwise  they  would 
have  a  component  parallel  to  the 
planes  which  would  produce  mo- 
tion. 

Letai^AG',    a^—  GB-, 
B  =  the  reaction  at  A  ; 
B'=   "        "        "B; 
W=  the  weight  of  the  beam  ; 
a  =  the  inclination  of  ^67  to  the  horizon  ; 

Take  the  origin  of  coordinates  at  the  centre  of  gravity  G  of 
the  body,  x  horizontal  and  y  vertical. 
The  forces  resolved  horizontally  give 

X  =  .S  sin  a  -  R'  sin  y9  +  TFcos  90°  =  0  : 

and  vertically, 

Y=  Bcosa  +  R'  cos  /S  -  TFsin  90°  =  0. 

^  R  sin  a  X  ^  6^  sin  Q. 
+  R'  sin  ^  X  GB  sin  6, 


Fig.  G1. 


{a) 


f 


The  moment  of  ^  sin   a    is, 
"  "         "  R'  sin   /3  is, 

"  «         "  TFcos  90°  is, 

"  "         "  R  cos   a   is, 

"  "         "  R'  cos   ^  is, 


0. 


—  R  cos  a  X  AG  cos  6, 
+  R'  cos  ^  X  GB  cos  0. 

Hence  Xy  —  Yx  =  Ra^  sin  a  sin  ^  +  R'a2  sin  ff  sin  ^ 
—  Rai  cos  a  cos  ^  4-  R'a2  cos  y8  cos  0 

=  —  ^ai  cos  (a  +  (9)  +  7?'6?2  cos  (/3-6')  =  0.      (<?) 
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It  is  generally  better  to  deduce  the  values  of  the  moments 
directly  from  the  definitions  ;  (see  Articles  51  to  57).  To  do 
this  in  the  present  case,  let  fall  from  G  the  perpendiculars  aG 
and  hG  upon  the  action-lines  of  the  respective  forces  ;  then 

IG  =  «2  sin  (90°  -  (y8  -  6>) )  --=  a^  cos  (/3  -  ^) ; 
aG  —  «i  sin  (90°  —  {a  ^-  &))  —  a^  cos  (a  +  ^) ; 

and  we  have 

the  moments  —  —  R, aG  -\-  R' *  IG  —  —  Ra^  cos  (a  +  ^)  + 
R'a^  cos  (/3  —  ^)  =:  0  ;  as  given  above. 

Solving  equations  («),  (J),  and  (c),  we  find 

sm  {a  + 13)       '  sm  (a  +  /3)      ' 

^       (3^1  cos  a  sin  yS  —  a^  sin  a  cos  /3 

tan   C/  =  7 ; r — ; : 5 . 

{ai  +  a-n)  sm  a  sm  p 

If  ^  =  R\  then 

sin  yS  =  sin  a  ; 

which  are  the  conditions  necessary  to  make  the  normal  reactions 
equal  to  each  other. 

The  reactions  prolonged  will  meet  the  vertical  through  the 
centre  of  gravity  at  a  common  point  D,  and  if  the  beam  be 
suspended  at  D  by  means  of  the  two  cords  DA  and  DR  it 
will  retain  its  position  when  the  planes  AC  and  OR  are 
removed. 

If  13  =  90°,  the  plane  CR  will  be  vertical,  and  we  find 

R  =  WseGa:  R  =  ^^^  W  =  Tf  tan  a; 

'  cos  a 


tan  6  = r —  cot  a. 


ai  +  «2 
If  ^  =  ^2,  then 

^        sin  (a  —  y3) 

tan  e  =  ^r-T^ r^ 

2  sm  a  sm  p 
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If  /3  =  90°  and  a  =  0^,  then 

i?'  =  0,     ^  =  0,     and  H  =  W, 

A  special  ease  is  that  in  which  the  beam  coincides  with  one 
of  the  planes.     The  formulas  do  not  apply  to  this  case. 


10.  Two  equal,  smooth  cy- 
linders rest  on  two  smooth 
planes  whose  inclinations  are 
a  and  /8  respectively ;  required 
the  inclination,  6,  of  the  line 
joining  their  centres. 


Fig.  62. 

Ans.  Tan  6  =  ^(cot  a  —  cot  ^), 


11.  A  heavy,  uniform,  smooth  beam 
rests  on  one  edge  of  a  box  at  C,  and 
against  the  vertical  side  opposite ; 
required  its  inclination  to  the  vertical. 
Let  g  be  the  centre  of  gravity. 


Ans.  Sin  6  = 


DE 
Bg' 


12.  Three  equal,  smooth  cylinders  are 
placed  in  a  box,  the  two  lower  ones  being 
tangent  to  the  sides  of  the  box  and  to  each 
other,  and  the  other  placed  above  them 
and  tangent  to  both;  required  the  pressure 
against  the  bottom  and  sides  of  the  box. 


Fig.  64. 


Ans.  Pressure  on  the  hottoin  —  total  weight  of  the  cylin- 
ders. 

Pressure  on  one  side  =  -J-  weight  of  one 
cylinder  x  tan  30°. 

13.  Two  homogeneous,  smooth,  prisma- 
tic bars  rest  on  a  horizontal  plane,  and  are 
prevented  from  sliding  upon  it ;  required 
their  position  of  equilibrium  when  leaning  _ 

against  each  other.  "^    ^xa.  65. 

Let  AB  and  CD  be  the  two  bars,  resting  against  each  other 
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at  B ;  then  will  they  be  in  equilibrium  whei_  the  resultant  of 
their  pressures  at  B  is  perpendicular  to  the  face  of  CD. 

LetZ>    =  AB\  G  =  CD;  x  =  BD', 

a    —  AD  —  the  distance  between  the  lower  ends  of  the 

bars; 
W  =  the  weight  of  AB  ; 
W,  =  the  weight  oi  CD; 

jE'aud  6^  the  respective  centres  of  gravity  of  the  bars, 
which  will  be  at  the  middle  of  the  pieces ;  then  we  have 

2  {a^  +  5^-  -  aP)  x^  W=  c  {a?  -V  +  ^)  (-«'  +  V"  +  x^)  W^\ 

wliich  is  an  equation  of  the  fifth  degree,  and  hence  always  ad- 
mits of  one  real  root. 

14.  The  upper  end  of  a  heavy  piece 
rests  against  a  smooth,  vertical  plane, 
and  the  lower  end  in  a  smooth^  spheri- 
cal howl  /  required  the  position  of  equi- 
librium. 

Let  AB  be  the  piece,  BF  the  verti- 
cal surface,  EA  the  spherical  surface, 
and  g  the  centre  of  gravity  of  the  piece. 
When  it  is  in  equilibrium,  the  reaction  at  the  lower  end  will  be 
in  the  direction  of  a  normal  to  the  surface,  and  hence  will  pass 
tlirough  C\  the  centre  of  the  sphere,  and  the  reaction  of  the  ver- 
tical plane  will  be  horizontal. 

Let  W  =  the  weight  of  the  piece  ; 

r  =  the  radius  of  the  sphere ; 

a  =  Ag;b  =  Bg;l  =  AB ;  d  =  OF; 
B,  =  the  reaction  of  the  vertical  plane ; 
jy  =  the  reaction  of  the  spherical  surface ; 

i  =  the  inclination  of  the  beam  to  the  horizontal ; 

0  =  the  inclination  of  the  radius  to  the  horizontal. 

Take  the  origin  of  coordinates  at  g,  x  horizontal  and  y  ver- 
tical ;  and  we  have 


X=:   iV^C0S(9 

Y=  iTsin^ 


B  =  0 
W=  0 


Moments  =  -{-  B.b  sin  i  —  JV.a  sin  (6  —  i)  =  0  ; 


[»6.^ 
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and  the  geometrical  relations  give, 

I  cos  i  =  KB  =  HF=  d  +  rcosd. 
From  tliese  equations,  we  have 

JSr  =  W Qosec  6 ;  R  =  TFcot  ^; 
a  sin  {6  —  i)  —  h  cos  0  sin  ^  =  0, 
which,  by  developing  and  reducing,  becomes 
{a  +  h)  tan  i  —  a  tan  6  ; 
this,  combined  with  the  fourth  equation  above,  wi/1  determine 
i  and  6. 

The  position  is  independent  of  the  weight  of  the  piece,  but 
depends  upon  the  position  of  its  centre  of  gravity. 

15.  A  heavy  prismatic  bar  of  infinitesimal 
cross-section  rests  against  the  concave  arc  of  a 
vertical  parabola,  and  a  pin  placed  at  the 
focus ;  required  the  position  of  equilibrium. 

Let  Z  =  J  ^  -  length  of  the  bar  ;  p  =  CD 
= one-fourth  the  parameter  of  the  parabola,  C 
being  the  focus,  and  Q  ^^  A  CD. 


K 


w 

Fig.  67. 


Ans.  6 


2si„-^(f)i 


16.  Required  the  form  of  the  curve  such  tliat  the  bar  will 
rest  in  all  positions. 

Ans.  The  polar  equation  is  r  =  il  -\-  c  sec  6,  in  which  I  is 
the  length  of  the  bar,  and  c  an  arbitrary  constant.  It  is  the 
equation  of  the  conchoid  of  Nicomedes. 


C.    INDETERMINATE    PROBLEMS. 

17.  To  determine  the  pressures  exerted  hy  a  door  upon  its 
hinges. 

Let  W  —  the  weight  of  the  door ; 

a  =  the  distance  between  the  hinges ; 
b  =  the  horizontal  distance  from  the  centre  of  gravity 
of   the  door   to  the  vertical   line  which  passes 
through  the  hinges ; 
i^—  the  vertical  reaction  of  the  upper  hinge ; 
JFl  —  the  vertical  reaction  of  the  lower  hinge ; 
D  —  the  horizontal  reaction  of  tlie  upper  hinge ; 
Hi  =  the  horizontal  reaction  of  the  lower  hin/^e ; 
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then 

X  =:  ^  -  ^1  =  0  ; 

Y=  F-^  F^-W=  0; 

Xy  -  Yx  =  Ra-Wh  =  0; 
which  give 

J?"=  J^i  =  -W',  and 

F-Jr   F^=W. 

The  result,  therefore,  is  indeterminate,  but  we  can  draw  two 
general  inferences :  1st,  The  horizontal  pressures  ujpon  the 
hinges  are  equal  to  each  other  hut  in  ojyposite  directions  y  and, 
2d,  The  vertical  reaction  uj^on  both  hinges  equals  the  weight 
of  the  door. 

It  is  necessary  to  have  additional  data  in  order  to  determine 
the  actual  jpressure  on  each  hinge.  The  ordinary  imperfec- 
tions of  workmanship  will  cause  one  to  sustain  more  weight 
than  the  other,  but  as  they  wear  they  may  approach  an 
equality. 

The   horizontal   and   vertical   pressures   being    known,   the 

actual  pressures  may  be  found  by  the  triangle  of  forces.     If 

the  upper  end  sustains  the  whole  weight,  the  total  pressure 

pp- 

upon   it   will    be  —  \/a^  +  W.     If  each   sustains   one-half  the 

weight,  the  pressure  on  each  will  be  one- half  this  amount. 

18.  A  rectangular  stool  rests  on  four  legs,  one  being  at  each 
corner  of  the  stool ;  requii-ed  the  pressure  on  each. 

(The  data  are  insufficient.) 

P 

19.  A  weight  P  is  supported  by  three  un- 
equally inclined  struts;  required  the  amount 
which  each  will  sustain.  ^ 

Fig.  68. 

[Obs.  If  more  conditions  are  given  than  there  are  quantities  to  be  deter- 
mined, they  will  either  be  redundant  or  conflicting.] 
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d.    STRESS   ON    FEAMFi^, 


20.  Suppose  that  a  triangular  triiss,  Fig,  69,  ii\  loaded  with 


equal  weights  at  the  upper  apices  ;  it  is  regidred  to  find  the 
stress  upon  any  of  the  pieces  of  the  truss. 

[The  stress  is  the  pull  or  push  on  a  piece.] 

Let  the  truss  be  supported  at  its  ends,  and  let 

I  =  Aa  :=  ah  =^  etc.,  =  the  equal  divisions  of  the  span  AB ; 
i\r=:  the  number  of  bays  in  the  chord  AB ; 
L  =  Nl  —  AB,  the  span ; 

Pi,P2,Pz,  etc.,  be  the  weights  on  the  successive  apices ;  which 
we  will  suppose  are  equal  to  each  other ;  hence 
p=Pi=P2  =  etG.; 
JVp  =  the  total  load  ; 
V=  the  reaction  at  A;  and 
Fi=    "        "        "  B. 

1st.  There  will  he  equilihrium  among  the  external  forces. 

All  the  forces  being  vertical,  their  horizontal  components  will 
be  zero,  hence 

X=0; 

Y=V+  V,-Sp  =  V+V,-JVp  =  0;  (a) 

and  taking  the  origin  of  moments  at  B,  observing  that  the 
moment  of  the  load  is  the  total  load  multiplied  by  the  horizontal 
distance  of  its  centre  of  gravity  from  B,  we  have 

-V.AB  +  ]Vp.iAB  =  0; 


or, 


V.Z-]Vp.iZ=0; 
.'.V=i]Vp; 
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will  ell  in  {a)  gives  Y^  also  equal  to  ^Nj) ;  hence  the  supports 
sustain  equal  amounts,  as  they  should,  since  the  load  is  sjme- 
trical  in  reference  to  them,  and  is  independent  of  the  form  of 
trussing. 

2d.  To  determine  the  internal  forces. —  Conceive  that  the 
truss  is  cut  hy  a  vertical  plane  and  either  part  removed  while 
we  consider  the  remaining  part.  To  the  pieces  in  the  plane 
section^  apply  forces  acting  in  such  a  manner  as  to  produce  the 
same  strains  as  existed  before  they  were  severed.  Consider 
the  forces  thus  introduced  as  external,  and  the  prohlem  is 
reduced  to  that  of  determining  their  value  so  that  there  shall 
he  equilibrium  among  the  new  system  of  external  forces. 


j:  a 


Fio.  70. 


Let  CD,  Fig.  69,  be  a 
vertical  section,  and  suppose 
that  the  right-hand  part  is 
removed.  Introduce  the  ex- 
ternal forces  in  place  of  the 
strains,  as  shown  in  Fig.  70. 


Let  H  =  the  compressive  strain  in  the  upper  chord ; 
Hi  =  the  tensile  strain  in  the  lower  chord; 
7^^  =  the  pull  in  the  inclined  piece ; 
0  —  the  incilination  of  i^^to  the  vertical  ; 
n  =  the  number  of  the    bay,  bD,  counting  from   A 

(which  in  the  figure  is  the  3d  bay) ;  and 
D  —  CD  —  the  depth  of  the  frame. 

The  origin  of  coordinates  may  be  tahen  at  any  point.     Take 
it  at  A,  X  being  horizontal  and  y  vertical. 

Resolving  the  forces,  we  have 

X^Ih-  H  ^  i^sin  (9=0;.  {a) 

Y  —   V  -  pi  -  P2  -  etc.,  to_^„  —  i^cos  ^  =  0; 

=   V-np  -  Fcos  6  =  0;  (b) 

the  moments  =  V.O  -p^.^l  -p^-^l  -  etc.+  E.D  -  F.AF=0, 
or,  -  Wpl  +  /^^  -^^^  cos  (9  =  0  (c) 


I 
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Eliminating  F  between  equations  (5)  and  (c),  substituting  the 
value  of  F  =  ^Np^  and  reducing,  give 

H=^n{N-n);  (d) 

that  is,  the  strains  on  the  hays  of  the  upper  chord  vary  as  the 
product  of  the  segments  into  which  the  lower  chord  is  divided 
hy  the  joint  directly  under  the  hay  considered. 

From  (J)  we  have 

i^^cos  d  =  V-  np  =  ^{JSr  -  271)  p;  (e) 

and  since  6  is  constant,  the  stress  on  the  inclined  pieces  decreases 
uniformly  from  the  end  to  the  middle. 

At  the  middle  n  =  ^W,  and  i^=  0  ;  hence, /(^r  a  uniform 
load,  there  is  no  stress  on  the  central  hraces. 

If  F  were  considered  as  a  push,  equation  {e)  would  be 
negative. 

Eliminating  H  and  i^f  rom  {a),  we  have 

For  forces  in  a  plane  the  conditions  of  statical  equilibrium' 
give  only  three  independent  equations,  {a),  (h)  and  (c) ;  (or  Eqs. 
(91) );  hence,  if  a  plane  section  cuts  more  than  three  indepen- 
dent pieces  in  a  frame,  the  stresses  in  that  section  are  indeter- 
minate, unless  a  relation  can  be  established  among  the  stresses, 
or  a  portion  of  them  be  determined  by  other  considerations. 

21.  If  ir=  7,^  =i?i  =:  J92  =  etc.  =  1,000  lbs.,  AB  =  56 
feet  and  D  =  4:  feet ;  required  the  stress  on  each  piece  of  the 
frame. 

22.  In  Fig.  69,  if  ^i  and ^2  are  removed,  and ^3  =  p^  =  p^  = 
1,000  lbs.,  find  the  stress  on  the  bay  2  —  3,  and  the  tie  2  —  h. 

23.  If  all  the  joints  of  the  lower  chord  are  equally  loaded, 
and  no  load  is  on  the  upper  chord,  required  the  stress  on  the  71^^ 
pair  of  braces,  counting  from  A,  Fig.  69. 

Ans.  -i(ir  -  2n  +  l)p  sec  d. 
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24.  A  roof  truss  ADB  is  loaded  with  equal  weights  at  the 
equidistant  joints  1,  2,  3,  etc. ;  required  the  stress  on  any  of 
its  members. 

[Obs.  a  load  composed  of  equal  weiglits  on  all  the  joints  will  produce 
the  same  stress  as  that  of  a  load  uniformly  distributed,  except  that  the  latter 
would  produce  cross  strains  upon  the  rafters,  which  it  is  not  our  purpose  to 
discuss  in  this  place.  ] 

Let  the  tie  AB  be  divided  into  equal  parts,  Aa,  ah,  etc.,  and 
the  joints  connected  as  shown  in  the  figure.     The  joints  are 


assumed  to  be  perfectly  flexible.     The  right  half  of  Fig.  71 
may  be  trussed  in  any  manner  by  means  of  ties  or  braces,  or 
both,  and  yet  not  affect  the  analy- 
sis applied  to  the  left  half.' 

Conceive  a  vertical  section  nm,  and 
the  right-hand  part  removed.  In- 
troduce the  forces  H,  Hi  and  i^  as 
previously  explained,  and  the  condi- 
tions of  the  problem  will  be  rep  re-  pjo,  72. 
sented  by  Fig.  72.  The  letters  of 
reference  given  below  involve  both  figures. 

Let  ir=  the  number  of  equal  divisions  (bays)  m  AB ', 
n  =  the  number  of  the  bay  ho  counting  from  A ; 
I  =  Aa  =  ah,  etc. ; 
J)  —  the  weight  on  any  one  of  the  joints  of  the  rafter ; 
V  =  the  vertical  reaction  at  ^  or  ^ ; 
/)  =  DO,  the  depth  at  the  vertex; 


e  =  h2c',  sindi  =  BAG. 

Then 

(iT-  1)  J?  =  the  total  load ; 

.-.  F=i(ir- 

-l)p. 

[8G.] 
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Take  the  origin  of  coordinates  at  A,  and  the  origin  of  mo- 
ments at  the  joint  marked  2.  Kesolving  the  forces  shown  in 
Fig.  72  horizontally  and  vertically,  we  have 

X=  ZTcos  (180°  +  «^l)+^i cos  0"^ +  i^"sin (- ^2c) ; 
r=F-(/i-l)i?+^sin(180°  +  «^l)+Z?isinO°+i^cos(-52c); 

or, 

-  B cosi  +  ^i  - Fsine  =  0  ; 
V—  {n—l)p-JIsm  i  +  i^'cos  ^  =  0 ; 

also  the  moments^ 

HJ)^  -  V.Ah-h  {n-l)p.i{n  -2)1=0. 

But  from  Fig.  71  we  have 

h2^_  Ab_  _  {n-l)l 
CD" 


AC 


\m 


Substituting  in  the  equation  of  moments  the  value  of  J2 
found  above,  of  F=  \{N  —  l)j9,  of  Ah  =^  {n  —  1)  ^,  and 
reducing,  give 


^1  =  4^  (^ 


n  +  l)i?. 


By  means  of  the  other  two  equations,  we  find 
H  =  4(iV  —  ti)jp  cosec  i ; 
F—  \{ri  — l)^sec  Q. 


e.    STRESS   IN   A   LOADED   BEAM. 

25.  Swpjpose  that  a  heam  is  ^         "*"  -^ 

firmly  fixed  in  a  wall  at  one 
end,  and  that  the  jprojecting 
end  is  loaded  with  a  weight 
P  /  required  the  forces  in  a 
vertical  section  mn.  Fig.  73. 

Take  the  origin  of  coordi- 
nates at  A,  X  horizontal  and  y 
vertical.  Take  the  plane  sec- 
tion perpendicular  to  the  axis 
of  a?.    Without  assuming  to  know  the  directions  in  which  the 


Fig.  73. 
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forces  in  the  section  act,  we  may  conceive  them  to  be  resolved 
into  horizontal  and  vertical  components.  Let  i^be  the  typical 
horizontal  force,  then  wil] 

hence,  some  of  the  F-forces  will  be  positive,  and  the  others 
negative. 

Neglecting  the  weight  of  the  beam,  and  letting  Y^  be  the 
sum  of  the  vertical  components  in  nm,  w^e  have 
Y=  Y^-  F  =  0      ,'.  Y,  =  F; 

'as  shown  in  the  figure. 

The  forces,  +  F  and  —  F,  constitute  a  couple  whose  arm  is 
Aa ;  and  since  the  F-forces  are  the  only  remaining  ones,  the 
resultant  of  tlie  4-  F''s  and  the  —  F'^s  must  constitute  a  couple 
whose  moment  equals  F,Aa  with  a  contrary  sign. 

[Obs.  Investigrations  in  regard  to  the  distribution  of  the  forces  over  the 
plane  section  belong  to  the  Resistance  of  Materials.  ] 

*  f.    LOADED    CORD. 

26.  Suppose  that  a  perfectly  flexible,  inextensible  cord  is 
fixed  at  two  points  and  loaded  continuously^  according  to  any 
law  /  it  is  required  to  find  the  equation  of  the  curve  and  the 
tension  of  the  cord. 

Assuming  that  equilibrium 
has  become  established,  we 
may  treat  the  problem  as  if  the 
cord  were  rigid,  by  consider- 
ing the  curve  which  it  assumes 
as  the  locus  of  the  point  of  ap- 
plication of  the  resultant.     The 

resultant  at  any  point  will  be  in  the  direction  of  a  tangent  to 
the  curve  at  that  point ;  for  otherwise  it  wonld  have  a  normal 
component  which  wonld  tend  to  change  the  form  of  the  curve. 

Take  the  origin  of  coordinates  at  the  lowest  point  of  the 
curve.     Let  a  .be  any  point  whose  coordinates  are  x  and  ?/; 

X  —  the  sum  of  tlie  x-components  of  all  the  external  forces 
between  the  origin  and  a ; 

Y  =  the  sum  of  the  y-components  ; 
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t  =  the  tension  of  the  cord  at  a ; 
4  =  the  tension  at  the  origin. 

Resolving  the  tension  {t)  by  multiplying  it  by  the  direction- 
cosine,  we  have 

t  -^  —  the  oj-component  of  t,  and 
t  -J-  —  the  y-component. 


For  the  part  Ca^  equations  (91)  become 

0 


-4  +  X+^^ 


da  ' 


^y 


ra!  =  0. 


(«) 


[Obs.  In  the  problems  which  we  shall  consider,  the  third  of  these  equations 
will  be  unnecessary,  since  the  other  two  famish  all  the  conditions  necessary 
for  solving  them.] 


Let  all  the  applied  forces  he  vertical. 
Then  X  =  0,  and  the  first  two  of  equations  {a)  become 


ds 
From  the  first  of  these  we  have 


(J) 


(J'T 

t  -r-  =  tQ  ^  a  constant  y 

hence,  tlie  horizontal  component  of  the  tension  will  he  constant 
throughout  the  length  for  any  law  of  vertical  loading. 
From  the  second  of  (J),  we  have 
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hence,  the  vertical  component  of  the  tension  at  any  point 
equals  the  total  load  between  the  lowest  povnt  and  the  point 
considered. 


J) 


27.  jOet  the  load  he  uniformly  dis- 
tributed over  the  horizontal, 

(This  is  approximately  the  condition  of  the 
ordinary  suspension  bridge. ) 

Let  w  =  the  load  per  unit  of  length, 
then 

T  =^  —  wx'^ 

and  (b)  becomes 

^wx  +t^  =  0, 
ds 

Eliminating  t  gives 

tffly  =  wxdx'^ 

and  integrating  gives 

t^y  =  \w;^  +  (67=  0); 

w  ^  ' 


a. 

til, 


E 

Fia.  7S. 


('') 


{d) 


hence,  the  curve  is  a  parabola  whose  axis  is  vertical,  and  whose 

parameter  is  — ^.    The  parameter  will  be  constant  when  t^-^w 

is  constant ;  hence  the  tension  at  the  lowest  point  will  be  the 
same  for  all  parabolas  having  the  same  parameter  and  the 
same  load  per  unit  along  the  horizontal,  and  is  independent  of 
the  length  of  the  curve. 

To  find  the  tension  at  the  lowest  point,  substitute  in  equa- 
tion {d)  the  value  of  the  coordinates  of  some  known  point. 
Let  the  coordinates  of  the  point  A  be  x^^  and  yi ;  then  {d)  gives 


iJo  = 


WX{^ 


(^) 
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To  find  the  tension  at  any  jpoint  we  have  from  the  first  of 
equations  (c)  and  the  Theory  of  Curves 


To  find  the  tension  at  the  highest  point  A,  from  (d)  find 

dx       x^'  ^^ 

substitute  in  (y),  and  we  obtain 


WX^ 


(To  find  U  by  the  Theory  of  Moments,  take  the  origin  at  A.  The  load  on 
Xx  will  be  wXi^  and  its  arm  the  horizontal  distance  to  the  centre  of  gravity  of 
the  load,  or  \Xx ;  hence,  its  moment  wiU  be  \wx-^.  The  moment  of  the  tension 
will  be  to^i ;  hence, 

Uy\  =  it^aj'i  or  U  =  ^ — ,  as  before.) 
^y\ 

The  slope  (or  inclination  of  the  curve  to  the  horizontal)  may 
be  found  from  equation  {g) ;  w^hich  gives 

tan  ^  =  -^  . 

28.  The  Catenary.  A  catenary  is  the  curve  assumed  by  a 
perfectly  flexible  string  of  uniform  section  and  density,  when 
suspended  at  two  points  not  in  the  same  vertical.  Mechanically 
speaking  the  load  is  uniformly  distributed  over  the  arc,  and 
hence  varies  directly  as  the  arc. 

To  find  the  eqiiation^ 

let  w  =  the  weight  of  the  cord  per  unit  of  length ; 

.*.  Y=  —  ws  {s  being  the  length  of  the  arc) ; 
and  equations  {b)  become 


-4  +  4=0; 

ds 


(h) 
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Transposing  and  dividing  the  second  by  the  first,  gives 

dx'^  Tq    ^ 

and  differentiating,  substituting  the  value  of  ds  and  reducing, 
give  •  

\dxj 


-  dx  = 


7TT1"" 


Integrating  gives 


w 

—  X 

to 


or,  passing  to  exponentials,  gives 

dx        V  ^^^       dx      dx^ 

rlni^  I       w  fJni    \ 

or,  1  + 


dx^       Xj"  dxj 

=  i\e'^     -e    ^-    J; 


from  which  we  find 

dy 
dx 

which  integrated  gives 


w 


^2to     —  ^2^0      I 


U) 


{k) 


=  il\^lo    -e-^i.       ;  •© 


which  is  the  equation  of  the  Catenary. 

Eliminating  -^  between  equations  {i)  and  (^'),  we  find 


ds        ^r  f.         -"^."1 
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the  integral  of  which  is 


which  gives  the  length  of  the  curve. 

The  following  equations  may  also  be  found 


(m) 


If  ^  =  the  inclination  of  the  curve  to  the  vertical,  then 
X  =  s  tan  6  log^  cot  ^6. 

The  tensions,  t  and  4?  are  so  involved  that  they  can  be  de- 
termined only  by  a  series  of  approximations.  The  full  devel- 
opment of  these  equations  for  practical  purposes  belongs  to 
Applied  Mechanics. 

The  catenary  possesses  many  interesting  geometrical  and  mechanical  prop- 
erties, among  which  we  mention  the  following :  — 

The  centre  of  gravity  of  the  catenary  is  lower  than  for  any  other  curve  of 
the  same  length  joining  two  fixed  points. 

If  a  common  parabola  be  rolled  along  a  straight  line,  the  locus  of  the  focus 
will  be  a  catenary. 

According  to  Eq.  (k)  it  appears  that  if  the  origin  of  coordinates  be  taken 
directly  below  the  vertex  at  a  distance  equal  to  tQ  -i-  w,  the  constant  of  integra- 
tion will  be  zero.  (This  distance  equals  such  a  length  of  the  cord  forming  the 
catenary  as  that  its  weight  will  equal  the  tension  at  the  lowest  point  of  the 
curve).     A  horizontal  line  through  this  point  is  the  directrix  of  the  catenary. 

The  radius  of  curvature  at  any  point  of  the  catenary  equals  the  normal  at 
that  point,  limited  by  the  directrix. 

The  tension  at  any  point  equals  the  weight  of  the  cord  forming  the  cate- 
nary whose  length  equals  the  ordinate  of  the  point  from  the  directrix. 

If  an  indefinite  number  of  strings  (without  weight)  be  suspended  from  a 
catenary  and  terminated  by  a  horizontal  line,  and  the  catenary  be  then  drawn 
out  to  a  straight  line,  the  lower  ends  of  the  vertical  lines  will  be  in  the  arc  of 
a  parabola. 

If  the  weight  of  the  cord  varies  continuously  according  to 
any  known  law  the  curve  is  called  Catenarian, 
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29.  To  determine  the  equation  of  the  Catenarian  curve  of 
uniform  density  in  which  the  section  ^caries  directly  as  the 
tension. 

Let  Jc  =  the  variable  section  ; 

3  =  the  weight  of  a  unit  of  volume  of  the  cord ; 
G  =  the  ratio  of  the  section  to  the  tension ; 
then 

Y=-'f8Ms;  k  =  ct;   .:  Y  =  -  Bcftds; 
which  substituted  in  (b)  and  reduced,  gives 

Scy  =  loge  sec  cBx, 
for  the  required  equation. 


g,    LAW    OF   LOADING. 

30.  It  is  required  to  find  the  law  of  loading  so  that  the 
action-line  of  the  resultant  of  the  forces  at  any  point  shall  he 
tangent  to  a  given  curve. 

Assume  the  loading  to  be  of  uniform 
density,  and  the  variations  in  the  load- 
ing to  be  due  to  a  variable  depth.  In 
Fig.  76,  let  O  be  the  origin  of  coordi- 
nates '^  Z  =  ah  ^=  the  depth  of  loading 
over  a  point  whose  abscissa  is  a? ;  c?  = 
the  depth  of  the  loading  over  the  ori- 
gin, and  8  =  the  weight  per  unit  of 
volume  of  the  loading,  then 
r=  -fhZdx', 


which  in  Eq.  (p)  gives 


-t.-^  t 


dx 
ds 


0; 


-SfZdx+tf^=0; 
Transposing,  and  dividing  the  latter  by  the  former,  gives 

^  =  Uzda>; 
dx       to^ 


[86.]  LAW  OF  LOADING.  13' 

which,  differentiated,  gives 

d3^  ~~   4 


But,  from  the  Theory  of  Curves,  we  have 


dx"^  ~~  p  ~~      p 

in  which  p  is  the  radius  of  curvature,  and  i  is  the  angle  between 
a  tangent  to  the  curve  and  the  axis  of  x.  From  these  we  read- 
ily find 

8      p 

At  the  origin  p  -—  pq,  i  =  0,  and  Z  =  d;  which  values  sub- 
stituted in  the  preceding  equation  give 


^Pol 


to 

^  =  ap 


\ 


.-.  Z  =  dpo .  (n) 

P 

Discussion.  For  all  curves  which  have  a  vertical  tangent,  we 
have  at  those  points 

i  =  90° ;     .*.  sec  z  =  oo  ,  and,  if  p  is  finite 

Z   =    OO'y 

hence,  it  is  practically  impossible  to  load  such  a  curve  through- 
out its  entire  length  in  such  a  manner  that  the  resultant  shall 
be  in  the  direction  of  the  tangent  to  the  curve.  A  portion  of 
the  curve,  however,  may  be  made  to  fulfil  the  required  con- 
dition. 

Zet  the  given  curve  he  the  are  of  a  circle  j'  then  p  =  pQ,  and 
equation  {n)  becomes 

Z  =  d  sec^  i, 
from  which  the  upper  limit  of  the  loading  may  be  found.    For 
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small  angles  secH  will  not  greatly  exceed  unity,  and  hence,  the 
upper  limit  of  the  load  will  be  nearly  parallel  to  the  arc  of  the 
circle  for  a  short,  distance  each  side  of  the  highest  point.  At 
the  extremities  of  the  semicircle,  i  =  90°,  and  Z  =  ao . 

If  the  given  curve  he  a  ^parabola,  we  find  Z  =  d,  that  is,  the 
depth  of  loading  will  be  constant ;  or,  in  other  words,  uni- 
formly distributed  over  the  horizontal.  This  is  the  reverse  of 
Prob.  27. 

(The  principles  of  this  topic  may  be  used  in  the  constraction  and  loading  of 
arches.) 

31.  Let  the  tension  of  the  cord  he  uniform. 

We  observe  in  this  case  that  the  loading  must  act  normally 
to  the  curve  at  every  point,  for  if  it  were  inclined  to  it,  the 
tangential  component  would  increase  or  decrease  the  tension. 

Let  jc>  =  the  normal  pressure  per  unit  of  length  of  the  arc ; 
then  j)ds  =  the  pressure  on  an  element  of  length,  and  this  mul- 
tiplied by  the  direction-cosine  which  it  makes  with  the  axis  of 
a?,  and  the  expression  integrated,  give 

/  i^^^  (jt'  )  ~    /  ^^^  ~  ^^  aj-component,  and 

/  jpdy  =  the  y-component  of  the  pressures, 
hence,  equations  («),  p.  131,  become 

dx 


-t,  +  fj>dx  +  t£-  =  o 


Jpdy 


-'%-"■■ 


differentiating  which,  give 

dx 
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Transposing,  squaring,  adding  and   extracting  the   square 
root,  give 


ic 


-='f©)"-(S)t=f    '"' 


that  is,  the  normal  jpressure  varies  inversely  as  the  radius  of 
curvature. 

1.  If  a  string  be  stretched  upon  a  perfectly  smooth  curved 
surface  by  pulling  upon  its  two  ends  the  normal  pressure  upon 
the  surface  will  vary  inversely  as  the  radius  of  curvature  of  the 
surface,  the  curvature  being  taken  in  the  plane  of  the  string  at 
that  point. 

2.  If  p  be  constant  p  will  be  constant ;  hence,  if  a  circular 
cylmder  be  immersed  in  a  fluid,  its  axis  being  vertical,  the  nor- 
mal pressure  on  a  horizontal  arc  being  uniform  throughout  its 
circumference,  the  compression  in  the  arc  will  also  be  constant. 

h,  THE  LAW  OF  LOADING  ON  A  NORMALLY  PRESSED  ARC  BEING 
GIVEN,     REQUIRED   THE   EQUATION   OF   THE   ARC 

32.  The  ties  of  a  susjpension  ^ 

bridge  heing  normal  to  the  curve 
of  the  cable,  and  the  load  uni- 
form along  the  span,  required    jf       ^     '     ""^ 
the  equation  of  the  curve  of  fio.  tt. 

the  cable. 


-"4"(*='v/4)-'}= 


the  origin  being  at  C,  x  horizontal  and  y  vertical. 

dfj 
If  tan  i  =  -^,  and  po  =  the  radius  of  curvature  at  the  vertex, 

then 

X  =  ipQ  (1  H-  cos^  ^)  sin  i, 

y  =  kpo  sin^  i  cos  i. 

(See  solution  by  Prof.  S.  W.  Robinson,  Journal  of  the 
Franklin  Institute,  1863,  vol.  46,  p.  145  ;  and  its  application  to 
bridges  and  arches,  vol.  47,  p.  152  and  p.  361.) 
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33.  JL  jperfeGtly  flexible^  inextensible  trough  of  indefinite 
length  is  filled  with  afluid^  the  edges  of  the  trough  heing  jpar- 
allel  and  sujpjported  in  a  horizontal  jplane  ;  required  the  equa- 
tion of  a  cross  section. 

The  length  is  assumed  to  be  indefinitely  long,  so  as  to  elimin- 
ate the  effect  of  the  end  pieces.  The  pressure  of  a  fluid  against  a 
surface  is  always  normal  to  the  surface,  and  varies  directly  with 
the  depth  of  the  fluid.  The  actual  pressure  equals  the  weight 
of  a  prism  of  water  whose  base  equals  the  surface  pressed,  and 
whose  height  equals  the  depth  of  the  centre  of  gravity  of  the 
said  surface  below  the  surface  of  the  fluid.  The  problem  may 
therefore  be  stated  as  follows  : — Required  the  equation  of  the 
curve  assumed  hy  a  cord  fixed  at  two  points  in  the  same  hori- 
zontal, and  jpressed  norm.aUy  hy  forces  which  vary  as  the  verti- 
cal distance  of  the  jpoint  of  ajpjplication  helow  the  said  hori- 
zontal. 

Let  A  and  B  be  the  fixed  points.  Take  the 
origin  of  the  coordinates  at  D,  midway  be- 
tween A  and  B,  and  y  positive  downwards. 
Let  h  be  the  weight  of  a  unit  of  volume  ;  then 

jp  =  By,  which  in  equation  (o)  gives 
t  =z  hyp,  and  for  the  lowest  point 
t  =  hDpQ ;  in   which  D  is  the  depth  of  the 
lowest  point  and  p^  the  radius  of  curvature  at  that  point ; 

.-.  Syp  =  Si>^„,  or -^=1. 
But  from  the  Theory  of  Curves  we  have 

p~\'^dx^}     d^' 

which  substituted  above,  and  both  sides  multiplied  by  dy,  may 
be  put  under  the  form 


i 


{^*my<i)=% 
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the  integral  of  which  is 


and  the  equation  reduced  gives 


But  ^  =  O,fory  =  i>;    /.  0  =  -^^ ;  which  substituted 


Squaring  and  reducing,  gives 

These  may  be  integrated  by  means  of  EllijptiG  Functions, 
Making  y  =  D  co9>  4>,  and  c  =  j-,  they  may  be  reduced  to 
known  forms.     Using  Legendr^s  notation,  we  have 

(See  Article  by  the  Author  in  the  Journal  of  the  Franklin 
Institute,  1864,  vol,  47,  p.  289.) 


CHAPTER   y. 

RELATION    BETWEEN    THE   INTENSITIES    OF    FORCES   ON    DIFFEEENT 
PLANES    WHICH    CUT   AN   ELEMENT. 

87,  Distributed  Forces  are  those  whose  points  of  applica- 
tion are  distributed  over  a  surface  or  throughout  a  mass.  The 
attraction  of  one  mass  for  another  is  an  example  of  the  latter, 
some  of  the  properties  of  which  have  been  discussed  in  the 
Chapter  on  Parallel  Forces ;  similarly,  when  one  part  of  a  body 
is  subjected  to  a  pull  or  push,  the  forces  are  transmitted 
through  the  body  to  some  other  part,  and  are  there  resisted  by 
other  forces.  If  the  body  be  intersected  by  a  plane,  the  forces 
which  pass  through  it  will  be  distributed  over  its  surface. 
Planes  having  different  inclinations  being  passed  through  a?i 
element,  it  is  proposed  to  find  the  relation  between  the  intensi- 
ties of  the  forces  on  the  different  planes. 

88,  Definitions.  Stresses  are  forces  distributed  over  a  sur- 
face. In  the  previous  chapters  we  have  assumed  that  forces 
are  applied  at  points,  but  in  practice  they  are  always  distrib- 
uted. 

A  strain  is  the  distortion  of  a  body  caused  by  a  stress. 
Stresses  tend  to  change  the  form  or  the  dimensions  of  a  body. 
Thus,  2^ pull  elongates,  2>.push  compresses,  a  twist  produces  tor- 
sion, etc.     (See  Resistance  of  Materials^ 

A  simple  stress  is  a  pull  or  thrust.  Stresses  may  be  com- 
pound, as  a  combination  of  a  twist  and  a  pull. 

A  direct  simple  stress  is  a  pull  or  thrust  which  is  normal  to 
the  plane  on  which  it  acts. 

A. pull  is  GQYi^idieredi  positive,  and  a  push,  negative. 

The  intensity  of  a  stress  is  the  force  on  a  unit  of  area,  if  it 
be  constant ;  but,  if  it  be  variable,  it  is  the  ratio  of  the  stress 
on  an  elementary  area  to  the  area. 

To  form  a  clear  conception  of  the  forces  to  which  an  element 
is  subjected,  conceive  it  to  be  removed  from  the  body  and  then 
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subjected  to  such  forces  as  will  produce  the  same  strain  that  it 
had  while  in  the  body. 

89,  Formulas  for  the  intensttt  of  a  stress.  Let  i^  be  a 
direct  simple  stress  acting  on  a  surface  whose  area  is  -4,  and  jp 
the  measure  of  the  intensity,  then 


F 
when  the  stress  is  uniform,  and 


(92) 


1 


jP  =  -1-j,  when  it  is  variable. 

If  the  stress  be  variable  we  will  assume  that  the  section  is  so 
small  that  the  stress  may  be  considered  uniform  over  its  sur- 
face. 

90.  Direct  stress  resolved.     Let   the   prismatic   element 
AB^  Fig.  79,   be   cut   by   an   oblique 
plane  DE.     Let  the  stress  F  be  simple 
and  direct  on  the  surface  CB^  and 

N  =  the  normal  component  of  i^on 

T  =  the  component  of  F  along  the 

plane  BF,  which  is  called 

the  tangential  comjponent ; 
d  —  FON  —  the  angle  between  the 

action -line  of  the  force  and 

a  normal  to  the  plane  BF^ 

and  is  called  the  obliquity 

of  tlie  jplane  ; 
A  =  the  area  of  OB,  and  A'  that  of  BK 

Then,  according  to  equations  (62),  we  have 

J^=  FcosO; 
T  ^  Fsin  e. 

From  the  figure  we  have 

A'  =  A  sec  6, 
hence,  on  tli  e  plane  BE,  we  have 
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AT  7    •     ^  V  ^  ^COS   6  2      . 

JVormal  vntensity,  jf?„  =  — ^  = =  j>  CDS'*  6 ; 

UjL  -a.  S6C  U 

Tangential  intensity,  p^  =  -jj  = zzzjp  sin  6  cos  6. 

-^  .-O.  S6C  (7 


(93) 


Pass  another  plane  perpendicular  to  JDE,  having  an  obli- 
quity of  90°  —  6 ;  then,  accenting  the  letters,  we  have 
y„  =_^sin2^; 


I>  t  =  p  Gos6  sin  6.  )  ^    ^ 

This  result  is  the  same  as  if  a  direct  stress  acting  upon  a 
plane  perpendicular  to  O^,  having  an  obliquity  of  90°  —  ^  in 
reference  to  DE,  be  resolved  normally  and  tangentially  to  the 
latter. 

Combining  equations  (93)  and  (94)  we  readily  lind 


Pt  =pt', ) 


that  is,  when  an  element  {or  body)  under  a  direct  simjple  stress 
is  intersected  hy  two  jplanes  the  sum  of  whose  ohliquities  is  90 
degrees,  the  sum  of  the  intensities  of  the  normal  comjponents 
of  the  stress  equals  the  intensity  of  the  direct  simple  stress,  and 
the  intensities  of  the  tangential  stresses  are  equal  to  each  other. 

91,  Shearing  stress.  The  tangential  stress  is  commonly 
called  a  shearing  stress.  It  tends  to  draw  a  body  side  wise 
along  its  plane  of  action,  or  along  another  plane  parallel  to  its 
plane  of  action.  Its  action  may  be  illustrated  as  follows : — 
Suppose  that  a  pile  composed  of  thin  sheets  or  horizontal  layers 
of  paper,  boards,  iron,  slate,  or  other  substance,  having  friction 
between  the  several  layers,  be  acted  upon  by  a  horizontal  force 
applied  at  the  top  of  the  pile,  tending  to  move  it  sidewise.  It 
will  tend  to  draw  each  layer  upon  the  one  immediately  beneath 
it,  and  the  total  force  exerted  between  each  layer  will  equal  the 
applied  force,  and  the  resistance  at  the  bottom  of  the  pile  will 
be  equal  and  opposite  to  that  of  the  applied  force.  If  other 
horizontal  forces  are  applied  at  different  points  along  the  ver- 
tical face  of  the  pile,  the  total  tangential  force  at  the  base  of 
the  pile  will  equal  the  algebraic  sum  of  all  the  applied  forces. 

A  shearing  stress  and  the  resisting  force  constitute  a  couple, 
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and  as  a  single  couple  cannot  exist  alone,  so  a  pair  of  shearing 
stresses  necessitate  another  pair  for  equilibrium. 

When  the  direct  simple  stresses  on  the  faces  of  a  rectangular 
jparallelojpipedon  are  of  equal  intensity^  the  shearing  stresses 
will  he  of  equal  intensity. 

Let  Fig.  80  represent  a  paralellopipedon  with  direct  and 
shearing  stresses  applied  to 
its  several  faces.  At  pre- 
sent suppose  that  all  the 
forces  are  parallel  to  the 
plane  of  one  of  the  faces, 
as  ahfe^  and  call  it  a  plane 
of  the  forces  y  then  will  the 
planes  of  action^  which,  in 
this  case,  will  be  four  of  the 
faces  of  the  parallel opipe- 
don,  be  perpendicular  to  a 
plane  of  the  forces. 

If   the  direct  stress  +  F 
=  —  F^  and  •{•  F'  :=  —  F',  they  will  equilibrate  each  other. 
The  moment  of  the  tangential  force  T,  will  be 

Pt  X  areafc  x  ab  \ 
and  of  T' 

p't  X  area  ac  y.  hf 

The  couple  T.ah  tends  to  turn  the  element  to  the  right  and 
T'.hf  to  the  left,  hence,  for  equilibrium,  we  have 

Pi  X  areafc  x  ab  =  p\  x  area  ac  X  hf; 
but  area  fGXah=^  area  ac  x  ^Z"  =  the  volume  of  the  ele- 
ment, hence 

P,=P\-  (96) 

The  effect  of  a  pair  of  shearing  , 

stresses  is  to  distort  the  element^ 
changing  a  rectangular  one  into  a 
rhomboid,  as  shown  in  Fig.  81. 

Direct  stresses  are  directly  opposed 
to  each  other  in  the  same  plane  or  on 
opposite  surfaces  ;    shearing   stresses  -bxq,  si. 

act  on  parallel  planes  not  coincident. 
10 


\ 


^ 
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92.  Notation.  A  very  good  notation  was  devised  by  Co- 
riolis,  wliicli  lias  been  used  since  1837,  and  is  now  commonly 
employed  for  the  general  investigations  on  this  subject.  It  is 
as  follows : — 

Let  j9  be  a  typical  letter  to  denote  the  intensity  of  a  stress 
of  some  kind ;  p^  the  intensity  of  a  stress  on  a  plane  normal  to 
X  ;  ^aa;  the  intensity  of  a  stress  on  a  plane  normal  to  x  and  in  a 
direction  parallel  to  a?,  and  hence  indicates  the  intensity  of  a 
(iirect  simple  stress  /  and  p^  the  intensity  of  a  stress  on  a 
plane  normal  to  x  but  in  the  direction  of  y,  and  hence  indi- 
cates the  intensity  of  a  shearing  stress.  Or,  generally,  the  first 
sub-letter  indicates  a  normal  to  the  plane  of  action  and  the 
second  one  the  direction  of  action.     Hence  we  have 
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parallel  to 

X 

:Pyx 


y 


Py^  ^  on  a  plane  normal  to 


y 


I>yy 

If  direct  stresses  only  are  considered,  one  sub-letter  is  sufG.- 
Gient ;  S.S  p^,  Py,  or  p^. 

93.  Tangential   stress  resolved.     Let 
T  be  the  tano^ential  stress  on  the  rio^ht  sec- 


tion AB 
y,  then 


A,  the  section  being  normal  to 


=  T-^A. 


Fig.  82. 


Let  OJ)  be  an  oblique  section,  normal  to 
the  axis  y' ;  x'  and  x  being  in  the  plane  of 
the  axes  y  and  y' ;  then  will  the  angle  be- 
tween y  and  y'  be  the  obliquity  of  the 
plane  OD.     This  we  will  denote  by  {yy'). 

Let  the  tangential  force  be  parallel  to  the  axis  of  x. 

Resolving  this  force,  we  have 

JVormal  component  on  CD  =  T  sin  {yy') ; 
Tangential  component  on  CD  —  T  cos  (yy'). 
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Dividing  each  of  these  by  area  CD  =  AB 
have 
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cos  {yy),  we 


Normal  intensity  =  py/yf  = 


7' sin  {yy)  coa  (yy') 


Tangential  intensity  =  py^x' = 


area  AB 

Tco^iyy') 
AB 


=  PyxBvci{yy')  coa  {yy'Y, 


Pyx  cos'  (^2/'); 


(97) 


and  for  a  tangential  stress  on   a  plane  normal  to  x,  resolved 
upon  the  same  oblique  plane  GD^  we  have 


P'v'i/  =J?xy  cos  (2/y')  sin  {yy')-, 
y3/a/=i^«^sin2(2/?/'). 


(98) 


If  the  tangential  stresses  on  both  planes  (one  normal  to  y,  and 
the  other  normal  to  x)  are  alike,  and  the  obliquity  of  the  plane 
CD  less  than  90°,  the  resultant  of  their  tangential  components 
will  be  the  difference  of  the  two  components,  as  given  by 
equations  (97)  and  (98) ;  that  is,  it  will  be  ^j,v  —  _^V«'j  ^at 
the  normal  intensity  will  be  the  sum  of  the  components  as 
given  by  the  same  equations.  The  reverse  will  be  true  in  re- 
gard to  the  direct  stresses. 

9^,  Let  a  body  he  sicbjected  to  a  direct  simple  stress;  it  is 
required  to  find  the  stresses  on  any  two  planes  jperpendicula/r 
to  one  another  and  to  the  plane  of  the  forces  ;  also  the  intensity 
of  the  stress  on  a  thh^d plane  perpendicular  to  the  plane  of  the 
forces ;  and  the  normal  and  tangential  components  on  that 
plane. 

Let  the  forces  be  parallel  to 
the  plane  of  the  paper  ;  A  O  and 
OB^  planes  perpendicular  to  one 
another  and  to  the  plane  of  the 
paper,  having  any  obliquity  with 
the  forces.  Let  the  axis  of  x 
coincide  with  OB,  and  y  with 
A  O.  Let  AB  be  a  third  plane, 
also  perpendicular  to  the  plane 
of  the  paper,  cutting  the  other 
planes  at  any  angle.  Take  y'  perpendicular  to  AB  and  x' 
parallel  to  it  and  to  the  plane  of  the  paper. 
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The  oblique  forces  may  be  resolved  normally  and  tangen- 

tially  to  the  planes  AO  and 
OB,  by  means  of  equations  (93) 
and  (94).  The  problem  will 
then  be  changed  to  that  shown 
in  Fig.  84,  in  which  one  set  of 
stresses  is  simple  and  direct,  and 
the  other  set  tangential;  and, 
according  to  Article  91,  the 
intensity  of  the  shearing  stress 
on   the   two  planes  will  be   the 


C.''-.^<y<-'<>'^'<j  <JO 


Fig.  84. 


Bame ;  hence,  for  this  case 


P^ 


Pyx- 


The  total  normal  stress  on  the  plane  AB  will  be  the  sum  of 
the  normal  components  given  by  equations  (93),  (94),  (97)  and 
(98),  and  the  total  tangential  stress  will  be  the  sum  of  the 
components  of  the  tangential  stress  given  by  the  same  equations  ; 
hence 

Vi/y'  =  Pxx  cos2  {yy')  -f  pyy  gin''  {yy')  +  l^xy  sm  (2/^')  cos  {yy') ;  )  ^gg^ 

V}/^   ='\Vyy-V^\  sin  {yy')  cos  {yy')  +  Vxy{  cos"  {yy')  -  sin''  {yy')  )■ .  ) 

The  resultant  stress  on  AB  will  be,  according  to  equation 
(46),  e  being  90°, 

Pr  =  <^V/+i>V^;  (i<^0) 

and  the  inclination  of  the  resultant  stress  to  the  normal,  y\  will 
be 


tan  {ry' 


(101) 


96.  Discussion  of  equations  (99). 

A.  Find  the  indination  of  the  plane  on  which  there  is  no 
tangential  stress. 

In  the  2d  of  equations  (99)  make^^v  =  ^5  and  representing 
this  particular  angle  by  (vy'),  we  find 

2  sin  {yy)  cos  {yy')      _       ^Pxy 
cos^  ii/y')  -  siii'-^  {yy')       Pxx  -  Pw' 


tan  2(yy') 


(102) 


I 
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which  gives  two  angles  differing  from  each  other  by  90°,  or, 
the  planes  will  be  perpendicular  to  one  another. 

Hence,  in  every  case  of  a  direct  simj>le  stress  upon  a  pair 
of  planes  perpendicular  to  one  another  and  to  a  plane  of  the 
stresses^  there  are  two  planes,  also  perpendicular  to  one  another 
and  to  the  plane  of  the  stresses,on  which  there  is  no  tangential 
stress. 

These  two  directions  are  Q.2iX\edi  priiicipal  axes  of  stress. 

Principal  axes  of  stress  are  the  normals  to  two  planes  per- 
pendicular to  one  another  on  which  there  is  no  tangential  stress. 

Principal  stresses  are  such  as  are  parallel  to  the  principal 
axes  of  stress.  (In  some  cases  there  is  a  third  principal  stress 
perpendicular  to  the  plane  of  the  other  two.) 

The  formulas  for  the  sti*esses  become  most  simple  by  refer- 
ring them  directly  to  the  principal  axes. 

a.  Let  one  of  the  direct  stresses  he  zero.,  or  pyy  =  0. 
Equation  102  gives 

tan  2(yyO  =  ^  (103) 

h.  Let  one  of  the  direct  stresses  he  a  pull,  and  the  other  a 
•push. 

Then^j^  becomes  negative,  and  we  have 

tan  2(yy')  =      ^-^^  (104) 

JPxx     '    JPyy 

G.  Let  them  act  in  opposite  senses  and  eqybol  to  each  other. 
Then 

tan2(YY0=-^.  (105) 

d.  Let  there  he  no  tangential  stress  on  the  original  planes^ 
orp^  =  0. 

Then, 

tan  2(yyO  =  0  ;     .-.  (yy')  =  0  or  90° ; 
and  the  original  planes  are  principal  planes. 
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e.  Let  there  he  no  direct  stresses. 
Then, 

tan  2(yyO  =  «> ;  or  (yy')  =  45°  or  135° ;       (106) 

that  is,  if  on  twojplanes,  jper^pendicular  to  one  another  and  to  the 
plane  of  the  stresses,  there  are  no  direct  stresses,  then  will  the 
st7'ess  on  two  jplanes,  perjpendicular  to  one  another  and  to  the 
plane  of  the  stresses,  whose  inclination  with  the  original  jplanes 
is  45°,  he  simjple  and  direct. 

f.  Let  the  direct  stresses  he  equal  to  one  another  and  act  in 
the  same  sense,  and  let  there  he  no  shearing  on  the  original 
planes. 

Then 

tan2(YY')=^; 

and  (yy')  is  indeterminate;  hence,  in  this  case  every  plane 
perpendicular  to  a  plane  of  the  stress  will  be  a  principal  plane. 

Examples. 

1.  A  rough  cube,  whose  weight  is  550  pounds,  rests  on  a 
horizontal  plane.  A  stress  of  150  pounds  applied  at  the  upper 
face  pulls  vertically  upward,  and  another  direct  stress  of  125 
pounds,  applied  at  one  of  the  lateral  faces,  tends  to  draw  it  to 
the  right,  while  another  direct  stress  of  50  pounds  tends  to 
draw  it  to  the  left ;  required  the  position  of  the  planes  on  which 
there  are  no  tangential  stresses. 

If  the  cube  is  of  finite  size  it  will  be  necessary  to  modify  the 
problem,  in  order  to  make  it  agree  with  the  hypothesis  under 
which  the  formulas  have  been  established.  The  force  of  gravity 
being  distributed  throughout  the  mass,  would  cause  a  variable 
stress,  and  the  surface  of  no  shear  would  be  curved  instead  of 
plane.  We  will  therefore  assume  that  the  cube  is  without  weight, 
onid  the  550  pounds  is  applied  directly  to  the  lower  surface. 
Then  the  vertical  stress  will  be  150  pounds,  the  remaining  400 
pounds  being  resisted  directly  by  the  plane  on  which  it  rests, 
and  so  far  as  the  present  problem  is  concerned,  only  produces 
friction  for  resisting  the  shearing  stress.     The  direct  horizontal 
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stress  will  be  50  pounds,  the  remaining  75  pounds  producing  a 
sliearing  on  the  horizontal  plane.  The  former  force  tends  to 
turn  the  cube  right-handed  by  rotating  it  about  the  lower  right- 
hand  corner,  thus  producing  a  reaction  or  vertical  tangential 
stress  of  75  pounds.  Let  the  area  of  each  face  of  the  cube  be 
unity,  then  we  have 

JPxu  —  75  pounds ;    jp^^  =  50  pounds  ;    jpyy  =150  pounds ; 

and  these  in  (102)  give 

^      ^,     ,.        2  X  75  .  . 

tan2(YY)  =  g^— —  =-1.5; 

.-.  (tt')  =  -  28°  9'  18'^,  or  +  61°  50'  42". 

If  the  body  be  divided  along  either  of  these  planes,  the 
forces  will  tend  to  lift  one  part  directly  from  the  other  without 
producing  sliding  upon  the  plane  of  division. 

2.  A  rough  body,  whose  w^eight  is  100  pounds,  rests  on  an 
inclined  plane  ;  required  the  normal  and  tangential  components 
on  the  plane.     (Use  Eq.  (93).) 

3  A  block  without  weight  is  secured  to  a  horizontal  plane 
and  thrust  downward  by  a  stress  whose  intensity  is  150  pounds, 
ar.d  pulled  towards  the  right  by  a  stress  whose  intensity  is  150 
pounds,  and  to  the  left  with  an  intensity  of  100  pounds ;  re- 
quired the  plane  of  no  shear. 

4.  A  cube  rests  on  a  horizontal  plane,  and  one  of  its  vertical 
faces  is  forced  against  a  vertical  plane  by  a  stress  of  200  pounds 
applied  at  the  opposite  face,  and  on  one  of  the  other  vertical 
faces  is  a  direct  pulling  stress  of  75  pounds,  which  is  directly 
opposed  by  a  stress  of  50  pounds  on  the  opposite  vertical  face ; 
required  the  position  of  the  plane  of  no  shear. 

In  this  case  the  weight  of  the  cube  would  be  a  third  princi- 
pal stress,  but  it  is  eliminated  by  the  conditions  of  the  problem. 
The  shearing  stress  is  25  pounds ;  and  because  the  direct 
stresses  are  unlike,  we  use  Eq.  (104). 

5.  A  rectangular  parallelopipedon  stands  on  a  hoi-izontal 
j)lane,  and  on  the  opposite  pairs  of  vertical  faces  tangential 
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stresses  of  equal  intensities  are  applied  ;  required  the  position 
of  the  plane  of  no  shear.     (See  Eq.  (106).) 

6.  In  the  preceding  problem  find  the  intensity  of  the  direct 
stress  on  the  plane  of  no  shear.  (Substitute  the  proper  quanti- 
ties in  the  1st  of  (99).) 

B.  To  find  the  planes  of  action  for  maximum  and  Tninimum 
noTTYial  stresses,  and  the  values  of  the  stresses. 

Equate  to  zero  the  first  differential  coefficient  of  the  1st  of 
Equations  (99),  and  we  have 


2p^  cos  (yyO  sin  {yy')  +  ^j>yy  sin  {yy')  cos  (yy') 
os^  (yy') 


2/?a^  sin^  iyy')  +  2p^  cos^  {yy')  =  0  ; 
/.  tan  2{yy') 


}      (lOT) 


^ . 


which,  being  the  same  as  (102),  shows  that  on  those  planes 
which  have  no  shearing  stress,  the  direct  stress  will  be  either  a 
maximum  or  a  minimum.  Testing  this  value  by  the  second 
differential  coefficient,  we  find  that  one  of  the  values  of  (yy') 
gives  a  maximum  and  the  other  a  minimum. 

Comparing  (107)  with  the  second  of  (99),  show^s  that  the  first 
differential  coefficient  of  the  value  of  the  direct  stress  on  any 
plane  equals  the  shearing  stress  on  that  jplane. 


Erom  (107),  observing  that  cos  {yy')  —  |/l  —  sin^  {yy')^  we 
find 

and  these  values  in  the  1st  of  (99),  and  the  maximum  and 
minimum  values  designated  by  p^/,  give 

i?T'  =  Ki?a«  ^JPyy)  ±    V{i(l>xx  -Pyyf  +  J>'x,\  ',  (109) 

in  which  the  upper  sign  gives  the  maximum,  and  the  lower  the 
minimum  stress.  These  are  jprincijpal  stresses,  and  we  denote 
them  b}'  one  sub-letter. 
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a.  Ifpxy  —  ^>  we  have 

{yy')  =  0°  or  90°,  as  we  should. 
^'  If  JPyy  ~  ^j  w^  have 


a 


(110) 


maximum,  p^f  =  ^p^  +  Vip^xx  +  P^xv ; 
minimum,  p^,  =  ip^  -  ^\f^Vf'^ 

hence,  the  niaximnm  normal  stress  will  be  of  the  same  hind  as 
the  principal  direct  stress,  j!?a^ ;  that  is,  if  the  latter  is  2,  pull, 
the  former  will  also  be  a  j^ull,  and  the  minimum  principal 
stress  will  be  of  the  opposite  kind. 

G.  If  there  are  no  direct  stresses  j>^  will  also  he  zero,  and  we 
have 

(TT')  =  45°orl35°; 
and 

tnaximum  py^>  =i^a^  =  —  Jpx'  for  minimum  / 

that  is,  the  principal  stresses  will  have  the  same  intensity  as 
the  shearing  stresses,  and  act  on  planes  perpendicular  to  one 
another,  and  inclined  45°  to  the  original  planes. 

Examples. 

1.  Suppose  that  a  rectangular  box  rests  on  one  end,  and  that 
one  pair  of  opposite  vertical  sides  press  upon  the  contents  of 
the  box  with  an  intensity  of  20  pounds,  and  the  other  pair 
of  vertical  faces  press  with  an  intensity  of  40  pounds,  and  that 
horizontal  tangential  stresses,  whose  intensities  are  10  pounds, 
are  applied  to  the  vertical  faces,  one  pair  tending  to  turn  it  to 
the  right,  and  the  other  to  the  left ;  required  the  position  of 
the  vertical  planes  of  no  shearing,  and  the  maximum  and 
minimum  values  of  the  direct  stresses. 

2.  For  an  application  of  Equations  (103)  and  (110)  to  the 
stresses  in  a  beam,  see  the  Author's  Resistance  of  Materials^ 
2d  edition,  pp.  236-240. 

C.  To  find  the  position  of  the  planes  of  maximum  and 
minimum  shearing. 


''■\ 


(Ill) 
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Equate  to  zero  tlie  first  differential  coefficient  of  the  second 
of  [99)  and  reduce,  denoting  the  angles  sought  by  {YY'),  and 
we  find, 

-  cot  2{YY')  =  tan  2(yy'); 

.-.  2ry'--2(YY')  +  90°; 
or, 

rr'^.YY'  +  ^S^; 

that  is,  the  j)lanes  of  Tnaximum  and  minimum  shear  make 
angles  of  4:0  degrees  with  the  peincipal  planes. 

D.  Let  thejplanes  he  principal  sections. 

Then  the  stresses  will  be  ;princijpal  stresses,  and  j>^  =  0. 
Using  a  single  subscript  for  the  direct  stresses,  equations  (99) 
become 

J>i/u/  =  {Px  -Py)  sin  kyy')  cos  {yy') 

a.  Letj?a:  —Tv)  tlieii 

JPv'=I>x\  andp^^.  =  0; 

that  is,  when  two  frinGijyal  stresses  are  alike  and  equal  on  a 
2Mir  of  planes  jperjpendicular  to  the  plane  of  the  stresses,  the 
normal  intensity  on  every  jplane  perpendicular  to  the  plane  of 
the  stresses  will  he  equal  to  that  on  the  principal  planes,  and 
there  will  he  no  shearing  on  any  plane. 

This  condition  is  realized  in  a  perfect  fluid,  and  hence  very 
nearly  so  in  gases  and  liquids,  since  they  offer  only  a  very  slight 
resistance  to  a  tangential  stress.  If  a  vessel  of  any  liquid  be 
intersected  by  two  vertical  planes  perpendicular  to  one  another, 
the  pressure  pei*  square  inch  will  be  the  same  on  both,  and  will 
])e  normal  to  the  planes ;  hence,  according  to  the  above,  it  will 
be  the  same  upon  all  planes  traversing  the  same  point.  This 
is  only  another  way  of  stating  the  fact  that  fluids  press  equally 
in  all  directions. 

h.  To  find  the  planes  on  which  there  will  he  no  normal  pres- 
sure. 

For  this  j?y/  in  (111)  will  be  zero ; 
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•••tan(y2/')=V%^'^=^ 

which,  being  imaginary,  shows  that  it  is  impcssible  when  the 
stresses  are  alike  ;  but  if  they  are  unlike^  we  have 

If^a.  -  —j>y,  then  (yy')  —  45°,  and  the  2d  of  (111)  gives 

which  shows  that  when  the  direct  stresses  are  unliJce  and  of 
equal  intensity  on  planes  perpendicular  to  one  another,  the 
sliearing  stress  on  a  plane  cutting  both  the  others  at  an  angle 
of  45  degrees,  will  be  of  the  same  intensity. 

Let  iyy)  =  45°,  or  135°,  then  (111)  become 

in  the  latter  of  which  the  upper  sign  gives  a  maximum,  and  the 
lower  a  minimum  value. 
•  Using  the  upper  sign,  we  find 


96.  Problem.  Fliid  the  plane  on  which  the  obliquity  of  the 
stress  is  greatest^  the  intensity  of  that  stress,  and  the  angle  of 
its  obliquity. 

Let  the  stresses  be  principal  stresses  and  of  the  same  kind, 
and  <i>  the  angle  of  obliquity  of  the  required  plane  to  the  stress ; 
then 

sin  (^  =^^^-~^;  the  intensity  =  ViP^Py)',  and  the  angle  be- 

px  '^  Jpy 

tween  the  principal  plane  m  and  the  required  plane  =  45°—  \<^. 
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If  the  principal  stresses  are  unliJce,  then 

sin  ^'  =^ — =^;  the  intensity  =  ^^  —pxP^,  and  the  angle  be- 
Px  -~  'Py 

tween  the  principal  plane  a?,  and  the  oblique  plane  =  45°  —  \^' , 


Ex 


AMPLE. 


If  a  body  of  sand  is  retained  by  a  vertical  wall  and  the 
intensity  of  the  horizontal  push  is  25  pounds,  and  of  the  ver- 
tical pressure  is  75  pounds ;  required  the  plane  on  which  the 
resultant  has  the  greatest  obliquity,  and  the  intensity  of  the 
stress  on  that  plane. 

CONJUGATE    STEESSES. 

97.  A  pair  of  stresses,  each  acting  parallel  to  the  plane  of 
action  of  the  other,  and  whose  action-lines  are  parallel  to  a 
plane  which  is  perpendicular  to  the  line  of  intersection  of  the 
planes  of  action,  are  called  conjugate  stresses. 

Thus,  in  Fig.  85,  one  set  of  stresses 
acts  on  the  plane  YY,  parallel  to  the 
plane  XX,  and  the  other  set  on  XX, 
parallel  to  YY,  In  a  rigid  body  the 
intensities  of  these  sets  of  stresses  are 
independent  of  each  other;  for  each 
set  equilibrates  itself.  Principal 
st7'esses  are  also  conjugate. 

There  may  be  three  co7ijugate  stresses 
in  a  body,  and  only  three.  For,  in 
Fig.  85,  there  may  be  a  third  stress  on  the  plane  of  the  paper, 
which  may  be  parallel  to  the  line  of  intersection  of  the  planes 
XX  and  YY,  and  each  stress  will  be  parallel  to  the  plane  of  the 
other  two.  A  fourth  stress  cannot  be  introduced  which  will  be 
conjugate  to  the  other  three. 

Conjugate  stresses  may  be  resolved  into  normal  and  tangen- 
tial components  on  their  planes  of  action,  and  treated  accoi-ding 
to  the  preceding  articles.  The  fact  that  the  stresses  have  the 
same  obliquity,  being  the  complement  of  the  angle  made  by 
the  planes,  simplifies  some  of  the  more  general  problems  of 
stresses. 
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GENERAL   PROBLEM. 

98.  Given  the  st^^esses  on  the  three  rectangular  coordinate 
planes  ;  required  the  stresses  on  any  ohligue  plane  in  any  re- 
qtdred  direction. 

As  before,  the  element  is  supposed  to  be  indefinitely  small. 
Let  abc  be  the  oblique  plane,  the 
normal  to  which  designate  by  n. 
The  projection  of  a  unit  of  area  of 
this  plane  on  each  of  the  coordinate 
plains,  gives  respectively 

cos  {nx\  cos  (Tiy),  cos  {nz). 
The  direct  stress  parallel  to  x 
acting  on   the   area  cos  {nx)  will 
give  a  stress  oi  pxx  cos  {nx\  and     *"  fig.  86. 

the  tangential  stress  normal  to  y  and  parallel  to  x  will  produce 
a  stress ^ya;  cos  {ny),  and  similarly  the  tangential  stress  normal 
to  z  and  parallel  to  x  gives j^ja;  cos  {nz)',  hence  the  total  stress 
on  the  unit  normal  to  n  and  parallel  to  x  will  be 

Pn^  =  p^  cos  {nx)  +  py^  cos  {ny)  -\- pzx  cos  {nz) ;  ^ 
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similarly, 

J>ny  =  Pxy  COS  (nx)  +  Pyy  COS  {uy)  +  p^  COS  {uz) ; 
Pj^^  =  py^  cos  {nx)  -\-  pyz  Q>o^{ny)  -\-  p^  cos  {nz).  J 

Let  these  be  resolved  in  any  arbitrary  direction  parallel  to  s. 
To  do  this  multiply  the  first  of  the  preceding  equations  by  cos 
{sx).,  the  second  by  cos  {sy)^  and  the  third  by  cos  {sz)^  and  add 
the  results. 

For  the  purpose  of  abridging  the  formulas,  let  cos  {nx)  be 
written  Qnx^  and  similarly  for  the  others.     Then  we  have 
<Pns  =  pxxCnxCsx  -{- pyyCnyCsy  +  p^^  QnzQsx  \ 

+Pyz  {CnyCsz  +  CnzCsy)  +pgx{CnzCsx  y     (115) 
+  CnxCsz)  +  pxp  (CnxCsy  +  CnyCsx).     J 

This  expression  being  typical,  we  substitute  x'  for  n  and  s, 
and  thus  obtain  an  expression  for  the  intensity  on  a  surface 
normal  to  x'  and  parallel  to  x'.  Or  generally,  substitute  suc- 
cessively a?',  y',  z'  for  n  and  5,  and  we  obtain  the  following 
formulas : 
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DIRECT    STRESSES. 

H-  '^p^S^zx' Qxx'  -\-  '^j)^Cxx'Cyx  ; 

i?yv  =i>xa.<^%'+  Pyy^^yy' -^  TzzC^zy'  +  'ipyzCyy'Gzy' 
4-  'ipzx^zy'  Cxy'+  ^p^^Cxy'Qyy' ; 

_2?gv  —  jp^Q^xz'  +J[>ijyyz'  +  jpJJzz  +  '-2jpyS^yz'Qz3* 
+  2^«a:C2s'Ca?2'  +  'ip^Qxz'Cyz' ; 

TANGENTIAL    STRESSES. 

i?yv  =  i?xa;Ca?y'Ca?2'  +  pyy  Gyy'Cyz'  +  ^p^s  C^j/'O^s' 

+  Czz'Qxy')  +  p^{Gxy'Qyz'  +  Qxz'Cyy') ; 

p^^  =  p^Qxz'Cxx'  +  jpyyQyz'Qyx'  -\-  pJQzz'Qzx' 
-^Pyz{OxzCzx'  +  Qijx'Qzy') + j92ar(C35'CaJ.zj' + Csaj'Ca;^') 

i?a/y  =  j9^a;Caja3'Ca?y'   +  Pyy^y^'Oyy'  +  jp^S^zx'Qzy' 

+I>yz{Oyx'Qzy' + Cyy'Czx')  -\-pJCzxCxy' + C^y'Ca^a;') 

4-  pxyip^^'^yy'  +  Oxy'Qyx'). 

It  may  be  shown  that  for  every  state  of  stress  in  a  hody  there 
are  three  planes  perpendicular  to  each  other,  on  vjhich  the  stress 
is  entirely  normal, 

[These  equations  are  useful  in  discussing  the  general  Theory 
of  the  Elasticity  of  Bodies.'] 

These  formulas  apply  to  ohlique  axes  as  well  as  right,  only  it 
should  be  observed  when  they  are  oblique  that  pyt^f  is  not  a 
stress  on  a  plane  normal  to  y\  parallel  to  z\  but  on  a  plane  nor- 
mal to  x'  resolved  in  the  proper  direction. 


CHAPTER   YI 


VntTUAL    VELOCITIES. 


99.  Def.  If  the  point  of  application  of  a  force  be  moved 
in  tlie  most  arbitrary  manner  an  indefinitely  small  amount,  the 
projection  of  the  path  thus  described  on  the 

oripjinal  action-line   of  the  force  is  called  a  h 

virtual  velocity.     The  product  of  the  force        /\ ^^ 

into  the  virtual  velocity  is  called  the  virtual  ^^^  ^ 

moment.    Thus,  in  Fig.  87,  if  a  be  the  point  of 
application  of  the  force  i^  and  ah  the  arbitrary  displacement, 
ac  will  be  the  virtual  velocity,  and  Kac  the  virtual  moment. 

The  path  of  the  displacement  must  be  so  short  that  it  may  be 
considered  a  straight  line  ;  but  in  some  cases  its  length  may  be 
finite. 

If  the  projection  falls  upon  the  action -line,  as  in  Fig.  87,  the 
virtual  velocity  will  be  considered  positive,  but  if  on  the  line 
prolonged,  it  will  be  negative. 

100.  Peop.  If  several  concurring  forces  are  in  equilihviuTTh^ 
the  algebraic  sum  of  their  virtual  moments  will  he  zero. 

Using  the  notation  of  Article  (47),  and  in  addition  thereto 
let 

I  be  the  length  of  the  displacement ;  and 
jp,  q,  and  r  the  angles  which  it  makes  with  the  respective 
coordinate  axes; 

then  will  the  projections  of  I  on  the  axes  be 

I  cos^,        I  cos  q^        I  cos  r, 

respectively.      Multiplying  equations  (50),  by   these   respect- 
ively, we  have 

i^  cos  oj  Z  cos^  +  i^  cos  ^2  Z  cos^  -h  etc.  =  0 ; 
Fi  cos  /3j  I  cos  q  -\-  F^  cos  ^2  ^  cos  q  -  etc.  =  0  ; 
Fi  cos  7i  I  GO^r  -^  Fi  cos  72  ^  cos  r  +  etc.  =  0, 


160  VIRTUAL  VELOCITIES.  [101.  J 

Adding  tliese  together  term  bj  term,  observing  that 
cos  a  cos p  4-  cos  y8  cos  q  +  cos  7  cos  r  —  cos  {F.l) ; 

which  is  the  cosine  of  the  angle  between  the  action-line  of  F 
and  the  line  Z;  and  that  I  cos  (Fl)  =  hf  (read,  variation  f) 
is  the  virtual  velocity  of  F^  we  have 

F,8f,  +  F,hf,  +  i^8/3  +  etc.  =  XFhf  =  0 ;       (116) 
which  was  to  be  proved. 

101.  If  Gb'^y  number  of  forces  in  a  system  are  in  equilih- 
rmm,  the  sum  of  their  virtual  moments  will  he  zero. 

Conceive  that  the  point  of  application  of  each  force  is  con- 
nected with  all  the  others  by  rigid  right  lines,  so  that  the  action 
of  all  the  forces  will  be  the  same 
as  in  the  actual  problem.  If  any 
of  the  lines  thus  introduced  are 
not  subjected  to  stress,  they  do 
not  form  an  essential  part  of  the 
system  and  may  be  cancelled  at 
first,  or  considered  as  not  having 
been  introduced.  Let  the  system 
receive  a  displacement  of  the 
most    arbitary   kind.      At    each  ^^''-  ^^' 

point  of  application  of  a  force  or  forces,  the  stresses  in  the  rigid 
lines  which  meet  at  that  point,  combined  with  the  applied 
force  or  forces  at  the  same  point,  are  necessarily  in  equilibrium, 
and  by  separating  it  from  the  rest  of  the  system,  we  have  a 
system  of  concurrent  forces.  Hence,  for  the  point  B^  for  in- 
stance, we  have,  according  to  (116), 
Flf  +  F^lf  +  etc.  +  BChBO+BAhBA  +  BDhBD  =  0 ; 

in  which  BC^  etc.,  are  used  for  the  tension  or  compression 
which  may  exist  in  the  line.  But  when  the  point  C  is  consid- 
ered, we  will  have  ^6^8^  6"  with  a  contrary  sign  from  that  in 
the  preceding  expression,  and  hence  their  sum  will  be  zero. 

Proceeding  in  this  way,  as  many  equations  may  be  estab- 
lished as  there  are  points  of  application  of  the  forces ;  and 
adding  the  equations  together,  observing  that  all  the  expressions 
which  represent  stresses  on  the  lines  disappear,  we  finally  have 

XFSf^O,  (117) 


[101.] 


EXAMPLES. 
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The  converse  is  evidently  true,  that  when  the  sum  of  the  vir- 
tual moments  is  zero  the  system,  is  in  equilibrium. 

Equations  (116)  and  (117)  are  no  more  than  the  vanishing 
equations  for  work.  If  a  system  of  forces  is  in  equilibrium  it 
does  no  work.  This  principle  is  easily  extended  to  Dynamics. 
For,  the  work  which  is  stored  in  a  moving  body  equals  that 
done  by  the  impelling  force  above  that  which  it  constantly  does 
in  overcoming  resistances.  Thus,  when  friction  is  overcome, 
the  impelling  forces  accomplish  work  in  overcoming  this  resist- 
ance, and  all  above  that  is  stored  in  the  moving  mass.  Letting 
R  be  the  resultant  of  all  the  impressed  forces  producing 
motion,  and  s  the  path  described  by  the  body,  we  have 


Ehr 


Sm^Ss  =  0, 


(118) 


This  is  the  most  general  principle  of  Mechanics,  and  M. 
Lagrange  made  it  the  fundamental  principle  of  his  celebrated 
work  on  Mecanique  Analytique^  which  consisted  chiefly  of  a 
discussion  of  equation  (118). 


Examples. 

1.  Determine  the  conditions  of  equilibrium  of  the  straight 
lever. 

Let  AB  be  the  lever,  having 
a  weight  P  at  one  end  and  W  at 
the  other,  in  equilibrium  on  the 
fulcrum  G. 

Conceive  the  lever  to  be 
turned  infinitesimally  about  G, 
taking  the  position  CD,  then  will  Aa,  which  is  the  projec- 
tion of  the  path  A  O  on  the  action-line  of  P,  be  the  virtual 
velocity  of  P ;  and  similarly  Bl  will  be  the  virtual  velocity  of 
W,    The  former  will  be  positive  and  the  latter  negative ;  hence 

P.Aa  -  W.Bb=:  0. 

The  triangles  AaO  and  AOG  at  the  limit  are  similar,  having 
the  right  angles  AaO  and  AOG,  aAO  —  AGO,  and  the  re- 
maining angle  equal.      Similarly,  bDB  is  similar  to  BGI>. 
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which,  substituted  in  the  preceding  expression,  gives 

P.AG^WBG', 

that  is,  the  weights  are  inversely  projportioned  to  the  arms. 

If  the  lever  be  turned  about  the  end  A,  we  would  find  in 
a  similar  manner  that  {P  +  W).AG  =  W.AB;  in  which 
jP  H-  TTis  the  reaction  sustained  bj  the  fulcrum  G. 

2.  Find  the  conditions  of 
equilibrium  of  the  bent  lever. 

Let  ^  6^  and  GjB  be  the  arms 
of  the  lever  and  G  the  fulcrum. 
Let  it  be  turned  slightly  about 
G ;  then  will  Aa  and  Bh  be  the 
respective  virtual  velocities  of 
Pand  W; 

.-.  -  F.Aa  +   W.hB  =z  0. 

From  G  draw  GO  perpendicular  to  PA,  then  will  the  tri- 
angle A  CG  be  similar  to  AaA\  having  the  angle  AaA'  =  A  OG; 
and  a  A  A'  =  OGA.  Similarly,  the  triangle  BDG  is  similar  to 
BIB'\ 


Aa 
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GD 


which,  combined  with  the  preceding  equation,  gives 

P.GO=  W.GP; 

that  is,  the  weights  are  inversely  proportional  to  their  horizon- 
tal distances  from  the  fulcrum. 

3.  Find  the  conditions  of  equilibrium  of  the  single 
pulley. 

In  Fig.  91,  let  the  weight  P  be  moved  a  distance 
equal  to  ab,  then  will  W  be  moved  a  distance  cd  = 
ab ;  hence,  we  have 

-  P.ab  +  W.cd  =  0 ;    /.  P  =  TF. 
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Fig.  91. 
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.\P.CB=  W.AO;  or 


4.  On  the  inclined  plane  AC,  &  weight  P  is  held  by  a 
force  W  acting  parallel  to  the  plane  ; 
required  the  relation  between  P  and 
W. 

de  =  ah  will  be  the  virtual  velocity 
of  W,  and  ac  that  of  P ;  and  we  have 

-  P.ao  +  W.ab  =  0. 

From  the  similar  triangles  aho  and 
ABOy  we  have 

ac  _  OB 
ah  ~  AC 

P:  W  ::  AC:  OB. 

5.  On  the  inclined  plane,  if  the 
weight  P  is  held  by  a  force  W, 
acting  horizontally,  required  the 
relation  between  P  and  W. 

The  movement  being  made,  cd 
will  be  the  virtual  velocity  of  W, 
which  at  the  limit  equals  ae, 
and  he  will  be  the  virtual  velo- 
city of  P,  and  we  have 

—  P.he  +  W.ae  =  0 ;  and  ae 

,'.P.CB=  W.BA; 

or,  the  weight  is  to  the  horizo7ital  force  as  the  hase  of  the  tri- 
angle is  to  its  altitude 

6.  In  Fig.  27  show  that  Pdr 

7.  One  end  of  a  beam  rests 
on  a  horizontal  plane,  and  the 
other  on  an  inclined  plane ;  re- 
quired the  horizontal  pressure 
against  the  inclined  plane. 

This   involves  the  principle 
of  the  wedge ;   for  the  block 
AB  0  may  represent  one-half  of 
a  wedge  being  forced  against  the  resistance  W.     Conceive  the 
plane  to  be  moved  a  distance  AA',  and  that  the  beam  turns 


Wdy. 
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about  the  end  D^  but  is  prevented  from  sliding  on  the  plane ; 
then  will  the  virtual  velocity  of  the  horizontal  pressure  be  AA\ 
and  that  of  the  weight  will  be  Eg  ;  hence,  for  equilibrium  we 
have 

W.Eg  -  P.  A  A'  =  0.  (a) 

We  now  find  the  relation  between  Ec  and  AA' , 
Let  I  =  DF^  the  length  of  the  beam  ; 

a  =  DE^  the  distance  from  1)  to  the  centre  of  gravity  of 

the  beam ; 
a=  GAB',        p  =  ABK 
The  end  at  F  will  describe  an  arc  FF^  about  ^  as  a  centre. 
From  F'  draw  F'd  parallel  to  AA\  and  from  F  drop  a  per- 
pendicular Fe  upon  dF' .     Then,  from  similar  triangles,  we 
have 

Fe  =  -  Ec, 
a 

FF'  will  be  perpendicular  to  DF,  and  Fe  perpendicular  tc 
dF,  hence 

eFF'  =  AI)F=  /3;  dFe  =  90°—  a; 

.-.  dFF'=  90°- a -i- 13; 


and 


FF'  =  FeQGdB  =  -  Eg  sec  /3. 
a 


The  triangle  FdF'  gives 

FF'  sin  a 


AA'  =  dF'       sin  (90^^  -  a  +  ^)' 
hence, 

Eg    __  a    sin  a  cos  /3  ^ 
2T  ""  7    cos  (a  -  /3) ' 

which,  substituted  in  equation  {a)  above,  gives 

a    sin  a  cos  /3 


P  =  TF 


^    cos  (a  —  /8)* 


8.  Deduce  the  formula  for  the  triangle  of  forces  from  the 
principle  of  Virtual  Yelocities. 


CHAPTEK    V^II. 


MOMENT   OF   INEKTIA. 


(This  chapter  may  be  omitted  until  its  principles  are  needed  hereafter  (see 
Ch.  X)  Although  the  expression  given  below,  called  the  Moment  of  Inertia^ 
comes  directly  from  the  solution  of  certain  mechanical  problems,  yet  its  prin- 
ciples may  be  discussed  without  involving  the  idea  of  force^  the  same  as  any 
other  mathematical  expression.  The  term  probably  originated  from  the  idea 
that  inertia  was  considered  a  force^  and  in  most  mechanical  problems  which 
give  rise  to  the  expression  the  moment  of  a  force  is  involved.  But  the  expres- 
sion is  not  in  the  form  of  a  simple  moment.  If  we  consider  a  moment  as  the 
product  of  a  quantity  by  an  arm,  it  is  of  the  form  of  a  mmnent  of  a  moment. 
Thus,  dA  being  the  quantity,  ydA  would  be  a  moment,  then  considering  this 
as  a  new  quantity,  multiplying  it  by  y  gives  y'^dA,  which  would  be  a  moment 
of  the  moment.  Since  we  do  not  consider  inertia  as  a  force,  and  since  all 
these  problems  may  be  reduced  to  the  consideration  of  geometrical  magnitudes, 
it  appears  that  some  other  term  might  be  more  appropriate.  It  being,  how- 
ever, universally  used,  a  change  is  undesirable  unless  a  new  and  better  one  be 
universally  adopted.) 

DEFINITIONS. 

102.  The  expression, y?/^^?^,  in  wliich  dA  represents  an  ele- 
ment of  a  body,  and  y  its  ordinate  from  an  axis,  occurs  fre- 
quently in  the  analysis  of  a  certain  class  of  problems,  and  hence 
it  has  been  found  convenient  to  give  it  a  special  name.  It  is 
called  the  moment  of  inertia. 

THE   MOMENT   OF   INEKTIA   OF   A   BODY 

is  the  sum  of  the  jproducts  ohtained  hy  multiplying  each  element 
of  the  hody  hy  the  square  of  its  distance  fro /n  an  axis. 

The  axis  is  any  straight  line  in  space  from  which  the  ordinate 
is  measured. 

The  quantity  dA  may  represent  an  element  of  a  line  (straight 
or  curved),  a  surface  (plane  or  curved),  a  volume,  weight,  or 
mass ;  and  hence  the  above  definition  answers  for  all  these 
quantities. 
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The  moment  of  inertia  of  a  plane  surface,  when  the  axis  lies 
in  it,  is  called  a  rectangular  moment ;  but  when  the  axis  is 
perpendicular  to  the  surface  it  is  called  ^  polar  moment 


103.  Examples. 

1.  Find  the  moment  of  inertia  of  a  rect- 
angle in  reference  to  one  end  as  an  axis. 

Let  h  =  the  breadth,  and  d  =  the  depth 
of  the  rectangle.  Take  the  origin  of  coor- 
dinates at  0, 

We  have  dA  =  dydx ; 

=  11  f^y^  =  ^  I  f^y  = 

2.  What  is  the  moment  of  inertia  of  a 
rectangle  in  reference  to  an  axis  through 
the  centre  and  parallel  to  one  end  ? 

'-^  Ans. 


Fio  95. 


and 


X. 


Fig.  96. 


hid?. 

3.  What  is  the  moment  of  inertia  of  a 
straight  line  in  reference  to  an  axis  through 
one  end  and  perpendicular  to  it,  the  section  of  the  line  being 

considered  unity  ? 

Ans.  iZ^. 

4.  Find  the  moment  of  inertia  of  a  circle  in  reference  to  p*^ 
axis  through  its  centre  and  perpendicular  to  its  surface. 
We  represent  the  jpolar  inoment  of  inertia  by  J^. 

Let       T  =  the  radius  of  the  circle ; 
p  =  the  radius  vector ; 
Q  =  the  variable  angle ;  then 
dp  =  one  side  of  an  elementary  rectangle  ; 
pdO  =  the  other  side ;  and 
dA  =  pdpdd ; 

and,  according  to  the  definition,  we  have 


*^0    '^O 


p^dpdd  =  iirr^. 
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5.  What  is  the  moment  of  inertia  of  a  circle  in  reference 
to  a  diameter  as  an  axis  ?     (SeeAiticle  105.) 

Ans.  iTT/**. 

6.  What  is  the  moment  of  inertia  of  an  ellipse 
in  reference  to  its  major  axis;  a  being  its  semi- 
major  axis  and  5, its  semi-minor?  ^^o-  ^• 

Ans.  ^a¥. 

7.  Find  the  moment  of  inertia  of  a  triangle  in  reference  to 
an  axis  through  its  vertex  and  parallel  to  its  base. 

Let  b  be  the  base  of  the  triangle,  d  its  altitude,  and  x  any 
width  parallel  to  the  base  at  a  point  whose  ordinate  is  y ;  then 
dA  =  dadi/j  and  we  have 

7  = 


8.  What  is  the  moment  of  inertia  of  a  triangle  in  reference 
to  an  axis  passing  through  its  centre  and  parallel  to  the  base  % 

Ans.  ^^hd^, 

9.  What  is  the  moment  of  inertia  of  an  isosceles  triangle  in 
reference  to  its  axis  of  symmetry  ? 

Ans.  -^bhl. 

10.  Find  the  moment  of  inertia  of  a  sphere  in  reference  to  a 
diameter  as  an  axis. 

The  equation  of  the  sphere  will  be  a.-^  +  y^  +  3^  =  li^.  The 
moment  of  inertia  of  any  section  perpendicular  to  the  axis  of  x 
will  be  ^iry^ ;  hence  for  the  sphere  we  have 

^iry'dx  =7r  {B^  -  x^f  dx  =  -^irJR^. 

FORMULA    OF   REDUCTION. 

104.  The  moment  of  inertia  of  a  hody^  in  reference  to  any 
axis,  equals  the  moment  of  inertia  in  reference  to  a  parallel 
axis  jpassing  through  the  centre  of  the  body  plus  the  product 
of  the  area  {or  volume  or  mass)  by  the  square  of  the  distance 
between  the  a^xes. 
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This  proposition  for  plane  areas  was  proved  in  Article  SO. 

To  prove  it  generally,  let  Fig.  98  re- 
present the  projection  of  a  body  upon  the 
plane  of  the  papei*,  B  the  projection  of 
an  axis  passing  through  the  centre  of  the 
body,  A  any  axis  parallel  to  it,  C  the 
projection  of  any  element;  AC  —  r^  BO 
=  n,  the  angle  OBD  =  6,  and  V  =  the 
volume  of  the  body. 
Then 

Ii  =  Jr{^d  V  will  be  the  moment  of  inertia  of  the  volume  in 
reference  to  the  axis  through  the  centre ;   and 

I  —fr^dV^  the  moment  in  reference  to  the  axis  through  A. 

Let  AB  -^  Z>,  then  AE  =  D  +  r^  cos  d,  and  r^  =  r^  sin^  6 

+  (i>  +  7\  cos  6)" ; 

.-.  fr'dV^fn^dV  +  2DJi\  cos  edV  +  L^fdY. 

But  yVi  cos  6dV  =  0,  since  it  is  the  statical  moment  of  the 
body  in  reference  to  a  plane  perpendicular  to  AJD  passing 
through  the  centre  of  the  body  and  perpendicular  to  the  plane 
of  the  paper,  therefore  the  preceding  equation  becomes 

1=1,-^.  VJ)';  (119) 


which  is  called  the  forrnula  of  reduction. 
/i  =  I-  VB\ 


From  this,  we  have 


(120) 


EXA 


MPLE  S 


1.  The  moment  of  inertia  of  a  rectangle  in  reference  to  one 
end  as  an  axis  being  \hd^^  required  the  moment  in  reference 
to  a  parallel  axis  through  the  centre. 

Equation  (120)  gives 

/,  =  \U^  _  Id  {\dj  =  -^U\ 

2.  Given  the  moment  of  inertia  of  a  triangle  in  reference  to 
an  axis  through  its  vertex  and  parallel  to  the  base,  to  find  the 
moment  relative  to  a  parallel  axis  through  its  centre. 
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Example  7  of  tlie  preceding  Article  gives  /=  ifid^ ;  heuce 
equation  (1 20)  gives 

3.  Find  the  moment  of  the  same  triangle  in  reference  to  the 
base  as  an  axis. 

Equation  (119)  gives 

I  =  ^j)d^  +  ^hd  {idy  =  ^\hd\ 

105,  To  FIND  THE  RELATION  BETWEEN  THE  MOMENTS  OF  IN- 
ERTIA IN  REFERENCE  TO  DIFFERENT  PAIRS  OF  RECTANGULAR 
AXES   HAVING   THE   SAME    ORIGIN. 


Let  X  and  y  be  rectangular  axes, 
a?i  and  ^/u  also  rectangular, 

having  the  same  origin ;     Yf 
a  =  the    angle    between  x 

and  a?i ; 
Ix  =  the  moment  of  inertia 
relatively  to  the  axis 
X,  similarly  for 


Fia.  99. 


L,  Ix,  and  / 


t/i) 


B  —  fxydA  ;  and 
^1  =fi^yidA. 

For  the  transformation  of  coordinates  we  have 

a?!  =  y  sin  a  +  a?  cos  a ; 
yi=^y  cos  a  —  X  sin  a ; 
x^  -\-  yi   ^=  a?  -\-  y^. 


Also 
Hence, 


dA  =  dxdy  =  dx^dy^. 

I^^  —  fy^  dA  —  TxCos^  cb-^  ly  sin^  a  —2B  cos  a  sin  a ; ' 

j 
sin^  a) ; 


jBi  =  {Ix  ■—  ly)  COS  a  sin  a  +  ^  (cos^  a 


a2i) 


the  last  value  of  which  is  found  from  the  expression  J'y^dA  + 
fx{dA^f{y^  +  x^)  dA  =  fpHA  =  1^;  which  shows  that  the 
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jpolar  moment  equals  the  sum  of  two  rectangular  mom^ents,  the 
origin  being  the  same.  If  the  rectangular  moments  equal  one 
another,  we  have  ip  =  2/a; .  Thus,  in  the  circle,  I^  =  ^tt?'^. 
(See  Ex.  4,  Article  103),  hence  Ix  =  iirr^. 

The  last  of  equations  (121)  is  an  isotropic  function;  since 
the  sum  of  the  moments  relatively  to  a  pair  of  rectangular 
axes,equals  the  sum  of  the  moments  relatively  to  any  other  pair 
of  rectangular  axes  having  the  same  origin ;  or,  in  other  words, 
the  sum  of  the  moments  of  inertia  relatively  to  a  pair  of  rect- 
angular axes,  is  constant. 

To  find  the  maximum  or  minimum  moments  we  have,  from 
the  preceding  equations, 

~^  =  —  {Zc  —  ly)  cos  a  sin  a  —  B  (cos^  a  —  sin^  a)  =  0  ; 
and 


da 


=  -i-  {Ix  —  Tp)  cos  a  sin  a  -\-  B  (cos^  a  —  sin^  a)  =  0 


.-.  B,  =  0. 
From  the  first  or  second  of  these  we  have 
— 2B  2  cos  a  sin  a 


I.-Iy 


tan  2a. 


It  may  be  shown  by  the  ordinary  tests  that  when  I^^  is  a 
maximum,  ly^  will  be  a  minimum,  and  the  reverse ;  hence 
there  is  always  a  jpair  of  rectangular  axes  in  reference  to  one 
of  which  the  moment  of  inertia  is  greater  than  for  any  other 
axis,  and  for  the  other  it  is  less. 

These  are  called  principal  axes. 

Thus,  in  the  case  of  a  rectangle,  if  the  axes  are  parallel  to 
the  sides  and  pass  through  the  centre,  we  find 

r  r\^d 

B=  xydA  =  0  ; 

^  ^  -id 

hence  x  and  y  are  the  axes  for  maximum  and  minimum 
moments ;  and  if  6?  >  5,  j^bd^  is  the  maximum,  and  j^Pd  a 
minimum  moment  of  inertia  for  all  axes  passing  through  the 
origin.     In  a  similar  way  we  find  that  if  the  origin  be  at  any 
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other  point  the  axes  must  be  parallel  to  the  sides  for  maximum 
and  minimum  moments. 

The  preceding  analysis  gives  the  position  of  the  axes  for 
maximum  and  minimum  moments,  when  the  moments  are 
known  in  reference  to  any  pair  of  rectangular  axes.  But  if  the 
axes  for  maximum  and  minimum  moments  are  known  as  ^  and 
ly^  then  ^  =  0;  and  calling  these  I^f  and  i^/,  Eqs.  (121) 
become 

Irg^c=  Ig^  cos^  a  +  ly'  sin^  a ;  \ 
Ty^z=z  T^  sin^  a  +  lyf  cos^  a ;  V  (122) 

B^  =  (7a/  —  ^y')  cos  a  sin  a.   ) 
In  the  case  of   a  square  when  the   axes  pass  tlirough   the 
centre  I^'  —  ly' \ 

,'.  Ig^^  —  I^  (cos^  a  +  sin^  a)  =  ^/ ; 
ly/^  and 

0; 

hence  the  moment  of  inertia  of  a  square  is  the  same  in  refer- 
ence to  all  axes  passing  through  its  centre.  The  same  is  true 
for  all  regular  polygons,  and  hence  for  the  circle. 


B, 


Examples  . 

1.  To  find  the  moment  of  inertia  of  a  rect- 
angle in  reference  to  an  axis  through  its  cen- 
tre and  inclined  at  an  angle  a  to  one  side,  we 
have 

I^  —  -^^hd^  and  ly  =  tV^^<^ 
.-.  J^^  =  -^\hd  (d^  cos^  a  +  ¥  sin^  a) ; 

-^y,  =  iV^<^  (d^  sin^  a  +  ^^  cos^  a).  fig.  lOO. 

2.  To  find  the  moment  of  inertia  of  an  isosceles  triangle  in 
reference  to  an  axis  through  its  centre  and  inclined  at  an  angle 
a  to  its  axis  of  symmetry. 

We  have  ^  =  ^\M^  and  ly  =  :}jWd,  in  which  h  is  the  base 
and  d  the  altitude  ; 

.-.  I^  =  -^-hd  (d^  cos2  a  +  iP  sin2  a) 
ly  =  ^~^hd  {d'^  sin^  a  +  ^¥  cos^  a). 
The  moment  of  inertia  of  a  regular  polygon  about  an  axis 
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through  its  centre  may  be  found  by  dividing  it  into  triangles 
having  their  vertices  at  the  centre  of  the  polygon,  and  for 
bases  the  sides  of  the  polygon ;  then  finding  the  moments  of 
the  triangles  about  an  axis  through  their  centre  and  parallel  to 
the  given  axis  and  reducing  them  to  the  given  axis  by  the  for- 
mula of  reduction. 

If  H  be  the  radius  of  the  circumscribed  circle,  r  that  of  the 
inscribed  circle,  and  A  the  area  of  the  polygon ;  then,  for  a 
A        B  regular  polygon,  we  would  find  that 

/  =  -j-V^  (^'  +  2r2). 
For  the  circle  R  ^=  r, 

as  before  found. 
For  the  square,  r  =  ^h,B  =  ^h  V2,  and  A  =  l^; 

as  before  found. 

106.  Examples  of  the  moment  of  inertia  of  solids. 

(The  following  results  are  taken  from  Mosley's  Mechanics  and  Engineering.) 

1.  The  moment  of  inertia  of  a  solid  cylinder 
about  its  axis  of  symmetry,  r  being  its  radius  and 
k  its  height,  is  ^Trhr^ 

2.  If  the  cylinder  is  hollow,  o  the  thickness  of 
the  solid  part  and  i?  the  mean  radius  (equal  to 
one-half  the  sum  of  the  external  and  internal  radii) 

Fio.102.        then  1=  27rhcB  {B^  +  Jc^). 

3.  The  moment  of  inertia  of  a  cylinder  in  reference  to  an 
axis  passing  through  its  centre  and  perpendicular  to  its  axis  of 
y.  symmetry  is  ^Trhr^  {t^  +  -JA^). 

I  4.  The  moment  of  inertia  of  a  rectangular  paral- 

W^^i  lelopipedon  about  an  axis  passing  through  its  cen- 

!    j      III  tre  and  parallel  to  one  of  its  edges.     Let  a  be  the 

j    i      I  length  of  the  edge  parallel  to  the  axis,  and  b  and  o 

\     F  the  lengths  of  the  other  edges,  then   /  =  y^^  ahc 

I  {b^  +  (J^)  =  y^2"  ^]f  t^^  volume   inultijplied  hy  the 

Fig.  103.  square  of  the  diagonal  of  the  base. 
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5.  The  moment  of  inertia  of  an  upright   triangular  prism 
liaving  an  isosceles  triangle  for  its  base,  in  reference 
to    a   vertical    axis   passing   through   its   centre    of 
gravity. 

Let  the  base  of  the  triangle  be  «,  its  altitude  5,  and 
the  altitude  of  the  prism  be  A,  then 

FlQ.  104. 

6.  The  moment  of  inertia  of  a  cone  in  reference  to  an  axis 
of  symmetry  is  -^irr^h.  (r  being  the  radius  of  the  base  and  A 
the  altitude.) 


Fio.  106.  '  Fig.  107. 

7.  The  moment  of  inertia  of  a  cone  in  reference  to  an  axis 
through  its  centre  and  perpendicular  to  its  axis  of  symmetry  is 

8.  The  moment  of  inertia  of  a  sphere  about  one  of  its  diam- 
eters is  -^irl^. 

9.  The  moment  of  inertia  of  a  segment  of  a  sphere  about  a 
diameter  parallel  to  the  plane  of  section. 

Let  R  be  the  radius  of  the  sphere,  and  h 
the  distance  of  the  plane  section  from  •the 


centre,  then 


7=  ^^TT  (16^  +  l^E^h  +  lOI^W  -  9¥). 


Fig.  108. 


RADIUS   OF   GTEATION. 

107,  ^6  may  conceive  the  mass  to  be  concentrated  at  such 
a  point  that  the  moment  of  inertia  in  reference  to  any  axis  will 
be  the  same  as  for  the  distributed  mass  in  reference  to  the  same 
axis. 

The  radius  of  gyration  is  the  distance  from  the  moment 
axis  to  a  point  in  which,  if  the  entire  mass  be  concentrated,  the 
moment  of  inertia  will  be  the  same  as  for  the  distributed  mass 


174  EXAMPLES.  [107.] 

The  princijpal  radius  of  gyration  is  the  radius  of  gyration 
in  reference  to  a  moment  axis  throughi  the  centre  of  the  mass. 
Let  h  —  the  radius  of  gyration  ; 

\  =  the  principal  radius  of  gyration ; 
M  =  the  mass  of  the  body  ;  aud 
D  =  the  distance  between  parallel  axes ; 
then,  according  to  the  definitions  and  equation  (119),  we  have 

=  Xmr}  +  ML^ 
=  Mh^  +  Miy-, 
.-.    W^h^  ^  L^',  (123) 

from  which  it  appears  that  ^  is  a  minimum,  for  Z>  =  0,  in  which 
case  h  —  \\  that  is,  the  jprincijpal  radius  of  gyration  is  the 
•minim,um  radius  for  parallel  axes. 
We  have 

..    ^1   -;^, 

hence,  the  square  of  the  principal  radius  of  gyration  equals  the 
moment  of  inertia  in  reference  to  a  moment  axis  through  the 
centre  of  the  body  divided  by  the  mass. 

Examples. 

1.  Find  the  principal  radius  of  gyration  of  a  circle  in  refer- 
ence to  a  rectangular  axis. 

Example  5   of  Article  103  gives,  I^  =  iTr/'*,  which  is  the 
moment  of  an  area,  hence,  we  use  irr^  for  J/,  and  have 

2.  For  a  circle  in  reference  to  a  polar  axis,  la^  =  ^. 

3.  For  a  straight  line  in  reference  to  a  moment  axis  perpen- 
dicular to  it,  Ic^  =  yV^- 

4.  For  a  sphere,  h^  —  f  r^. 

5.  For  a  rectangle  whose  sides  are  respectively  a  and  J,  in 
reference  to  an  axis  perpendicular  to  its  plane,  Jc^=^^  {a^+W). 

6.  Find  the  principal  radius  of  gyration  of  a  cone  when  the 
moment  axis  is  the  axis  of  symmetry. 


CHAPTEE   YIII. 

MOTION    OF    A   PARTICLE   FKEE    TO    MOVE   IN   ANT   DIRECTION. 

108.  A  free,  material  particle,  acted  upon  by  a  system  of 
forces  which  are  not  in  equilibrium  among  themselves,  will 
describe  a  path  which  will  be  a  straight  or  a  curved  line. 

The  direction  of  motion  at  any  point  of  the  path  will  coincide 
with  that  of  the  action-line  of  the  resultant  of  all  the  forces 
which  have  been  impressed  upon  the  particle  prior  to  reaching 
the  point,  which  will  also  coincide  with  the  tangent  to  the  path 
at  that  point. 

Let  ds  be  an  element  of  the  path  described  by  the  particle  in 
an  element  of  time  dt ;  R  the  resultant  of  the  impressed  forces, 
and  m  the  mass  of  the  particle;  then,  according  to  Article  21, 
we  have 

Let  a  be  the  angle  between  the  action-line  of  the  resultant 
R  (or  of  the  arc  ds)  and  the  axis  of  x\  multiplying  by  cos  a, 
we  have 


R  cos  a 


m-^co&a=0; 


in  which  R  cos  a  is  the  x-comjponent  of  the  resultant,  and 
according  to  equation  (51)  equals  X\  or,  in  other  words,  it  is 
the  projection  of  the  line  representing  the  resultant  on  the 
axis  of  a? ;  d?8  cos  a  is  the  projection  of  d^s  on  the  axis  of  a?,  and 
is  d?x.     Hence,  the  equation  becomes. 


m 


d^x 

dt'' 


0; 


and  similarly, 


^-S-«' 


CPZ         ^ 

m^T!:  —  0 


(124) 


2? 
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which  are  tlie  equations  for  the  motion  of  a  particle  along  the 
coordinate  axes ;  and  are  also  the  equations  for  the  motion  of 
a  body  of  finite  size  when  the  action-line  of  the  resultant  passes 
through  the  centre  of  the  mass.  They  are  also  the  eqiiations 
of  translation  of  the  centre  of  any  free  mass  when  the  forces 
produce  both  rotation  and  translation ;  in  which  case  m  should 
be  changed  to  M  to  represent  the  total  mass.     See  Article  38. 

VELOCITY   AND   LIVING   FOEOE. 

109,  Multiplying  the  first  of  equations  (124)  by  dx,  the 
second  by  dy,  and  the  third  by  dz,  adding  and  reducing,  give 

Xdx  +  Ydy  +  Zdz  =  ^d(— ^ —\  =  ^md  -ry^ 

and  integrating  gives 

{Xdx  +  Tdy  +  Zdz)  =  im  ^^  =  Jm^^  _,.  ^^ 

The  first  member  is  the  work  done  by  the  impressed  forces  ; 
for  if  ^  be  the  resultant,  and  s  the  path,  then,  according  to 
Article  25,  equation  (26),  the  work  will  be  f  Hds^  and  by  pro- 
jecting this  on  the  coordinate  axes  and  taking  their  sum,  we 
have  the  above  expression.  The  second  member  is  the  stored 
energy  plus  a  constant. 

Let  X,  Y^  Z  be  known  functions  of  a?,  y,  s,  and  that  the 
terms  are  integrable.  (It  may  be  shown  that  they  are  always 
integrable  when  the  forces  act  towards  or  from  fixed  centres.) 
Performing  the  integration  between  the  limits  a?Q,  y^,  s^,  and 
^1?  Vx^  ^b  W6  have 

</>  («'o5  2/o5  ^o)  -  ^  («^i5  2/15  ^i)  =  i^  (^0  -  'v\) ;     (125) 

hence,  the  work  done  by  the  impressed  forces  upon  a  body  in 
passing  from  one  point  to  another  equals  the  difference  of  the 
living  forces  at  those  points.  It  also  appears  that  the  velocity 
at  two  points  will  be  independent  of  the  path  described  ;  also, 
that,  when  the  body  arrives  at  the  initial  point,  it  will  have  the 
same  velocity  and  the  same  energy  that  it  previously  had  at 
that  point. 
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FREE  PARTICLE. 

Examples. 
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1.  Jfa  body  is  projected  info  space,  and  acted  upon  only  lyy 
gravity  and  the  impulse  /  required  the  curve  described  by  the 
projectile. 

Take  the  coordinate  plane  xy  in  the 
plane  of  the  forces,  x  horizontal  and  y 
vertical,  the  origin  being  at  the  point  from 
which  the  body  is  projected. 

Let  W  =  the  weight  of  the  body  ; 

V  =  the  velocity  of  projection  ;  and 
a  =  BAX  =  the  angle  of  elevation 

at  which  the  projection  is  made. 
We  have, 

X=0;         T=-7ng;         Z=0; 
and  equations  (124)  become 

d^x 


Fig.  109. 


0; 


-9 


df  -  ^' 


Integrating,  observing  that  v  cos  a  will  be  the  initial  velocity 
along  the  axis  of  x,  and  v  sin  a  that  along  y,  we  have, 

dx 
It 


-y  cos  a 


dy 

-4  =  v  sm  a 
dt 


gi', 


and  integrating  again,  observing  that  the  initial  spaces  are  zero, 
we  have, 


y 


=  vt  COS  a ;  "j 

=  vt  sin  a  —  ^gf.  J 


Eliminating  t  from  these  equations,  gives 

g^ 


y  —  X  tan  a 


(J) 


M  cos^  a ' 

which  is  the  equation  of  the  common  parabola,  whose  axis  is 
parallel  to  the  axis  of  y, 
12  * 
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Let  h  be  the  height  through  which  a  body  must  fall  to  acquire 
a  velocity  v,  then  2^  —  2ghj  and  the  equation  (h)  becomes, 

To  find  the  range  AE^ 
make  y  =  0  in  equation  (J),  and  we  find  aj  =  0,  and 

X  =  AE  =  4A  cos  a  sin  a  =  2A  sin  2a  ;  (d) 

which  is  a  maximum  for  a  =  45°.  The  range  will  be  the  same 
for  two  angles  of  elevation,  one  of  which  is  the  complement  of 
the  other. 

The  greatest  height, 
will  correspond  to  a?  =  A  sin  2a,  which,  substituted  in  (b),  gives, 

h  sin^  a.  (e) 

The  velocity  at  the  end  of  the  time  t 

is, 

or  by  eliminating  t  by  means  of  the  first  of  equations  {a\  we 
have, 


The  direction  of  motion  at  any  point 
is  found  by  differentiating  equation  (c),  and  making 

tan  Q  —  -J-  :=!  tan  a  —  -^^ .  (K\ 

dx  2Acosa  ^  ' 

At  the  highest  point  ^  —  0,  .\  x  —  A  sin  2a,  as  before  found. 
For  05  =  2A  sin  2a,  we  have, 

tan  6  =  —  tan  a, 
or  the  angle  at  the  end  of  the  range  is  the  supplement  of  the 
angle  of  projection. 

2.  A  body  is  projected  at  an  angle  of  elevation  of  45°,  and 
has  a  range  of  1,000  feet ;  required  the  velocity  of  projection, 
the  time  of  flight,  and  the  parameter  of  the  parabola. 
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3.  What  must  be  the  angle  of  elevation  in  order  that  the 
horizontal  range  may  equal  the  greatest  altitude  ?  What,  that 
it  may  equal  n  times  the  greatest  altitude  ? 

4.  Find  the  velocity  and  the  angle  of  elevation  of  a  projectile, 
so  that  it  may  pass  through  the  points  whose  coordinates  are 
x^  =  400  feet,  yi  =  60  feet,  X2  =  600  feet,  and  3/2  =  40  feet. 

5.  If  the  velocity  is  500  feet  per  second,  and  the  angle  of 
elevation  45  degrees ;  required  the  range,  the  greatest  elevation, 
the  velocity  at  the  highest  point,  the  direction  of  motion  6,000 
feet  from  the  point  of  projection,  and  the  velocity  at  that  point. 

6.  If  a  plane,  whose  angle  of  elevation  is  ^,  passes  through 
the  origin,  find  the  coordinates  of  the  point  O,  Fig.  109,  where 
the  projectile  passes  it. 

7.  In  the  preceding  problem,  if  i  is  an  angle  of  depression, 
find  the  coordinates. 

8.  Find  the  equation  of  the  path  when 
the  body  is  projected  horizontally. 

9.  If  a  body  is  projected  in  a  due  south- 
erly direction  at  an  angle  of  elevation  a, 
and  is  subjected  to  a  constant,  uniform, 
horizontal  pressure  in  a  due  easterly  direc- 
tion ;  required  the  equations  of  the  path,  neglecting  the  resist- 
ance of  the  air. 

We  have 

X  =  0 ;  Y=  —  mg ;         Z  —  i^(a  constant). 

The  projection  of  the  path  on  the  plane  xy  will  be  a  para- 
bola, on  XB  also  a  parabola. 

10.  If  a  body  is  projected  into  the  air,  and  the  resistance  of 
the  air  varies  as  the  square  of  the  velocity ;  required  the  equa- 
tion of  the  curve. 

(The  final  integrals  for  this  problem  cannot  be  found.  Approximate  solu- 
tions have  been  made  for  the  purpose  of  determining  certain  laws  in  regard  to 
gunnery.  It  is  desirable  for  the  student  to  establish  the  equations  and  make 
the  first  steps  in  the  reduction. ) 

(The  remainder  of  this  chapter  may  be  omitted  without  detriment  to  what 
follows  it.  It,  however,  contains  an  interesting  topic  in  Mechanics,  and  is  of 
vital  importance  in  Mathematical  Astronomy  and  Physics, ) 
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CENTEAL   FORCES. 

110.  Central  forces  are  such  as  act  directly  towards  or  from 
a  point  called  a  centre.  Those  which  act  towards  the  centre 
are  called  attractive^  and  are  considered  negative,  while  those 
which  act  from  the  centre  are  7'epidsive^  and  are  considered 
positive.     The  centre  may  be  fixed  or  movable. 

The  line  from  the  centre  to  the  particle  is  called  a  radius 
vector.  The  path  of  a  body  under  the  action  of  central  forces 
is  called  an  orbit. 

The  forces  considered  in  Astronomy  and  many  of  those  in 
Physics,  are  central  forces. 

GENERAL   EQUATIONS. 

111,  Consider  the  force  as  attractive,  and  let  it  be  represented 
by-i^ 

Take  the  coordinate  plane  xy  in  the  plane  of 
the  orbit,  the  origin  being  at  the  centre  of  the 
force,  and  OP  =  r,  the  radius  vector,  then  ' 

X=-i^cosa=.-i^-: 


Y=-Fcos^=-F^', 


and  the  first  two  of  equations  (124)  become 


m 


m 


df  " 

^_ 
d^  ~ 


Ft 


(126) 


To  change  these  to  polar  coordinates,  first  modify  them  by 
multiplying  the  first  by  y  and  the  second  by  a;,  and  subtracting, 
and  we  have 

d^x  d/^y      -, 
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and  multiplj'ing  the  first  by  x  and  the  second  by  y,  and  adding, 
we  have 

d?x   ,         d^y  -f-r 

Let  9  =  POM=  the  variable  angle,  then 

x  =  r  cos  6,  y  =  '^  sin  ^, 

and  differentiating  each  twice,  we  find 

d?x  =  {d?r  -  rde^)  cos  6  -  i^drdO  +  rd'^d)  sin  0 ; 
d^'y  =  {d?T  -  rde')  sin  d  +  {MrdO  +  rd^d)  cos  ^ ; 
Tvhich  substituted  in  the  preceding  et^uations,  give 


(127) 


df-'\ 

'de\^ 

dtl  ~ 

F 

^  drdQ 

^    dt^ 

d?e 

-^'df 

=  0, 

which 

may 

be 

put 

under  the  form 

1  d( 
rdt\ 

dt)- 

0. 

(128) 

Equation  (127)  shows  that  the  acceleration  along  r  is  the 
force  on  a  unit  of  mass ;  and  (128)  shows  that  there  is  no 
acceleration  perpendicular  to  the  radius  vector. 

112.  Princijple  of  equal  areas. — Integrate  equation  (128), 
and  we  have 

r^%=C;  (129) 

and  integrating  a  second  time,  we  have 

J'Me  =  Ct ;  (130) 

the  constant  of  integration  being  zero,  since  the  initial  values 
of  t  and  6  are  both  zero.  But  from  Calculus yr^<i^  is  twice  the 
sectoral  area  POX\  hence  the  sectoral  area  swept  over  by  the 
radius  vector  increases  directly  as  the  time ;  and  ^qual  ar€as 
will  he  passed  over  in  equal  times. 
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Making  ^  =  1,  we  find  that  C  will  be  twice  the  sectoral  area 
passed  over  in  a  unit  of  time. 

The  converse  is  also  true,  that  if  the  areas  are  proportional 
to  the  times  the  force  will  he  central. 

For,  multiplying  the  first  of  (126)  by  y  and  the  second  by  x 
and  taking  their  difference,  we  have 

or, 

Xy-  Yx=.0; 

which  is  the  equation  of  a  straight  line,  and  is  the  equation  of 
the  action-line  of  the  resultant,  and  since  it  has  no  absolute 
term  it  passes  through  the  origin. 

113.   To  find  the  equation  of  the  orbit ^ 
eliminate  dt  from  equations  (127)  and  (128).     For  the  sake  of 

simplifying  the  fiinal  equation,  make  /"  =  -,  and  (129)  becomes 

Differentiating  and  reducing,  gives 

,             du  ^  dudt 

dr  = ~  =  —  C- 


u 


dd 


dt  dd 


the  first  member  of  which  is  the  velocity  in  the  direction  of 
the  radius. 

Differentiating  again,  gives 

~df-~  ^"^  W 

Substituting  these  in  equation  (127)  and  at  the  same  time 
making  m  equal  to  unity,  since  the  unit  is  arbitrary,  we  have 
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or, 


'^"  +  --7£-.  =  0;  (132) 


which  is  the  difFerential  equation  of  the  orbit. 

Wlien  the  law  of  the  force  is  known,  the  value  of  F  may  be 
substituted,  and  the  equation  integrated,  and  the  orbit  be 
definitely  determined. 

Multiplying  by  du  and  integrating  the  first  two  terms,  we 
have 


114.   Given  the  equation  of  the  orbit ^  to  find  the  law  of  the 
force. 

From  equation  (132),  we  have 


F^  ^V(5  +  u).  (134) 


Another  expression  is  deduced  as  follows :  let 

p  =  the  perpendicular  from  the  centre  on  the  tangent, 
then  from  Calculus  we  have 

^  ~    ds"    ~  dr'  +  r'd^ 

_         1 

~  du^  ^      '  (135) 


Differentiating,  gives 

d'u 
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and  dividing  by  ^*,  substituting,  du  =  —  v^dr^  and  reducing, 
we  hare 


1     dp        ^(d/^ii         \ 


p^     dr 

which,  combined  with  equation  (134),  gives 

which  is  a  more  simple  formula  for  determining  the  law  of  the 
central  force. 

115.  To  deteicmvae  the  velocity  at  any  point  of  the  orbit. 
We  have 

_ds  _ds  dd  _  ds  dO 
'^  '~di~di'dd~dd~dt 

ds 

=  Cu^  -T^  (from  equation  (131)  ) 

=  -.  (from  Bif.  Cal\  (137) 

Hence,  the  vdooity  varies  inversely  as  the  jperjpendiGular 
from  the  centre  ujpon  the  tangent  to  the  orhit. 

Another  expression  is  found  by  substituting  the  value  of  p, 
equation  (135),  in  (137). 

Hence, 


^  =  ^  \l'w^  +  ^'-  (138) 


dO^ 


Still  another  expression  may  be  found  by  substituting  equa- 
tion (138)  in  (133);  hence 

v^=  O,  +  2fF^  (189) 

=  (7i  -  ^fFdr. 

Since  F  is  a  function  of  t*,  the  integral  of  this  equation 
gives  V  in  terms  of  r,  or  the  velocity  depends  directly  upon  the 
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distance  of  the  body  from  the  centre.  Hence,  the  velocity  at, 
any  two  points  in  the  orbit  is  independent  of  the  path  between 
them,  the  law  of  the  force  remainining  the  same. 

116.  To  determine  the  time  of  describing  any  jportion  of 
the  orbit. 

To  find  it  in  terms  of  r,  eliminate  dQ  between  equations  (129) 
and  (133),  reduce  and  find 

'^^  ,  (140) 


/^2 


which  integrated  gives  the  time. 

To  find  it  in  terms  of  the  angle,  we  have  from  (129) 


t^jf^dO', 


from  which  r  must  be  eliminated  by  means  of  the  equation  of 
the  orbit,  and  the  integration  performed  in  reference  to  Q. 

117,  To  find  the  components  of  the  force  along  the  tangent 
and  normal'. 

Let  T  =  the  tangential  component ; 
N  =  the  normal  component ; 
and  resolving  them  parallel  to  x  and  y,  we  have     - 


d^x 

=  X  = 

dx 
'  ^  ds 

ds^ 

d?y 
dt^ 

=  Y  = 

da 

ds 

Eliminating  iT  gives 

d^x 

dx-{-  m 

dfi'^y- 

=  Tds; 

or 


1  =  Jl  -J-  +  1  -^,  also  =  m  -^to- 
ds  ds^  di^ 
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Eliminating  T  gives 

,7.  dx  d}y  dy  d^x 

•      ds  df  ds  df 


mds^   idxd^y  —  dyd^x\ 
dfds  \  d^  ■/ 


(141) 


hence  the  component  of  the  force  in  the  direction  of  the  nor- 
tncd  is  dejpendent  entirely  upon  the  velocity  and  radius  of  cur- 
vature. This  is  called  the  centrifugal  force.  It  is  the  measure 
of  the  force  which  deflects  the  body  from  the  tangent.  The 
force  directed  towards  the  centre  is  called  centripetal.  (It  is 
attractive).  When  the  normal  coincides  with  the  radius  vector 
the  centrifugal  force  is  directly  opposed  to  the  centripetal. 

If  0)  =  the  angular  velocity  described  by  the  radius  of  cur- 
vature, then,  V  =  pay,  and  equation  (141)  becomes 

JV  =  may'p.  (142) 


Examples. 

1.  If  a  body  on  a  smooth,  horizontal  plane  is  fastened  to  a 
point  in  the  plane  by  means  of  a  string,  what  will  be  the  num- 
ber of  revolutions  per  minute,  that  the  tension  of  the  string  may 
be  twice  the  weight  of  the  body. 

2.  A  body  whose  weight  is  ten  pounds,  revolves  in  a  hori- 
zontal circle  whose  radius  is  five  feet,  with  a  velocity  of  forty 
feet  per  second ;  required  the  tension  of  the  string  which  holds 
it.     (Use  equation  (141).) 

3.  Required  the  velocity  and  periodic  time  of  a  body  re- 
volving in  a  circle  at  a  distance  of  n  radii  from  the  earth's 
centre. 

The  weight  of  the  body  on  the  surface  being  mg,  at  the  dis- 

(r  \       mo 
—  1  =  — 2",  and  this  is  a 
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measure  of  the  force  at  that  distance.     (Use  equation  (141)  or 
(139).) 

A„.,  =  (^f;    ,  =  (^)* 

(This  is  substantially  the  problem  which  Sir  Isaac  Newton  used  to  prove 
the  law  of  Universal  Gravitation.     See  Whewell's  Inductive  Sciences. ) 

4.  A  particle  is  projected  from  a  given  point  in  a  given 
direction  with  a  given  velocity^  and  moves  under  the  action  of 
a  force  which  varies  inversely  as  the  square  of  the  distance 
from  the  centre  ;  required  the  orhit. 

Let  //.  =  the  force  at  a  unit's  distance,  then 

and  eqnation  (132)  becomes 

d^u  fju 

or, 

de^y^~o^)  =  ~'r~o^)'' 

the  first  integral  of  which  becomes  by  reduction 


d0  = 


\/^-(-^y 


in  which  A  is  an  arbitrary  constant,  and  the  negative  vahie  of 
the  radical  is  used. 
Integrating  again,  making  6q  the  arbitrary  constant,  we  have 


u  = 
r 


which  by  reduction  gives 

1         a    /        AO^  \ 
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which  is  the  general  polar  equation  of  a  conic  section,  the 
origin  being  at  the  focus.  As  tliis  is  the  law  of  Universal 
Gravitation,  it  follows  that  the  orbits  of  the  planets  and  comets 
are  conic  sections  having  the  centre  of  the  sun  for  the  focus. 
In  equation  (a),  0q  is  the  angle  between  the  major  axis  and  a 

line  drawn  through  the  centre  of  the  force,  and is   the 

eccentricity  =  e ;  hence  the  equation  may  be  written 


=  -^  (l  +  ^  cos  (^  -  ^o)).  (5) 


The  magnitude  and  position  of  the  orbit  will  be  determined 
from  the  constants  which  enter  the  equation,  and  these  are 
determined  by  knowing  the  position,  velocity,  and  direction  of 
motion  at  some  point  in  the  orbit. 

Draw  a  figure  to  represent  the  orbit,  and  make  a  tangent  to 
the  curve  at  a  point  which  we  will  consider  the  initial  point. 
Let  /?  be  the  angle  between  the  path  and  the  radius  vector  at 
the  initial  point,  Tq  the  initial  radius  vector,  and  Vq  the  initial 
velocity ;  then  at  the  initial  point 

^  =  -J     ^  =  0;  -cot  ^  =  :^=  -  ^,  {o) 


(d) 


du 
udd' 

ation  (5) 

^2 
e  cos  6q  =  —  —  1, 

du       lie    .    ^ 
M  =  0^  ''°  ^«' 

which,  combined  with  equation  (c),  gives 


-  =  —  ^  sin  Oq. 

{e) 

From  equation  (137) 

0  = 

Fo^osin^; 

if) 
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which,  substituted   in   equations   {d)   and   (e),  and  the  latter 
divided  by  the  former,  gives 

_   FqVq  sin  P  cos  ff 
^^"  ^«  -  /.  -  FoVo  sin^  ^- 
Squaring  equations  {d)  and  (^),  adding  and  reducing  by  equa- 
tion (/),  give 

FoVsin2/9/2         VI 


e'  =  1  - 


(s-f)-  « 


Hence,  when 

2//. 
Fo^  >  — ,    ^  >  1,  and  the  orbit  is  a  hyperbola, 

2yLt 

Fo^  =  — ,     e  =  1,  and  the  orbit  is  a  parabola, 

2£A 

Fo^  <  — ,     6  <  1,  and  the  orbit  is  an  ellipse. 

or  (see  example  23,  page  34)  the  orbit  will  be  a  hyperbola,  a 
parabola,  or  an  ellipse,  according  as  the  velocity  of  projection 
is  greater  than,  equal  to,  or  less  than  the  velocity  from  infinity. 
As  the  result  of  a  large  number  of  observations  upon  the 
planets,  especially  upon  Mars,  Kepler  deduced  the  following 
laws: 

1.  The  planets  describe  ellipses  of  which  the  Sun  occupies  a 
focus. 

2.  The  radius  vector  of  each  planet  passes  over  equal  areas 
in  equal  times. 

3.  The  squares  of  the  periodic  times  of  any  two  planets  are 
as  the  cubes  of  the  major  axes  of  their  orbits. 

The  first  of  these  is  proved  by  the  preceding  problem,  since 
the  orbits  are  reenterant  curves.  The  second  is  proved  by 
equation  (130).     The  third  we  will  now  prove. 

5.  Required  the  relation  hetween  the  time  of  a  comjplete 
circuit  of  a  particle  in  an  ellipse^  and  the  inajor  axis  of  the 
orhit. 

Let  the  initial  point  be  at  the  extremity  of  the  major  axis 
near  the  pole,  then  Q^  in  equation  (d)  will  be  zero,  and  we 
have 

<7'  =  /.ro(l  +  «); 
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but  from  the  ellipse, 

Tq  =  a  —  ae  =  a  (1  —  e); 


.'.  O  =   Vfia  (1  -  ^).  (a) 

Equation  (130)  gives 

rp  _  ^  f^'rea  of  ellipse 

_  27r  a^  |/  (1  -  ^) 
""  S/  fxa  (1  —  e^) 

V    fj, 

6.  The  orbit  being  an  ellipse,  required  the  law  of  the  force 
The  polar  equation  of  the  ellipse,  the  pole  being  at  the  focus, 
is 

1       1  +  6  cos  (l9  -  (9o) 
r-         a{l-  e") 

which,  differentiated  twice,  gives 

d^u  _        e  cos  [6  —  6^ 
d^  -  a  (1-  ^2)     5 

and  these,  in  equation  (132),  give, 

a{l  -  e")  r^ ' 

hence  the  force  varies  inversely  as  the  square  of  the  distance, 

1.  Find  the  law  of  force  by  which  the  particle  may  describe 
a  circle,  the  centre  of  the  force  being  in  the  circumference  of 
the  circle.     (Tait  and  Steele,  Dynamics  of  a  Particle.) 

Ans.  Fee  -.. 

8.  If  the  force  varies  directly  as  the  distance,  and  is  attrac- 
tive, determine  the  orbit. 

(This  is  the  law  of  molecular  action,  and  analysis  shows  that  the  orbit  is  an 
ellipse.  The  problem  is  of  great  importance  in  Physics,  especially  in  Optics 
and  AcoTistics.) 


CHAPTEK   IX. 


OONSTEAINED   MOTION    OF    A   PARTICLE. 


118.  If  a  body  is  compelled  to  move  along  a  given  fixed 
curve  or  surface,  it  is  said  to  be  constrained.  The  given  curve 
or  surface  will  be  subjected  to  a  certain  pressure  which  will  be 
normal  to  it. 

If  instead  of  the  curve  or  surface,  a  force  be  substituted  for 
the  pressure  which  will  be  continually  normal  to  the  surface, 
and  whose  intensity  will  be  exactly  equal  and  opposite  to  the 
pressure  on  the  curve,  the  particle  will  describe  the  same  path 
as  that  of  the  curve,  and  the  problem  may  be  treated  as  if  the 
particle  were  free  to  move  under  the  action  of  this  system  of 
forces. 

Let  iV=  the  normal  pressure  on  the  surface,  and 

L  =f{x^  y,  z)  =  0,  be  the  equation  of  the  surface  ; 
Oxy  Oyj  Og  the  angles  between  iTand  the  respective  coor- 
dinate axes. 

Then 


X  +  iVcos  Ox—  'in -T^  =  0  ; 
Z"+  if  cos  6v—m-^^  =  0: 
Z  +  iV"cos  Oz  —  m -j-^  ^=  0  ', 


(143) 


in  which  the  third  terms  are  the  measures  of  the  resultants  of 
the  axial  components  of  the  applied  forces.  We  will  confine 
the  further  discussion  to  forces  in  a  plane.  Take  ccy  in  the 
plane  of  the  forces,  then  we  have 


d'y 


Y  +  JV 


dx 
ds' 


(144) 
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Eliminating  N^  we  find 


or 


m 


<S)'-''(l)1=«*-='^*= 


and  integrating,  making  v^  the  initial  velocity  along  the  path, 
and  V  the  velocity  at  any  other  point,  we  have 

^{v^-  V)  =f{Xdx  +  Tdy) ;  (145) 

hence,  the  living  force  gained  or  lost  in  jpassing  from  one 
-point  to  another  is  equal  to  the  work  done  hy  the  inijpressed 
forces.  If  the  forces  X  and  Y  are  functions  of  the  coordinates 
X  and  y^  and  the  terms  within  the  parenthesis  are  integrable,  the 
result  may  be  expressed  in  terms  of  constants  and  functions  of 
the  coordinates  of  the  initial  and  terminal  points,  and  may  be 
written  \m{i?  —  v^)  =  C(f>  (a?o,2/o)  ~c4>  {x,y) ; 

hence,  for  such  a  system,  the  velocity  will  he  independent  of  the 
path  described^  and  will  he  dependent  only  upon  the  coordinates 
of  the  points  j  also,  the  velocity  will  he  independent  of  the  nor- 
mal pressure. 

119.   To  find  the  normal  pressure 
multiply  the  first  of  equations  (144)  by  dy,  the  second  by  dx, 
subtract,  observing  that  da?  -\-  dy"^  =  ds^,  and  we  find 


m 


dx  d}y      dy  d^x  )  _ 
~ds  If"  ~  ds  'd?\~ 


^dx_^dy^^ 
ds  ds 


or 


d^  (  dxd^y  —  dyd}x  \  ^  y  ^  —  X^  ^  N' 
^  di'^  1  di  X~-      ds  ds  ' 

,.^=xt-rj+m^;  (146) 

ds  ds  p  ' 

in  which  p  is  the  radius  of  curvature  at  the  point.  The  first 
and  second  terms  of  the  second  member  are  the  normal  com- 
ponents of  the  impressed  forces.     The  total  normal  pressure 
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will^  therefore,  he  that  due  to  the  impressed  forcej  plus  that 
due  to  the  force  necessary  to  deflect  the  hody  from  the  tangent. 
The  last  term  is  called  the  centrifugal  force,  as  stated  in  Article 
117.  If  the  body  moves  on  the  convex  side  of  the  curve,  the 
last  term  should  be  subtracted  from  the  others  ;  hence  it  might 

be  written  ±  m— ;  in  which  H-  belongs  to  movement  on  the 

r 

concave  arc,  and  —  on  the  convex. 

120.   To  find  the  time  of  movement, 
from  equation  (145),  we  have 

r  Vmds 


121.  To  find  where   the  particle  will  leave  the  constrain- 
ing curve. 

At  that  point  ir=  0,  which  gives 

which,  combined  with  the  equation  of  the  curve,  makes  known 
the  point. 

If  a  body  is  subjected  only  to  the  force  of  gravity,  we  have 
X=  0  in  all  the  preceding  equations. 


Examples. 

1.  A  hody  slides  down  a  smooth  inclined  plane  under  the 
force  of  gravity  /  required  the  formulas  for  the  motion. 

Take  the  origin  at  the  upper  end  and  let  the  equation  of  the 
plane  be 

y  =  ax\ 
13 
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y  being  positive  downward.     Then  we  have 

X  ==  0,         Y  —  mg,        dy  —  adx,        v^  =  0. 
and  equation  (145)  becomes 

^  =  2/gadx  =  2gax  =  2gy  ;  (a) 

hence,  the  velocity  is  the  same  as  if  it  fell  vertically  through 
the  same  height. 

To  find  the  time,  equation  (147)  gives 

that  is,  if  the  altitude  of  the  j>lane  {y)  is  constant  the  time 
varies  directly  as  the  length,  s. 
We  may  also  find 

s  =  t  Vigy  =  igf  sin  a.  (c) 

2.  Prove  that  the  times  of  descent  down  all  chords  of  a  ver- 
tical circle  which  pass  through  either  extremity  of  a  vertical 
diameter  are  the  same. 

3.  Find  the  straight  line  from  a  given  point  to  a  given  in- 
clined plane,  down  which  a  body  will  descend  in  the  least  time. 

4.  The  time  of  descent  down  an  inclined  plane  is  twice  that 
down  its  height ;  required  the  inclination  of  tlie  plane  to  the 
horizon. 

5.  At  the  instant  a  body  begins  to  descend  an  inclined  plane, 
another  body  is  projected  up  it  with  a  velocity  equal  to  the 
velocity  which  the  first  body  will  have  when  it  reaches  the  foot 
of  the  plane ;  required  the  point  where  they  will  meet. 

6.  Two  bodies  slide  down  two  inclined  lines  from  two  given 
points  in  the  same  vertical  line  to  any  point  in  a  curve  in  the 
same  time,  the  lines  all  being  in  one  vertical  plane ;  required 
the  equation  of  the  curve. 

7.  A  given  weight,  P,  draws  another  w^eight,  W,  up  an  in- 
clined plane,  by  means  of  a  cord  parallel  to  the  plane  ;  through 
what  distance  must  jP  act  so  that  the  weight,  W,  will  move  s 
feet  after  P  is  separated  from  it. 


[121.] 


SIMPLE  PENDULUM. 
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8.  Required  a  curve  such  that  if  it  revolve  with  a  uniform 


angular  velocity  about  a  vertical  dioAYieter^ 
and  a  smooth  ring  of  infiniteshnal  diameter      \       A        \l 
he  jplaced  ujpon  it  at  any  pointy  it  will  not      \      u^j^ 
slide  on  the  curve. 

Let  ft)  be  the  angular  velocity,   then   we 
have 


Y  —  —  mg^        X  =  may^x, 
and  equation  (145)  becomes 


^  =  0, 


ft)V  -  2gy  +  0=0, 

which  is  the  equation  of  the  common  parabola. 
If  the  orii^in  be  taken  at  £,  O  will  be  zero. 


W 


Fig.  112. 
-^0  =  0, 


(Another  Solution. — Let  NM  be  a  normal  to  the  curve,  MM  =  the  cen- 
trifugal force,  iO/"  =  the  force  of  gravity ;  but  the  latter  is  constant,  hence 
JOf,  the  subnormal,  is  constant,  which  is  a  property  of  the  common  parabola.) 

9.  Find  the  normal  pressure  against  the  curve  in  the  pre- 
ceding problem. 

10.  The   Pendulum. — Mnd   the    time  ^ 
of  oscillation  of  the  simple  pendulum. 
This  is   equivalent   to   finding    the   time 
of  descent  of   a  particle  down  a  smooth     ^ 
arc  of  a  vertical  circle.                                       __ 

Take  the  origin  of  coordinates  at  A, 
the  lowest  point.  Let  the  particle  start 
at  D,  at  a  height  AC  =  h;  when  it  has  arrived  at  P,  it  will 
have  fallen  through  a  height  OB  =  h  —  y,  and,  according  to 
equation  (a)  on  the  preceding  page,  will  have  a  velocity 

ds 


^ 


tD 


A 
Fig.  113. 


v=   V2gi}i-y)=j^ 

The  equation  of  the  arc  is 

x^  =  2ry  —  2/^; 


(a) 


hence 


dx' 


(r  -  yf 

2ry-  y^ 


dy". 
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.  But 

d^  =da?  +  df, 

T  dy 


.*.  ds 


V2ry  -  f 


Considering  this  as  negative,  since  for  the  descent  the  arc  is 
a  decreasing  function  of  the  time,  we  have  from  (a) 

.A 


_    r       r 
^7n 


This  may  he  put  in  a  form  for  integration  by  Elliptic  Func- 
tions ;  but  by  developing  it  into  a  series,  each  term  may  be 
easily  integrated.     In  this  way  we  find 

by  means  of  which  the  time  may  be  approximated  to,  with  any 
degree  of  accuracy. 

When  the  arc  is  very  small,  all  the  terms  containing  5-  will 

be   small,  and  by   neglecting  them,  we  have   for  a   complete 
oscillation  (letting  I  be  the  length  of  the  pendulum), 

T=2t  =  7rJl;  (5) 

that  is,  Jvr  very  small  ai'cs  the  oscillations  may  he  regarded  as 
isochronal^  or  performed  in  the  same  time. 

For  the  same  place  the  times  of  vibration  are  directly  as  the 
square  roots  of  the  lengths  of  the  pendulums. 

For  any  pendulum  the  times  of  vibration  vary  inversely  as 
the  square  roots  of  the  force  of  gravity  at  different  jplaces. 

If  t  is  constant 

^x  g. 

11.  What  is  the  length  of  a  pendulum  which  will  vibrate 
three  times  in  a  second  ? 

12.  Prove  that  the  lengths  of  pendulums  vibrating  during  the 
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same  time  at  the  same  place,  are  inversely  as  the  square  of  the 
number  of  vibrations. 

13.  Find  the  time  of  descent  of  a  particle  down  the  arc  of  a 
cycloid. 

The  differential  equation  of  the  curve  referred  to  the  vertex 
as  an  orip^iu,  x  being  horizontal  and  y  vertical  {r  being  the 
radius  of  the  generating  circle),  is 


V  ^ry  —  y^ 


^- 


Ans.  IT 

9 

The  time  will  be  the  same  from  whatever  point  of  the  curve 
the  motion  begins,  and  hence,  it  is  called  tautochronal. 

14.  In  the  simple  pendulum,  find  the  point  where  the  tension 
of  the  string  equals  the  weight  of  the  particle. 

15.  ^  jyarticle  is  placed  in  a  smooth  tube  which  revolves 
horizontally  about  an  axis  through  one  end  of  it  /  required 
the  equation  of  the  curoe  traced  by  the  particle. 

The  only  force  to  impel  the  particle  along  the  tube  is  the 
centrifugal  force  due  to  rotation. 

Letting  r  =  the  radius  vector  of  the  curve ; 
Tq  =  the  initial  radius  vector; 
ft)  —  the  uniform  angular  velocity ; 
we  have 

(Pr 
df 


=  fi)V; 


which,  integrated,  gives 

r  =  in  {e"'  +  e-"'), 

hence,  the  relation  between  the  radius  vector  and  the  arc  de- 
scribed by  the  extremity  of  the  initial  radius  vector,  is  the  same 
as  between  the  coordinates  of  a  catenary.  (See  equation  (k), 
p.  134) 

16.  To  find  a  curve  joining  two  points  down  which  a  par- 
ticle will  slide  by  the  force  of  gravity  in  the  shortest  time. 
The  curve  is  a  cycloid.     This  problem  is  celebrated  in  the 


1^8  CENTRIFUGAL  FORCE  [122,  123.] 

history  of  Dynamics.  The  sohition  properly  belongs  to  the 
Calculus  of  Variations,  although  solutions  may  be  obtained  by 
more  elementary  mathematics.  Such  curves  are  called  Bra- 
chistochrones. 


PROBLEMS   PERTAINING   TO    THE   EARTH. 

122.  To  find  the  value  of  g. 

We  have,  from  example  10  of  the  preceding  Article, 

?=5-  (149) 

Making  T  =1  second  and  I  =  39.1390  inches,  the  length 
of  the  pendulum  vibrating  seconds  at  the  Tower  of  London, 
we  have  for  that  pJace, 

g  =  32.1908  feet. 

The  relation  between  the  force  of  gravity  at  different  places 
on  the  surface  of  the  earth  is  given  in  Article  19. 

The  determination  of  I  depends  upon  the  compound  pendu- 
lum. 

123.  To  find  the  centrifugal  force  at  the  equator. 
We  have,  from  equation  (142),  for  a  unit  of  mass, 

f^a>'R  =  ^R',  {a) 

in  which  B,  the  equatorial  radius,  is  20,923,161  feet;  T,  the 
time  of  the  revolution  of  the  earth  on  its  axis,  is  86,164  seconds, 
and  IT  =  3.1415926.     These  values  give 

f=z  0.11126  feet. 

The  force  of  gravity  at  the  equator  has  been  found  to  be 
32.09022  feet  (Article  19) ;  hence,  if  it  were  not  diminished 
by  the  centrifugal  force,  it  would  be 

G  =  32.09022  +  0.11126  -:  32.20148  feet, 
and 


/  _    0.11126  _    1  , 

^-3"2:20T48-289''^^'^^^' 
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hence  the  centrifugal  force  at  the  equator  is  j^  of  the  un- 
diminished force  of  gravity. 

Example. 

In  what  time  must  the  eartli  revolve  that  the  centrifugal 
force  at  the  equator  may  equal  the  force  of  gravity  ? 

Ans.  -^j  of  its  present  time. 

124,  To  find  the  effect  of  the  centrifugal  force  at  different 
latitudes  on  the  earth. 

Let  L  =  POQ  =^  the  latitude  of  the  point  P  ; 

P  z=z  OQ  =z  OP  =  the  radius  of  the  earth; 

then  will  the  radius  of  the  parallel  of  lati-  

tude  PP'  be  d;/<— — ^^.^y 

E^  =  P  cos  Z.  feiii?^i^<f 

The   centrifugal   force    will   be   in   the  \^  / 

plane  of  motion  and   may  be  represented  ^la.  ii4. 

by  the  line  Pr,  or 

Pr  —  f  =  (o^R^  —  co^P  cos  Z  ; 

therefore,  the  centrifugal  force  varies  directly  as  the  cosine  of 
the  latitude.  But  the  force  of  gravity  is  in  the  direction  PO. 
Resolving  Pr  parallel  and  perpendicular  to  PO,  we  have 

Pjp  =:  (i?R  cos^  Z  =  g-f-g-  G  (50s^  Z  ; 
Pc[  =  co^P  cos  Z  sin  Z  =  ^-^g-  G  sin  21 ; 

the  former  of  which  diminishes  directly  the  force  of  gravity, 
and  the  latter  tends  to  move  the  matter  in  the  parallel  of  lati- 
tude PP\  toward  the  equator.  Such  a  movement  has  taken 
place,  and  as  a  result  the  earth  is  an  oblate  spheroid.  In  the 
present  form  of  the  earth  the  action-line  of  the  force  of  gravity 
is  normal  to  the  surface  (or  it  would  be  if  the  earth  were  liomo- 
geneous),  and  hence,  does  not  pass  through  the  centre  O,  except 
on  the  equator  and  at  the  poles.  The  preceding  formulas 
would  be  true  for  a  rigid  homogeneous  sphere,  but  are  only 
approximations  in  the  case  of  the  earth. 


CHAPTEK  X. 

forces  in  a  plane  producing  rotation. 

125,  Angular  motion  of  a  particle  about  a  fixed  axis. 

Let  the  body  C^  on  the  horizontal  arm  AB^  revolve  about  the 
IT,  vertical  axis  ED.     Consider  the  body 

redaced  to  the  centre  of  the  mass, 
and  the  force  F^  applied  at  the  centre 
and  acting  continually  tangent  to  the 
path  described  by  the  particle.  This 
may  be  done  as  shown  in  Fig.  121. 
In  this  case  the  force  will  be  measured 
in  the  same  way  as  if  the  path  were 
rectilinear,  for  the  force  is  applied 
Hence,  according  to  equation  (21), 


along  the  path. 


in  which  8  is  the  arc  of  the  circle. 

If  6  be  the  angle  swept  over  by  the  radius,  and  r^  the  radius ; 
then 

ds  =  Tx  dd, 
dh=r^d^e', 
which,  substituted  in  the  equation  above,  gives 


dj^e 

df 


F[_ 


(150) 


If  a  force,  Fj  be  applied  to  the  arm  AB,  at  a  distance  a  froii 


ri26, 127.] 


ANGULAR  ACCELERATION. 
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the  axis  jE7>,  producing  the  same  movement  of  the  mass  (7,  we 
have,  from  the  equality  of  moments,  Article  65, 

and  the  value  of  i^  deduced  from  this  equation  substituted  in 
the  preceding  one,  gives 


df 


m7\ 


that  is,  the  angular  acceleration  produced  by  a  force,  F,  on  a 
jparticle,  m,  equals  the  moment  of  the  force  divided  hy  the  mo- 
ment of  inertia  of  the  inass. 

(For  moments  of  inertia,  see  Chapter  YII.) 

We  observe  that,  when  the  force  is  applied  directly  to  the 
particle,  it  produces  no  strain  upon  the  axis,  but  that  it  does 
when  applied  to  other  points  of  the  arm.  In  both  cases  there 
will  be  a  strain  of 

due  to  centrifugal  force,  w  being  the  angular  velocity. 


126.  Angular  motion  of  a 
FINITE  MASS.  Let  a  body,  AB, 
turn  about  a  vertical  axis  at  A, 
under  the  action  of  constant 
forces,  F]  acting  horizontally ; 
mi,  m2,  etc.,  masses  of  the  ele- 
ments of  the  body  at  the  re-  '^^*.., 
spective  distances  7*1,  r^,  etc., 
from  the  axis  A  ;  and  consid- 
ei-ing  equation  (151)  as  typical,  we  have 

<Pl_ XFa 

df  ~  m^r^-{-  m^ri-^-  m^ri  +  etc. 

moment  of  the  forces 

moment  of  inertia 


Pio.  116. 


XFa 
Smr^ 


(152) 


127.  Energy  of  a  rotating  mass.     Multiply  both  membei-s 
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of  the  preceding  equation  by  dd^  integrate  and  reduce,  and  we 
find 


i^m^gy    ^fF.rdd',  (153) 


in  which  rdO  is  an  element  of  the  space  passed  over  by  F,  and 
F.rdO  is  an  element  of  work  done  by  F\  hence  the  second 
member  represents  the  total  work  done  by  i^upon  the  body,  all 
of  which  is  stored  in  it.  Therefore,  the  energy  of  a  body  rotat- 
ing about  an  axis  eguah  the  moment  of  inertia  of  the  masH 
multiplied  by  one-half  the  square  of  the  angular  velocity. 

If  the  body  has  a  motion  of  translation  and  of  rotation  at  the 
same  time,  the  total  energy  will  be  the  sum  due  to  both  motions ; 
for  it  is  evident  that  while  a  body  is  rotating  a  force  may  be 
applied  to  move  it  forward  in  space,  Article  38,  and  that  the 
work  done  by  this  force  will  be  independent  of  the  rotation. 
If  -y  =  the  velocity  of  translation  of  the  axis  about  which  the 
body  rotates ; 
0)  =  the  angular  velocity ;  and 
I^  =  the  moment  of  inertia  of  the  m^ss ; 
then  the  total  work  stored  in  the  body  will  be 

iMv'  +  il^ay'  (154) 

128.  An    impulse.      Multiply   both   members   of    equation 
(152)  by  dtf  integrate,  and  we  find 

dO  _      __  tafFdt 
dt  -"^  ~    imr"  ' 

But  according  to  Article  33,  fFdt  is  the  measure  of  an  im* 
pulse  and  is  represented  by  Q^  hence 

_  moment  of  the  impulse 
""*      moment  of  inertia 

129.  The  time  required  to  pass  over  n  circumferences  will 
be,  in  the  case  of  an  impulse, 
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t  = 


2n7r       2n7rr 


In  the  case  of  accelerated  forces  the  time  will  be  found  by 

integrating  equation  (153). 

130.  SiMULTANEODS  MOVEMENT  OF  ROTATION  AND  OF  TRANSLA- 
TION. If  the  body  be  unconstrained,  the  motion  of  transla- 
tion of  the  body  will  be  that  of  the  centre  of  the  mass.  If  the 
axis  of  rotation  is  rigid,  it  may  be  located  anywhere  in  the  body, 
or  even  without  the  body  by  considering  it  as  rigidly  connected 
with  the  body,  in  which  case  the  motion  of  translation  will  be 
that  of  some  point  of  the  axis.  In  either  case  the  motion  of 
translation  may  be  considered  as  resulting  from  a  force  acting 
directly  upon  the  axis  of  rotation,  and  the  rotation,  by  a  force 
acting  at  some  other  point.  The  two  motions  may  then  be 
considered  as  existing  independently  of  each  other. 

131.  Formulas  for  the  movement  of  a  body  involving  both 
translation  and  rotation.  The  general  equations  for  this  case 
are  (164)  and  (165)  in  the  next  chapter.  In  this  Article  let  the 
rotation  be  about  an  axis  parallel  to  2,  and  the  centre  of  the  mass 
move  in  the  plane  xy.  Kesolve  the  forces  into  couples  and  forces 
applied  at  the  origin  of  coordinates,  as  in  Article  83 ;  then  will  the 
third  of  equations  (86)  be  the  impressed  forces  which  produce 
rotation.  Let  R  be  the  resultant  of  the  forces  at  the  origin  at 
any  instant,  (see  Article  84),  and  s  be  measured  along  the  path 
described  by  the  point  of  intersection  of  the  axis  of  rotation 
with  the  plane  xy.     Then  will  the  principles  of  Article  21,  give 


i?-^m^^O, 


^  (Xy  -  Yx)  -  ^{my-£^-  mx-^^=0 


(150) 


The  expression  X  {Xy  —  Yx)  is  the  sum  of  the  moments  of 
the  impressed  forces  =  ^Fa  (Article  60).  Transforming  the 
second  "term  of  the  last  equation  into  polar  coordinates  having 
the  same  origin,  we  have 

^/       d'x  cPy\        _,      .m 
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hence,  the  equations  become 


ZFa 


(ISY) 


132.  Reduced  mass.  A  given  mass  may  be  concentrated 
at  such  a  point,  or  in  a  thin  annulns,  that  tlie  force  or  impulse 
will  have  the  same  effect  upon  it  as  if  it  were  distributed.  To 
accomplish  this  it  is  only  necessary  that  Xmr^  in  the  second  of 
(157)  should  have  an  equivalent  value.  Let  M  be  the  mass  of  the 
body,  h  the  distance  from  the  axis  to  the  required  point,  then 

in  which  h  is  the  radius  of  gyration,  as  defined  in  Article  107. 
Bat  any  other  point  may  be  assumed,  and  a  mass  determined 
such  that  the  effect  shall  be  the  same.  Let  k  be  the  distance  to 
that  point  (or  radius  of  the  annulus),  and  M^  the  required  mass, 
then  we  have 


(158) 


which  is  called  the  reduced  mass. 


Examples. 

1.  A  prismatic  har  A  Befalls  through  a  height  h,  retaining 
its  horizontal  position  until  one  end  strikes  a  fixed  ohstacle  G ; 
required  the  angular  velocity  of  the  piece  and  the  linear  velo- 
city of  the  centre  hnmediately  after  the  impulse. 

Let  M  be  the  mass  of  the  bar,  I  its 
length,  V  the  velocity  of  the  centre 
at  the  instant  of  impact,  and  v^  the 
velocity  of  the  centre  immediately 
after  impact.  Consider  the  bodies  as 
perfectly  non-elastic;  then  will  the 
effect  of  the  impact  be  simply  to  sud- 
denly arrest  the  end  A. 

The  bar  will  rotate  about  a  horizontal  axis  through  the  centre, 
as  shown  by  Article  38  ;  and,  as  shown  by  Articles  27  and  3S,  the 


« 


Fig.  117. 
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impulse  will  he  Q  =  M  (v  —  Vi) ;  that  is,  it  is  the  change  of 
velocity  at  the  centre  multiplied  hy  the  mass.  The  impact  will 
entirely  arrest  the  motion  of  the  end,  A^  at  the  instant  of  the 
impact,  and  hence  at  that  instant  the  angular  velocity  of  A  in 
reference  to  G  will  be  the  same  as  G  in  reference  to  A, 
Equation  (155)  gives 

_  Wjom^ent  of  impulse 
TYhOTnent  of  inertia 


I 
But  at  the  instant  of  the  impact 

solving  these  give 

We  now  readily  find 

Q  =  IMv, 
To  find  the  velocity  of  any  point  in  a  vertical  direction  at 
the  instant  of  the  impact,  we  observe  that  it  may  be  considered 
as  composed  of  two  parts ;  a  linear  velocity  v^  downward,  and  a 
right-handed  rotation.  The  actual  velocity  at  A  due  to  rota- 
tion will  be 

which  will  be  upward,  and  the  linear  velocity  downward  will  be 
v-i  =  1^,  hence  the  result  will  be  no  velocity.  Similarly,  the 
velocity  at  B  will  be  ^v  -f  |^  =  |i>.  Also,  for  any  point  dis- 
tant X  from  Gy  we  have  at  the  left  of  G 

fo  —  (OX  =  fvll  —  2  ^j ; 
and  to  the  right  of  G  we  have 

When  the  bar  comes  into  a  vertical  position,  we  easily  find 
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that  A  has  passed  below  a  horizontal  through  O.  Every  point, 
therefore,  has  a  progressive  velocity,  except  the  point  A,  at 
the  instant  of  impact. 

After  the  impact  the  centre  will  move  in  the  same  vertical 
and  with  an  accelerated  velocity,  while  the  angular  velocity 
will  remain  constant. 

2.  Suppose  that  impact  takes  place  at  one-quarter  the  length 
from  A,  required  the  angular  velocity. 

3.  At  what  point  must  the  impulse  be  made  so  that  the  velocity 
of  the  extremity  £  will  be  doubled  at  the  instant  of  impact  ? 

4.  An  inextensible  string  is  wound  around  a 
cylinder,  and  has  its  free  end  attached  to  a 
fixed  point.  The  cylinder  falls  through  a  cer- 
tain height  (not  exceeding  the  length  of  the  free 
part  of  the  string),  and  at  the  instant  of  the  im- 
pact the  cord  is  vertical  and  tangent  to  the 
cylinder;  all  the  forces  being  in  a  plane;  re- 
quired the  angular  velocity  produced  by  the 
impulse,  and  the  momentum. 

A71S.  I  -  ;     Q  =  iMv. 
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5.  In  the  preceding  problem,  let  the  body  be  a  homogeneous 
sphere,  the  string  beiiig  wound  around  the  arc  of  a  great 
circle. 

M  v:  Q'  A  homogeneous  jprismatic 
bar  AB,  in  a  horizontal  posi- 
tion constrained  to  revolve  about 
a  vertical  fixed  axis  A,  receives 
a  direct  impulse  from  a  sphere 
whose  momentum  is  Mv ,'  re- 
quired the  angular  velocity  of 
the  bar. 

The  momentum  imparted  to  the  bar  will  depend  upon  the 
elasticities  of  the  two  bodies.  Consider  them  perfectly  elastic. 
The  effect  of  the  impulse  will  be  the  same  as  if  the  mass  of  the 
bar  were  concentrated  at  the  extremity  of  the  radius  of  gyration  ; 
hence  an  equivalent  mass  at  the  point  6^  may  be  determined. 


Fio.  119. 
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Let  Ml  =  the  mass  of  AB ; 
M2  =  the  reduced  mass ; 

V2  =  the  velocity  of  the  reduced  mass  after  impact ; 
a  =  AC. 
Tlien,  by  equation  (158),  the  mass  of  the  bar  reduced  to  the 
poiut  O,  will  be 


By  equation  (40)  the  velocity  of  M^  after  impact  will  be 
2Jf  2J[fa2 


hence,  the  momentum  imparted  will  be 

2iOfiF 

and  the  moment  will  be 

According  to  equation  (155),  we  have 

_  moment  of  the  impulse 
~      moment  of  inertia 

V 


{a) 


"iMa 


Ma^  -f  M,f^ 


I 


This  result  is  the  same  as  that  found  by  dividing  equation 
{a)  by  «,  as  it  should  be. 

7.  Suppose,  in  the  preceding  prohlem,  that  there  is  no  fixed 
axis,  hut  that  the  hody  is  free  to  translate  ;  find  where  the  im- 
pact must  he  made  that  the  initial  velocity  at  the  end  A  shall 
he  zero. 
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Let  Mv  be  the  impulse  imparted  to  the  body ; 
Mk^  =  the  principal  moment  of  inertia ; 

h  =  the  distance  from  the  centre  of  the  bar  to  the 
required  point ; 
then 

_  moment  of  the  impulse 
~      m^oment  of  inertia 


_  Mvh  _  vh 

and  the  movement  at  A  in  the  circular  arc  will  be 

,,  vlh 

^^  =  W' 

and  the  initial  linear  movement  will  be 


{a) 


vlh 

which,  by  the  conditions  of  the  problem,  will  be  zero ;  hence 

vlh 


or, 

I 


n  =  'J^.  (5) 


The  distance  from  A  will  be 

A  +    2^  -  i^  • 

The  bar  being  prismatic,  h^  —  yV^  j 
...  h-\-\l  =  \l. 

The  result  is  independent  of  the  magnitude  of  the  impulse. 
From  (&)  we  have 

hence,  h  and  \l  are  convertible,  and  we  infer  that  if  the  im- 
pulse be  applied  at  A  the  point  of  no  initial  motion  will  be  at 
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the  point  given  by  equation  (5),  where  the  impact  was  previ- 
ously applied. 

8.  In  the  preceding  problem  find  where  the  impulse  must  he 
applied  so  that  the  point  of  no  initial  velocity  shall  he  at  a 
distance  h'  from  the  centre. 

The  initial  linear  velocity  due  to  the  rotary  movement  found 
from  {a)  of  the  preceding  example,  will  be 

V 

h'(o  =  j-^  hh', 

and  the  initial  movement  of  the  required  point  being  zero,  we 
have 

V 

V  —  -j-^hh'  =  0; 

■■h  =  ^.  (159) 

If  the  point  of  impact  be  at  5,  the  point  a^  where  the  initial 

movement  is  zero,  will  be  on  the  other       .                 jt  r 

side  of  the  centre  of  the  body.     Let  B      ' — 3 '       '^ ' 

be  the  centre,  then  ^''*-  ^^^• 

h  =  hB,        h'  =  aB, 
and  from  (159),  we  have 

hh' =  hB.aB  =  k^^ ;  (160) 

and  as  ki  is  a  constant,  the  points  a  andh  are  convertible. 

AXIS   OF   SPONTANEOUS   ROTATION. 

133.  In  the  preceding  problem  the  initial  motion  would 
have  been  precisely  the  same  if  there  had  been  a  fixed  axis 
through  a  perpendicular  to  the  plane  of  motion,  and  hence  the 
initial  motion  may  be  considered  as  a  rotation  about  that  axis. 
If  a  fixed  axis  were  there  it  evidently  would  not  receive  any 
shock  from  the  impulse. 

The  axis  about  lohich  a  quiescent  body  tends  to  turn  at  the 
instant  that  it  receives  an  impulse  is  called  the  axis  of  spon- 
taneous rotation. 
14 
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CENTRE    OF   PERCUSSION. 

134.  When  there  is  a  fixed  axis  and  the  body  is  so  struck 
tliat  there  is  no  impulse  on  the  axis,  any  jpoint  in  the  actiort- 
line  of  the  force  is  called  the  centre  of  jpercussion.  Thus  in 
Fig.  120,  if  a  is  the  fixed  axis,  h  will  be  the  centre  of  percus- 
sion. It  is  also  evident  that,  if  ^  be  a  fixed  object,  and  it  be 
struck  by  the  body  AG^  rotating  about  «,  the  axis  will  not 
receive  an  impulse. 

AXIS    OF   INSTANTANEOUS    ROTATION. 

135.  An  axis  through  the  centre  of  the  mass,  parallel  to  the 
axis  of  spontaneous  rotation,  is  called  the  axis  of  instantaneous 
rotation.    A  free  body  rotates  about  this  axis. 

In  regard  to  the  spontaneous  axis,  we  consider  that  as  fixed 
in  space  for  the  instant ;  but  at  the  same  time  the  body  really 
rotates  about  the  instantaneous  axis  which  moves  in  space  witli 
the  body. 


EXAMPLES    UNDER   THE   PRECEDING   EQUATIONS   CONTINUED. 

9.  A  horizontal  uniform  disc  is  free  to  revolve  about  a  ver- 
tical axis  through  its  centre.  A  man  walks  around  on  the 
outer  edge  /  required  the  angular  distance  jpassed  over  hy  the 
man  and  disc  when  he  has  walked  once  around  the  circumfer- 
ence. 

Let  W  =  the  weight  of  the  man  ; 
w  =  the  weight  of  the  disc ; 
r  =  the  radius  of  the  disc ; 
0)1  =:  the  angular  velocity  of  the  man  in  reference  to  a 

fixed  line ; 
CO  =  the  angular  velocity  of  the  disc  in  reference  to  the 

same  fixed  line ; 
Q  =  the  force  exerted  by  the  man  against  the  disc ; 

The  result  will  be  the  same  whether  the  effort  be  exerted 
suddenly,  or  with  a  uniform  acceleration,  or  irregularly.  We 
will,  therefore,  treat  it  as  if  it  were  an  impulse.  The  weights 
are  here  used  instead  of  the  masses,  for  they  are  directly  pro- 
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portional  to  each  other,  and  it  is  more  natural  to  speak  of  the 
weight  of  a  man  than  the  mass  of  a  man. 
We  have 

_  moment  of  the  iinjpulse 
~~      tnoment  of  inertia 

^  Qr 
Wvr 


2TF 
—  ©1. 


But  when  the  man  arrives  at  the  initial  point  of  the  disc,  we 
have 

0)  -j-  ft)i  =  27r  ; 

which,  combined  with  the  preceding  equation,  gives 

'''~^  +  2Tf 
If  TT  =  Wy  we  have 

for  the  angular  space  passed  over  by  the  man,  and 

O)   =   f  TT, 

for  the  distance  passed  over  by  the  disc. 

10.  Tti  Fig.  115  let  the  force  F he  constant;  required  the 
nuinber  of  convplete  turns  which  the  body  G  will  make  about 
the  axis  DE  in  the  tirne  t. 

Let  r  =  the  radius  of  the  circle  passed  over  by  F\ 

Vi  =  the  distance  of  the  centre  of  the  body  from  the  axis 

of  revolution ; 
ki  =  the  principal  radius  of  gyration  of  the  body  in  refer- 
ence to  a  moment  axis  parallel  to  DF] 
k  =  the  radius  of  gyration  of  the  body  in  reference  to 
the  axis  DF ; 
then,  according  to  equation  (123), 

^  =  7.,2  +  ^,2. 


212 


ROTATION  OF 


[135. 1 


and,  according  to  equation  (152), 

d^Q  _  TTioment  of  forces 
moment  of  inertia 


df 


Fr 


Multiply  by  dt  and  integrate,  and  we  have 

de       Fr 
dt 


the  constant  being  zero,  for  the  initial  quantities  are  zero. 
Multiplying  again  by  dt^  we  find 

Fr 


e  = 


f', 


which  is  the  angular  space  passed  over  in  time  t ;  and  the  num- 
ber of  complete  rotations  will  be 

11.  If  the  body  were  a  sphere  2  feet  in  diameter,  weighing 
100  pounds,  the  centre  of  which  was  5  feet  from  the  axis ;  F,  a 
force  of  25  pounds,  acting  at  the  end  of  a  lever  8  feet  long ; 
required  the  number  of  turns  which  it  will  make  about  the  axis 
in  5  minutes. 

12.  If  the  data  be  the  same  as  in  the  preceding  example ; 
required  the  time  necessary  to  make  one  complete  turn  about 
the  axis. 

13.  Suppose  that  an  indefinitely  thin  body,  whose  weight  is  IT, 

rests  upon  the  rim  of  a  horizon- 
tal pulley  which  is  perfectly  free 
to  move.  A  string  is  wound 
around  the  pulley,  and  passes 
over  another  pulley  and  has  a 
weight,  P,  attached  to  its  lower 
end.  Supposing  that  there  is  no 
resistance  by  the  pulleys  or  the 
string,  required  the  distance 
passed  over  by  P  in  time  t 
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According  to  equation  (152),  we  have 

d^'O  Ft  Pg 
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df 


WTP  ^~  {W  +  F)r' 


g 


from  which  it  may  be  solved. 

(This  is  equivalent  to  applying  the  weight  P  directly  to  the  weight  TF,  as 
in  Fig.  10,  and  hence  we  have,  according  to  equation  (21), 


9 


df 


=  P; 


d^9      d^8 
but  referring  it  to  polar  coordinates,  we  have  ^  ^  =  -jif^  which  substituted 

reduces  the  equation  directly  to  that  in  the  text. ) 


14-.  A  disc  whose  weight  is  TFis  free 
to  revolve  about  a  horizontal  axis  pass- 
ing through  its  centre  and  perpendicular 
to  its  plane.  A  cord  is  wound  around 
its  circumference  and  lias  a  weight,  P, 
attached  to  its  lOwer  end  ;  required  the 
distance  through  which  P  will  descend 
in  t  seconds. 

We  have 


FlO.  122 


^d_  _         Prg 

df    ~   Wki'  +  Pr"' 

from  which  6  may  be  found,  and  the  space  will  be  rd. 

(This  may  be  solved  by  equation  (21).     The  mass  of  the  disc  reduced  to  an 
equivalent  at  the  circumference  will  be  —   ~  ,  and  that  equation  wiQ  become 

— |P+  ^~T\~ni  =  P]  which,  by  changing  to  polar  coordiuates,  may  be 

reduced  to  the  equation  in  the  text.) 

15.  If,  in  the  preceding  example,  the  body  were  a  sphere 
revolving  about  a  horizontal  axis,  the  diameter  of  the  sphere 
being  16  inches,  weight  500  pounds,  moved  by  a  weight  of  100 
pounds  descending  vertically,  the  cord  passing  around  a  groove 
in  the  sphere  the  diameter  of  which  is  one  foot ;  required  the 
number  of  revolutions  of  the  sphere  in  five  seconds. 
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16.  Two  weights,  P  and  TT,  are  suspended 
on  two  pulleys  by  means  of  cords,  as  shown  in 
Fig.  123,  the  pulleys  being  attached  to  the 
same  axis  61  l^o  resistance  being  allowed 
for  the  pulleys,  axle,  or  cords;  required  the 
circumstances  of  motion. 

We  have 


a> 


Mt 


d^O  _  moment  of  the  forces 
df    ~    moments  of  inertia 

P.AC  -W,BO 

~  F{AGf  +  W{BCf-\-discAah^  4  discBC.h}^'' 

in  which  disc  A  C,  etc.,  are  used  for  the  weights  of  the  discs. 
Let  the  right-hand  member  be  represented  by  M,  then  we  have 

dd 
dt 

0  =  iMt\ 

17.  In  the  preceding  example  let  the  discs  be  of  uniform 
density,  A0=  S  inches,  B0=  S  inches ;  the  weight  of  AC  =6 
pounds,  of  OB  =  2  pounds,  of  P  =  25  pounds,  and  of  TT  =  60 
pounds ;  if  they  start  from  rest,  required  the  space  passed  over 
by  P  in  10  seconds,  and  the  tension  of  the  cords. 

18.  A  homogeneous^  hollow  cylinder  rolls  down  an  inclined 
plane  hy  the  force  of  gravity  ;  required  the  tiine. 

The  weight  of  the  cylinder 
may   be    resolved    into    two 
components,  one  parallel  to 
the   plane,  which  impels  the 
body  down  it,  the  other  nor- 
mal, which  induces   friction. 
The  friction  acts  parallel  to 
the  plane  and  tends  to  prevent  the  movement  down  it,  and  18 
assumed  to  be  sufficient  to  prevent  sliding. 
Let   W  =  the  weight  of  the  cylinder ; 

i  =  the  inclination  of  the  plane  to  the  horizontal ; 
^=i  TTcos  i  =  the  normal  component ; 
m=  the  mass  of  a  unit ;  the  altitude  =  1 ; 


t"^ 

4 

E 

^"^^^ 

Fig.  124. 
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<^  =r  the  coefficient  of  friction  ; 
T  —  (jiJV  =  the  tangential  component ; 
T'  =  W  sin  i  =  the  component  of  the  weight  parallel 

to  the  plane ; 
Ti  =  the  internal  radius  of  the  cylinder; 
r  =  the  external  radius ; 

6  =  the  angular  space  passed  over  by  the  radius  ; 
s  =  AO,  the  space. 
This  is   a  case   of  translation  and   rotation    combined,  and 
equations  (157)  give 

-^  =T'  -  T=  Wsini-  T; 

d'^e  _  T.r  _         2gTr 

df    ~  imir  (r*  -  n^)  ~   Wir"  +  r^) ' 

and  from  the  problem 

s  =  rO. 
Eliminating  .<?  and  T  from  these  equations,  we  get 
d^d  _    2gr  sin  i 

Integrating  and  making  the  initial  spaces  zero,  we  have 


^         gr  sin  t 


3l^    -^    7\ 


2  "    > 


.-.  t  =y — o  .    .  s. 


'3?^  4-  r^ 
gr^  sin  i 

If  Vi  =  0,  the  cylinder  will  be  solid,  and 


^  g  &iu  t 

and  hence,  the   time  is  independent  of  the  diameter  of  the 
cylinder. 

If  Ti  =  r,  the  cylinder  will  be  a  thin  annulus,  and 

t  =  /I5I- 

^  ^  sin  t ' 
hence,   the    time    of    descent    will    be  |/|  times   as  long  as 
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when  the  cylinder  is  solid ;  the  weight  being  the  same  in  both 
cases. 

If  it  slide  down  a  smooth  plane  of  the  same  slope,  we  have 


V^-^-- 


/     2^ 
^  sin  ^ 

which  is  less  than  either  of  the  two  preceding  times. 


r 

1 

w 

THE    PENDULUM. 

18.  Zet  a  body  he  suspended  on  a  horizon- 
tal axis  and  moved  by  the  force  of  gravity ; 
required  the  circumstances  of  motion. 
We  have 

d^d  _  moment  of  forces 
df    ~  moment  of  inertia 

_  Wh  sin  e 
""  '     ^^\' 
in  which 

h  =  Oa,  the  distance  from  the  axis  of  suspension  to  the 

centre  of  gravity  a  of  the  body ; 
W  =  the  weight  of  the  body  ; 
6  =  bOa;  and  let 

ki  =  the  principal  radius  of  gyration ; 
then  the  preceding  equation  becomes 

d^e  gh        .    ^ 

This  equation  cannot  be  completely  integrated  in  finite 
tern>s,  but  by  developing  sin  Q  and  neglecting  all  powers  above 
the  first,  we  find  for  a  complete  oscillation 


=  'ir\J' 


h'  +  K\  ^^^^^ 


gh      ' 

which  gives  the  time  in  seconds  when  A,  h^  and  g  are  given  in 
feet. 

To  find  the  length  of  a  simple  pendulum  which  will  vibrate 
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in  the  same  time,  we  make  equations  (b),  page  196,  and  (161) 
equal  to  one  another,  and  have 


I  ^  "—^  =  Od.  (162) 


Let  ad  =  Ai,  then 


^2 

I  —  h  ^  hi  =z  -J-  =■  ag^ 

.'.    Ml  =  k^  (163) 

136.  Definitions.  A  body  of  any  form  oscillating  about  a 
fixed  axis  is  called  a  compound  pendulum. 

A  material  particle  suspended  from  a  string  without  weight, 
oscillating  about  a  fixed  axis,  is  called  a  sim^ple  pendulum. 

The  point  d  is  called  the  centre  of  oscillation.  It  is  the 
point  at  which,  if  a  particle  be  placed  and  suspended  from  the 
axis  6^  by  a  string  without  weight,  it  will  oscillate  in  the  same 
time  as  the  body  Od.  Or,  it  is  the  point  at  which,  if  the  entire 
mass  be  concentrated,  it  will  oscillate  about  the  axis  in  the  same 
time  as  when  it  is  distributed. 

The  point  O^  where  the  axis  pierces  the  plane  xy^  is  called 
the  centre  of  susjpcnsion. 

137,  Results.  The  centres  of  oscillation  and  of  percussion 
coincide.     (See  Article  134.) 

According  to  equation  (163),  the  centres  of  oscillation  and  of 
suspension  are  convertible. 

According  to  the  same  equation  the  principal  radius  of  gyra- 
tion is  a  mean  proportional  between  the  distances  of  oscillation 
and  of  suspension  from  the  centre  of  gravity. 

Equation  (161)  indicates  a  practical  mode  of  determining  the 
principal  radius  of  gyration.  To  find  it,  let  the  body  oscillate, 
and  thus  find  T,  then  attach  a  pair  of  spring  balances  to  the 
lower  end  and  bring  the  body  to  a  horizontal  position,  and  find 
how  much  the  scales  indicate  ;  knowing  which,  the  weight  of  the 
body  and  the  distance  between  the  point  of  attachment  and  the 
centre  of  suspension  O^  the  value  of  h  may  easily  be  computed. 
The  value  of  g  being  known,  all  the  quantities  in  equation 
(161)  become  known  except  ^i,  which  is  readily  found  by  a 
solution  of  the  equation. 


X 


Fig.  126. 
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Ex AMPL  E  S  . 

1.  A  prismatic  bar  oscillates  about  an  axis  passing  through 
one  end,  and  perpendicular  to  its  length ;  required  the  length 
of  an  equivalent  simple  pendulum. 

2.  A  homogeneous  sphere  is  suspended  from 

a  point  by  means  of  a  fine  thread,  find  the  length 

of  a  simple  pendulum  which  will  oscillate  in  the 

same  time. 

138,  Captain  Kater  used  the  principle  of  the 

convertibility  of  the  centres  of  suspension  and 
W     oscillation  for  determining  the  length  of  a  simple 

seconds  pendulum,  and  hence  the  acceleration 
due  to  gravity. — Phil.  Trans.^  1818. 

Let  a  body,  furnished  with  a  movable  weight,  be  provided 
with  a  point  of  suspension  C  (figure  not  shown),  and  another 
point  on  which  it  may  vibrate,  fixed  as  nearly  as  can  be  esti- 
mated in  the  centre  of  oscillation  O,  and  in  a  line  with  the 
point  of  suspension  and  the  centre  of  gravity.  The  oscillations 
of  the  body  must  now  be  observed  when  suspended  from  C  and 
also  when  suspended  from  O,  If  the  vibrations  in  each  posi- 
tion should  not  be  equal  in  equal  times,  they  may  readily  be 
made  so  by  shifting  the  movable  weight.  When  this  is  done, 
the  distance  between  the  two  points  C  and  O  is  the  length  of 
the  simple  equivalent  pendulum.  Thus  the  length  Z  and  the 
corresponding  time  T  of  vibration  will  be  found  uninfluenced 
by  any  irregularity  of  density  or  figure.  In  these  experiments, 
after  numerous  trials  of  spheres,  etc.,  knife  edges  were  pre- 
ferred as  a  means  of  support.  At  the  centres  of  suspension  and 
oscillation  there  were  two  triangular  apertures  to  admit  the 
knife  edges  on  which  the  body  rested  while  making  its  oscil- 
lations. 

Having  thus  the  means  of  measuring  the  length  L  with 
accuracy,  it  remains  to  determine  the  time  T.  This  is  efi^ected 
by  comparing  the  vibrations  of  the  body  with  those  of  a  clock. 
The  time  of  a  single  vibration  or  of  any  small  arbitrary  number 
of  vibrations  cannot  be  observed  directly,  because  this  would 
require  the  fraction  of  a  second  of  time,  as  shown  by  the  clock, 
to  be  estimated  either  by  the  eye  or  ear.     The  vibrations  of  the 
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body  may  be  counted,  and  here  there  is  no  fraction  to  be  esti- 
mated, but  these  vibrations  will  not  probably  fit  in  with  the 
oscillations  of  the  clock  pendulum,  and  the  differences  must  be 
estimated.  This  defect  is  overcome  by  "  the  method  of  coinci- 
dences." Supposing  the  time  of  vibration  of  the  clock  to  be  a 
little  less  than  that  of  the  body,  the  pendulum  of  the  clock  will 
gain  on  the  body,  and  at  length  at  a  certain  vibration  the  two 
will  for  an  instant  coincide.  The  two  pendulums  will  now  be 
seen  to  separate,  and  after  a  time  will  again  approach  each 
other,  when  the  same  phenomenon  will  take  place.  If  the  two 
pendulums  continue  to  vibrate  with  perfect  uniformity,  the 
number  of  oscillations  of  the  pendulum  of  the  clock  in  this  in- 
terval will  be  an  integer,  and  the  number  of  oscillations  of  the 
body  in  the  same  interval  will  be  less  by  one  complete  oscilla- 
tion than  that  of  the  pendulum  of  the  clock.  Hence  by  a 
simple  proportion  the  time  of  a  complete  oscillation  may  be 
found. 

The  coincidences  were  determined  in  the  following  manner : 
Certain  marks  made  on  the  two  pendulums  were  observed  by  a 
telescope  at  the  lowest  point  of  their  arcs  of  vibration.  The 
field  of  view  was  limited  by  a  diaphragm  to  a  narrow  aperture 
across  which  the  marks  were  seen  to  pass.  At  each  succeeding 
vibration  the  clock  pendulum  follows  the  other  more  closely, 
and  at  last  the  clock-mark  completely  covers  the  other  during 
their  passage  across  the  field  of  view  of  the  telescope.  After 
a  few  vibrations  it  appears  again  preceding  the  other.  The 
time  of  disappearance  was  generally  considered  as  the  time  of 
coincidence  of  the  vibrations,  though  in  strictness  the  mean  of 
the  times  of  disappearance  and  reappearance  ought  to  have 
been  taken,  but  the  error  thus  produced  is  very  small.  {Eiicyc. 
Met.  Figure  of  the  Eaith.)  In  the  experiments  made  in 
Hartan  coal-pit  in  1854,  the  Astronomer  Royal  used  Kater's 
method  of  observing  the  pendulum.     {Phil.  Trans.,185Q.) 

The  value  of  T  thus  found  will  require  several  corrections. 
These  are  called  "  Reductions."  If  the  centre  of  oscillation  does 
not  describe  a  cycloid,  allowance  must  be  made  for  the  altera- 
tion of  time  depending  on  the  arc  described.  This  is  called 
"  the  reduction  to  infinitely  small  arcs."  If  the  point  of  sup- 
port be  not  absolutely  fixed,  another  correction  is  required 
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{Phil.  Trans.^  1831).  The  effect  of  the  biK»}ancy  and  the 
resistance  of  the  air  must  also  be  allowed  for.  This  is  the 
"reduction  to  a  vacuum."  The  length  Z  must  also  »be  cor- 
rected for  changes  of  temperature. 

The  time  of  an  oscillation  thus  corrected  enables  us  to  find 
the  value  of  gravity  at  the  place  of  observation.  A  correction 
is  now  required  to  reduce  this  result  to  what  it  would  have  been 
at  the  level  of  the  sea.  The  attraction  of  the  intervening  land 
must  be  allowed  for  by  Dr.  Young's  rule  {Phil.  7Vcm5.,1819). 
We  thus  obtain  the  force  of  gravity  at  the  level  of  the  sea, 
supposing  all  the  land  above  this  level  were  cut  off  and  the  sea 
constrained  to  keep  its  present  level.  As  the  sea  would  tend 
in  such  a  case  to  change  its  level,  further  corrections  are  still 
necessary  if  we  wish  to  reduce  the  result  to  the  surface  of  that 
spheroid  which  most  nearly  represents  the  earth.  (See  Camh. 
Phil.  Trans.,  vol.  x.) 

There  is  another  use  to  which  the  experimental  determina- 
tion of  the  length  of  a  simple  equivalent  pendulum  may  be 
applied.  It  has  been  adopted  as  a  standard  of  length  on 
account  of  being  invariable  and  capable  at  any  time  of  recov- 
ery. An  Act  of  Parliament,  5  Geo.  lY.,  defines  the  yard  to 
contain  thirty-six  such  parts,  of  which  parts  there  are  39.1393 
in  the  length  of  the  pendulum  vibrating  seconds  of  mean  time 
in  the  latitude  of  London,  in  vacuo,  at  the  level  of  the  sea,  at 
temperature  62°  F.  The  Commissioners,  however,  appointed 
to  consider  the  mode  of  restoring  the  standards  of  weight  and 
measure  which  were  lost  by  fire  in  1834,  report  that  several 
elements  of  reduction  of  pendulum  experiments  are  yet  doubt- 
ful or  erroneous,  so  that  the  results  of  a  convertible  pendulum 
are  not  so  trustworthy  as  to  serve  for  supplying  a  standard  for 
length ;  and  they  recommend  a  material  standard,  the  distance, 
namely,  between  two  marks  on  a  certain  bar  of  metal  under 
given  circumstances,  in  preference  to  any  standard  derived 
from  measuring  phenomena  in  nature.   {Report,  1841.) 

All  nations,  practically,  use  this  simple  mode  of  determining 
the  length  of  the  standard  of  measure,  that  of  placing  two 
marks  on  a  bar,  and  by  a  legal  enactment  declaring  it  to  be  a 
certain  length. 
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139,  I'oKM  OF  TFiE  Eakth.     TliG  peiidulum  furnishes  one  of 
the  best  means  for  determining  the  form  of  the  earth. 
Let  a  =  the  equatorial  radius  of  the  earth ; 
h  =  the  semi-axi-s ; 
€  =  the  ellipticitj  of  the  earth ; 
then 

a—  b 

€  =  . 


Let  m  =  ratio  of  the  centrifugal  force  at  the  equator  to  the 
force  of  gravity  at  the  same  place ; 
Iq  =  length  of  a  second's  pendulum  at  the  equator ; 
Z90  =  the  length  of  a  second's  pendulum  at  the  poles ; 
then,  from  the  Meoardque  Celeste^  tome  IL,  Ko.  34,  we  have 


The  value  of  m  is 


—  5 


^■ST- 


?7l  — 


^n 


The  formula  for  the  lengrth  of  the 


second's  pendulum  when  the  length  at  Paris  is  taken  as  nnity,  is 

I  =  0.996823  +  0.00549745  sin^^, 
when  ^is  the  latitude  of  the  place.     See  Puissant's  Traite  de 
Geodesie^  P^g^  461. 

By  this  means  it  has  been  found  that  e  is  about  -^\j.  Bow* 
dich,  in  his  translation  of  the  Mecanique  Celeste^  p.  485,  re- 
marks, "  It  appears  that  the  oblateness  (e)  does  not  differ  mnch 
from  ^^^,  and  may  possibly  be  a  little  more,  though  some  results 
give  a  little  less." 

140.  Torsion  Pendulum.  If  an  elastic  bar,  CD,  be  fixed 
at  one  end,  and  at  the  other  end  have 
two  weights,  A^  and  Jig,  rigidly  fixed  to 
it  by  means  of  the  cross  arm,  A^  ^2,  then 
if  the  arm  be  turned  into  the  position 
B^B;,^  the  elastic  resistance  of  the  bar 
DC  will  cause  the  weights  to  move  back 
to  J-i ^2?  and  by  virtue  of  the  energy  of 
the  weights  at  that  point,  they  will  pass   2? '3  Sj 

that  position,   and  move  on  until  their      '  fio.  127. 

motion  is  arrested  by  the  action  of  the  elastic  resistance  of  the 


^G- 


aP- 


'  c 


'K.-2 
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bar  ;  after  which  they  will  return  to  their  former  position,  thus 
having  a  motion  similar  to  that  of  the  common  pendulum.  This 
arrangement  is  called  a  torsion  pendulum.  The  motion  will 
be  the  same  for  one  weight  as  for  two,  but  when  the  bar  DO  is 
vei-tical.  the  arms  CA^  and  CA^,  should  equal  each  other,  and 
the  weight  A^  equal  A2. 

141.  To  find  the  force  necessary  to  twist  the  rod  DC  through 
a  given  angle^ 

Let  i^=  the  force  at  A^  perpendicular  to  the  arm  OA^ ; 
a  =  CA2=  OA,;  l  =  DC; 

a  =  AiCjBi  ;  /=  the  polar  moment  of  inertia  of  a  trans- 
verse section  of  the  bar  DC;  and 
G  =  the  coefficient  of  the  elastic  resistance  to  torsion. 

The  moment  of  the  twisting  force,  F]  will  be 

la; 

and  the  moment  of  the  elastic  resistance  will  be  (see  Resistance 
of  Materials,  2d  Ed.,  p.  206), 


hence,  we  have 


<■' 


Fa  =  GIp 


G1-. 

aV 


The  weights  A^  and  A^  are  not  involved  in  this  problem. 

If  the  angle  be  measured  from  some  fixed  line  making  an 
angle  </>  with  the  neutral  position  of  A^A^^  then  instead  of  a  we 
would  have  a^  ^  (f),  and  the  last  equation  becomes 

-J-  =  -^  (oi  -  <?>). 
If  the  force  be  reversed,  it  will  twist  the  bar  in  the  opposite 
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direction,  making  an  angle  a^  with  the  fixed  line  of  reference, 
and  we  would  have 

Fa      G ,,         . 

Adding  these  equations  gives 

2  -^  =  J  {0,-0^), 

142.  To  find,  the  time  of  an  oscillation. 
The  bar  CD  having  been  twisted  by  moving  the  bar  from  its 
normal  position  A^A^  into  the  position  B^B^^^^  and  then  left  to 
itself,  it  is  required  to  find  the  time  of  moving  to  the  other 
extreme  position  B^B^,  We  will  neglect  the  mass  of  the  rod 
A1A2,  and  that  of  the  bar  DC,  and  thus  simplify  the  solution, 
and  secure  an  approximate  result. 

Let  7^  =  the  moment  of  inertia  of  one  of  the  bodies,  Ai,  or 
A2,  in  reference  to  01)  as  an  axis ; 
6=0,  variable  angle  measured  from  the  neutral  posi- 
tion, AiA^ ;  and, 
considering  JFh  as  a  variable  moment,  producing  the  variable 
angle  6,  we  have  from  the  second  of  equations  (157),  and  the 
value  of  Fa  from  the  first  equation  of  the  preceding  Article, 

Multiply  by  dd  and  integrate,  and  observing  that  for  0  =  a 
the  angular  velocity  is  zero,  we  find 

hence 


dt 


-^'- 


Gl  Va^-ff"' 


Integrating  again  gives 

GI  a 


/2IJ.   .  ^.  d 
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which,  between  the  limits  of  0  and  a,  gives 

which  is  the  time  of  half  an  oscillation  ;  hence  the  time  for  a 
full  oscillation,  or  the  time  of  movement  from  B^  to  i?^,  will  be 


which  is  the  time  required.     The  times  are  isoclironous  and  in- 
dependent of  the  amplitude. 

The  value  of  G  may  be  eliminated  by  substituting  its  value 
taken  from  the  last  equation  of  the  preceding  article.  Making 
the  substitution,  we  find 


_  TT  Y 


<h) 


Fa 
from  which  I  and  /have  also  disappeared.     From  this  we  find 


Fa  =  I^  {a,  -  ai){^ 


143.   To  find  the  density  of  the  earth. 

The  plan  of  determining  the  density  of  the  earth  by  means 
of  a  torsion  rod  was  first  suggested  by  the  Rev.  John  Mitchel. 
He  died  before  he  was  able  to  make  the  experiment,  but  the 
plan  was  executed  by  Mr.  Cavendish,  who  published  the  result 
in  the  Phil.  Trans,  for  1798.  Subsequent  to  1837,  Mr.  Bailey, 
at  the  request  of  the  Astronomical  Society  (England),  made  a 
new  determination  of  the  result,  lie  made  upwards  of  2,000 
experiments  with  balls  of  different  weights  and  sizes,  and  sus- 
pended in  a  variety  of  ways,  a  full  account  of  which  is  given 
in  the  Memoirs  of  the  Astronomioal  Society^  Yol.  xiv.  We 
give  here  only  some  of  the  more  prominent  features  of  the  ex- 
periment. 

The  torsion  rod  DC  was  very  small,  so  that  it  (jould  be  easily 
twisted.     Two  small  ])alls,  ^i,  A^,  were  suspended  from  the 


I 
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torsion  rod  by  a  light  cross-bar.  Two  large  balls,  E^  E^,  were 
placed  on  a  plank  which  turned  about  a  point  0  directly  under 
(7,  and  the  whole  so  arranged  that  the  centres  of  gi*avity  of  the 
four  balls  were  in  the  same  horizontal  plane.     The  apparatus 


Fig.  128. 


was  inclosed  in  a  small  room  so  as  to  exclude  currents  of  air, 
and  the  weights  E^  and  E2  were  moved  into  the  desired  posi- 
tions from  the  outside  of  the  room  by  means  of  mechanism  ex- 
tending into  the  room. 

The  weights  E^  and  E2  were  first  placed  nearly  at  i-ight 
angles  w^ith  the  rod  A^  A2,  when  the  latter  would  assume  some 
neutral  position  as  Ca.  The  balls  E1E2  were  then  brought 
quite  near  to  the  small  ones,  ^1,  ^2?  when  the  attraction  of  the 
former  drew  the  latter  from  their  neutral  position,  and  they 
oscillated  about  some  position  of  equilibrium  as  ^1  j^a-  The 
angle  aOB^  was  observed,  and  also  the  time  of  the  oscillation 
about  the  position  OB2. 

The  balls  were  then  changed  to  tlie  position  i^T^,  making 
the  angle  aOEi  as  nearly  equal  as  possible  to  aCE^ ;  but  it  was 
found  that  the  line  Ca  did  not  always  bisect  the  angle  E^,  CE^^ 
but  the  mean  of  many  readings  was  taken  as  the  most  probable 
value.  The  angle  E^CE^,  will  be  ctj  —  Og,  given  in  the  preced- 
ing Article. 

It  is  proved,  by  the  law  of  attraction,  that  the  attraction  of  a 
homogeneous  sphere  is  the  same  as  if  its  entire  mass  were  con- 
centrated at  the  centre  of  the  mass,  and  varies  inversely  as  the 
square  of  the  distance  from  the  centre. 

Let  Jf  =  the  mass  of  one  of  the  large  balls ; 
7n  =    "       "      "     "     ''     "    small  balls; 
16 
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Z>  =  the  distance  between  their  centres ;  and 

fjL    =  the  attraction  of  a  sphere  whose  mass  is  unity  upon 

another  unit  when  tlie   distance   between   their 

centres  is  unity ; 
then  the  force  of  attraction  of  the  mass  J/ upon  m  will  be 

and  this  is  the  value  of  F\w  the  last  equation  of  the  preceding 
Article.  But  there  being  two  balls  in  this  case,  the  moment  of 
this  attractive  force  will  be 

„     Mm 

which  (by  neglecting  the  attraction  of  the  large  ball  and  plank 
upon  the  rod  6^^2?  ^"^^  of  the  plank  upon  the  small  balls), 
equals  the  second  member  of  the  last  equation  of  the  preceding 
Article.     Hence, 

Mm. 


_     Mm,  J  .  ./irV 

2/*  -J^  ^  =  A  (at  -  «2)l  y7J 


Let  ^be  the  mass  of  the  e'arth,  H  its  radius,  and  g  the  force 
of  gravity,  then 

-2"  * 
Eliminating  ft,  and  making  7,  =  ?»(«'  -(-  f  r'),  we  have 

The  density  of  the  earth  is  thus  reduced  to  the  determination 
of  the  Oi  —  os  between  its  two  positions  of  equilibrium  when 


♦  In  Bailey's  experiments,  the  value  used  was 


in  which  c  is  the  ellij^ticity  of  the  earth ,  w?  the  ratio  of  the  centrifugal  force  at 
the  equator  to  equatorial  gravity,  and  X  the  latitude  of  the  place. 
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under  the  action  of  the  masses  in  their  alternate  positions,  and 
the  time  T  of  oscillation  of  the  torsion  rod.  To  observe  these, 
a  small  mirror  was  attached  to  the  rod  at  C^  with  its  plane 
nearly  perpendicular  to  the  rod.  A  scale  was  engraved  on  a 
vertical  plate  at  a  distance  of  108  inches  from  the  mirror,  and 
the  image  of  the  scale  formed  b}'  reflection  on  the  mirror  was 
viewed  in  a  telescope  placed  just  over  the  scale.  In  this  way 
an  angle  of  one  or  two  seconds  could  be  read. 

The  final  result  was  that  the  mean  density  of  the  earth  is 
5.6747  times  that  of  distilled  water  at  its  maximum  density. 

144.  Problem.     If  the  earth  were  a  homogeneous  sphere^  at 
what  jpoint  in  the  axis  must  it  he  struck^  and  what  momentum 
must  it  receive^  that  it  shall  have  a  velocity  of  translation  of 
V  and  of  rotation  ofcof 
Let  M  =  the  mass  of  the  sphere, 
li  =  its  i-adius, 
ki  =   V^i?  =  the   principal    radius   of  gyration.     (See 

Example  4,  page  174),  and 
a    =  the  distance  from  the  centre  to  the  point  where  the 
impulse  is  applied. 
The  momentum  must  be 

JfF, 

wherever  the  blow  is  applied.  The  moment  of  an  impulse 
being  the  same  as  the  moment  of  the  momentum,  we  have,  ac- 
cording to  equation  (155), 

m^oment  of  the  momentum 

O)  =  ~ r-. r : 

motnent  of  %nsrtia 
MY.a 


Ya 


...«  =  |A-f. 
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The  angular  velocity  of  the  earth  per  hour,  is 

27r  ^ 

24  ' 

and  the  linear  velocity  in  the  orbit  is 

68,000  miles  per  hour  nearly ; 

•  •  ""  ~  2,040,000  ^^  • 
Letting  B  =  4,000  miles,  we  have 

«  =  24  miles  nearly. 

145,  Problem.  A  homogeneous  disc  has  a  motion  of  trans- 
lation and  of  rotation  entirely  in  its  own  jplane^  when  suddenly 
any  point  in  the  disc  becomes  fixed  j  reqidred  the  angidar  velo- 
city about  the  fixed  point. 

Let  F=  the  velocity  of  translation  of  the  centre  of  the  disc ; 

o)  =  the  angular  velocity  about  the  centre ; 

p  =  the  perpendicular  distance  between  the  fixed  point 

and  the  line  of  motion  of  the  centre  at  the  instant 

that  the  point  becomes  fixed  ; 

r  =  the  distance  between  the  fixed  point  and  the  centre 

of  the  disc  ; 
ki  =  the  principal  radius  of  gyration  ;  and 
©1=  the  angular  velocity  about  the  fixed  point. 
Then 

_  moment  of  the  momentum, 
^  moment  of  inertia 

_Mlc^ay  +  MYp  ^ 

_  ki(o-\-  Vp 
If  F=  0,  we  have 
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If  the  centre  becomes  fixed,  we  liave  j?  =  0,  and  r  =  0,  and 

0)1  =  0). 

146.  Problem.  A  sphere  whose  radius  is  12  has  an  angular 
velocity  o),  and  gradually  contracts  until  its  radius  is  r  /  re- 
quired the  final  angular  velocity. 

We  will  assume  that  the  body  remains  liomogeneons  throngh- 
ont,  and  that  there  is  no  change  of  temperatnre,  and  that  the 
change  of  volume  is  due  simply  to  the  mutual  attraction  of  the 
particles  for  each  othei*,  which  is  supposed  to  draw  them  towards 
the  centre.  Then  will  the  kinetic  energy  of  the  l)od3'  remain 
constant. 

Let  ft)i  be  the  required  angular  velocity ;  then  we  have  from 
equation  (153) 

E 

,'.    ft).   =:  —  0). 

r 


CHAPTER    XI. 

GENERAL   EQUATIONS    OF   MOTION. 

147,  D'Alembekt's  Principle. — A  body  is  a  collection  of 
material  particles  held  together  bj  a  force  exerted  by  each  parti- 
cle upon  the  others.  Having  deduced  the  laws  of  action  for 
forces  acting  upon  a  single  particle,  the  direct  process  for  de- 
termining the  effect  of  forces  upon  a  body  of  finite  size,  appears 
to  be  to  consider  all  the  forces  which  act  upon  each  particle 
separately,  including  the  mutual  actions  and  reactions  of  the  par- 
ticles, thus  establishing  equations  for  each  particle  of  the  body, 
and  then  to  eliminate  the  terms  involving  the  actions  and  reac- 
tions. But  the  latter  are  generally  unknown.  Various  expedients 
were  resorted  to  by  the  ancient  mathematicians  to  reach  the  re- 
sulting equations,  but  the  principle  announced  by  D'Alembert 
greatly  simplified  the  operations,  and  in  many  cases  reduced  the 
establishment  of  the  equations  to  Statical  principles.  See 
Whewell's  History  of  the  Inductive  Sciences,  Yol.  I.,  p.  365. 

The  forces  which  produce  the  motion  of  a  body  may  be 
applied  at  only  a  few  points,  and  yet  produce  motion  in  every 
particle  of  it.  These  forces  are  called  imjoressed  forces.  If  we 
consider  the  particles  as  separated  from  each  other,  and  forces 
applied  to  them  which  will  produce  the  same  motion  that  they 
had  when  in  the  body,  the  latter  forces  are  called  effective 
forces.  The  effective  forces  will  then  produce  the  same  effect 
upon  the  body  as  the  impressed  forces.  D'Alembert's  principle 
consists  in  this,  that  if  a  system  of  forces,  equal  and  opposite 
to  the  EFFECTIVE  FORCES,  act  upofh  a  hody,  they  will  he  in  equili- 
hrium  with  the  impressed  forces. 

In  this  principle  no  assumption  has  been  made  in  regard  to 
the  character  of  the  mutual  actions  and  reactions  between  the 
particles,  and  hence  it  is  applicable  to  flexible  bodies  and  fluids, 
as  well  as  to  solids.     It  is  equivalent  to  assuming  that  the  forces 
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within  a  body  constitute  a  system  which  are  in  equilibrium 
among  themselves. 

148.    To  FIND  THE   GENERAL    EQUATIONS  OF   MOTION   OF   A  BODY. 

Let  a?i,  yi,  ;Si,  be  the  cocJrdinates  of  a  particle  whose  mass  is  r/?i ; 
Xi,  1^1,  Zi,  the  impressed  forces  parallel  to  the  respective  axes 
acting  upon  the  particle ;  and  a  similar  notation  for  the  other 
particles.  The  measure  of  the  accelerating  force  parallel  to  the 
axis  of  X  will  be 


nil 


and  if  a  force  equal  and  opposite  to  this  act  upon  the  particle 
there  will  be  equilibrium ;  hence  we  have 

Similarly, 

2  -  ^2  -^  =^  0  ;    Ta  -  ^2  -^  =  0  ;    Zg  -  mg  ^g-  =  0 ; 

and  similar  expressions  for  all  the  other  particles  of  the  body. 
But  if  5'X,  XY^  XZ^  be  the  sum  of  the  respective  axial  com- 
ponents of  the  imj[)ressed  forces^  then 

XX  =  Xi  +  X2  +  X3  +  etc. ; 

and  similarly  for  the  others.  Hence,  if  ni  be  the  mass  of  any 
particle  whose  coordinates  are  x,  y,  2,  at  the  time  t,  we  have 
according  to  D'Alembert's  principle 

and  similarly  for  the  others. 

Taking  the  moments  of  the  forces  in  reference  to  the  axis  of 
a?,  we  have,  in  precisely  the  same  way,  the  equation 

and  similarly  for  the  other  axis.  Hence,  we  have  the  follow- 
ing six  equations : — 
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tx-x 


m 


df 


0 


XY-X^^^O; 


XZ  —  Sm 


(164) 


S{Zy  -  Yz)-S  (myg  -  »»«g)  =  0; 

S{Xs-  Zx)-X(m3'^-mx'^^)  =  0;     j-    (165) 

S(r.-X,)-5(,«.f-myg)  =  0. 

Let  a?!,  2/i,  %,  be  the  coordinates  of  any  particle  of  the  body 
referred  to  a  movable  system  whose  origin 
remains  at  the  centre  of  the  mass,  and  whose 
axes  are  parallel  to  the  fixed  axes,  and 
X,  y,  3,  the  coordinates  of  the  centre  of  the  mass  referred 
to  the  fixed  origin  ; 
then  we  have 

X  =  X  +  Xi; 

Xmx  =  Xmx  +  XmXi ; 

d?x       ^     (Fx        ^     d^x^ 

But  the  origin  of  the  movable  system  being  at  the  centre  of 
the  mass,  we  have,  from  equations  i^Xa)  or  (84dx), 

Xmx^  =  0; 
d^x^ 

and  the  last  of  the  preceding  equations  becomes 
_     d}x       ^     d^x 


d}x  ^ 
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"ZSS 


since  -rw   is  a  common  factor  to  all  the  particles  m ;   but 
Zm  =  M\ 

and  similarly  for  the  others.      Hence,  equations  (164)  heeome 


M 


=  SX; 


Similarly,  in  equations  (165),  we  have 
_       cPz 


(166) 


«J2^ 


But  y  and  z  are  common  factors  in  their  respective  terms, 
therefore  the  expression  becomes 


-cU^ 


d?z^      d^ 


d'z^ 


y^^m  +  yXm-^+-^^^my,+  :Smy,^-; 


but, 


Jmyi  =  0 ; 


hence,  we  finally  have 


^       d^'z        -,,^d?z      ^        d?z^ 
Zmy  —  =  My^+  Xmy,  -^ 


df  ^  df 

and  similarly  for  other  terms.     In  this  way  the  first  of  equa- 
tions (165)  becomes 


'J         Y  dt^         dp) 
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Multiply  the  third  of  equations  (166)  bj  v/,  the  second  hy  2, 
subtract  the  latter  from  the  former,  and  we  have 


My 


d^ 
df 


M.§=.^Z, 


sr: 


which,  substituted  in  the  preceding  equation,  gives 

Dropping  S  before  X,  Y,  Z,  and  letting  those  letters  repre- 
sent the  total  axial  components  upon  the  e7itire  body,  and 
Zyi  —  Yzi^  etc.,  the  resultant  moments  of  the  applied  forces, 
we  have  the  six  following  equations : 


"§' 

^5= 

r; 

*S= 

z; 

(167) 


my,^^-mz,'^)  =  Zy.-Yz,; 


(168) 


Equations  (167)  do  not  contain  the  coordinates  of  the  point 
of  application  of  the  forces,  hence,  the  motion  of  translation 
of  the  centre  of  a  mass  is  independent  of  the  point  of  applica- 
tion of  the  force  or  forces  ;  or,  in  other  words,  it  is  indepen- 
dent of  the  rotation  of  the  mass. 

Equations  (168)  do  not  contain  the  coordinates  of  the  centre 
of  the  mass,  and  being  the  equations  for  rotation,  show  that 
the  rotation  of  a  mass  is  independent  of  the  translation  of  its 
centre. 
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These  equations  are  sufficient  for  determining  ail  the  circuui- 
stances  of  motion  of  a  free  solid.  In  their  further  use  the 
dashes  and  subscripts  will  be  omitted. 

149.  If  X,  Y,  Z,  are  zero,  we  have 
*d^x      dx 


/d^x      dx       ^       ^ 


and  similarly  for  the  others.      Transposing,  squaring,  adding 
and  extracting  the  square  root,  give 

Idx"  +  df  +  d^         , 

""  =  V  ^ =  ^C?+  a  +  CV,    (169) 

which,  being  constant,  shows  that  the  motion  of  the  centre  of  the 
mass  is  rectilinear  and  uniform. 

This  is  the  general  jprincvple  of  the  conservation  of  the 

CENTRE  OF  GRAVITY. 


CONSERVATION    OF   AREAS. 

150.  The  expression, 

ydx  —  xdy, 

is,  according  to  Article  112,  twice  the  sectoral  area  passed 
over  by  the  radius  vector  of  the  body  in  an  instant  of  time. 
Hence,  if 

^{mydx  —  mxdy)  =  dA^ ; 

differentiating,  we  find 

dj^x  d^yX  _  d^Ai 


^/      cCx  d^y\ 


df 


f 


If  there  are  no  accelerating  forces  m  — -^  .=  0  ;  and  similarly 

Cut 

for  the  others  ;  hence 

^i-n.  ^2_o.  ^^3_^ 

df  ~    '  dt'  ~     '  'df  ~     ' 

.-.  J-i  =  c{t ;        42  =  <^2i ;        ^3  =  c^t ;         (170) 
15 
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the  initial  values  being  zero.  These  are  the  projections  on  the 
coordinate  planes  of  the  areas  swept  over  by  the  radius  vector 
of  the  body.  They  establish  the  principle  of  the  conservation 
OF  AREAS.     That  is, 

In  any  system  of  hodies,  7nov%ng  without  accelerating  forces 
and  having  only  mutual  actions  upon  each  other ^  the  jprojectioiu 
on  any  plane  of  the  areas  swept  over  hy  the  radium  vector  are 
proportional  to  the  times. 


CONSERVATION   OF   ENERGY. 

151.  Multiply  each  of  equations  (167)  by  dt,  add  and  inte- 
grate, and  we  have 

Jf^  -  Mv^  =  2/(X^aj  +  Tdy  +  Zdz) ; 

and  for  a  system  of  bodies,  we  have 

^XiMv")  -  iX{Mv,^)  =  Sf{Xdx  +  Tdy  +  Zdz),     (171) 

The  second  member  is  integrable  when  the  forces  are  directed 
towards  fixed  centres  and  is  a  function  of  the  distances  between 
them. 

Let  «,  J,  G  be  the  coordinates  of  one  centre, 
<^ij  ^ij  ^ij  of  another,  etc. ; 
a?,  y^  z,  the  coordinates  of  the  particle  m  ; 
r,  7*1,  etc.,  be  the  distances  of  the  particle  from  the  res- 
pective centres; 
F,  Fi,  etc.,  be  the  forces  directed  towards  the  respective 
centres ; 
then,  resolving  the  forces  parallel  to  the  axes,  we  have 

X=  Fcoa  a  ■\-  Fi  cos  a  +  etc. 

^a  —  X       _  a^i  —  aj 

=  F +  i^i +  etc. ; 

r  r 

r  r 
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Multiplying  by  c^,  dy^  dz,  respectively,  and  adding,  we  have 

Xdx  +  Tdy  +  Zdz  =  F]^  ^^-^dx  +  -^^dy  +  ^-^dz  [ 

^F\<^iz:^ax^^-^-^dy^'^^dz\ 
y    n  n  ^1      ' 

+  etc. 
But  7^  =  («  -  ajf  +  (5  -2/)'  +  (o  -  zj ;  (172) 

and  by  differentiating,  we  find 

dr  =  — dx  — -dy dz  ; 

r  r  r 

similarly, 

a^—  X  ,        \  —  y  -,        ^1—^7 
dr^  =  - dx  - -dy  - dz  ; 

n  n  n 

etc.,  etc.,  etc. 

These  substituted  above,  give 

Xdx  +  Ydy  -\-  Zdz=  —Fdr-  F^dr^  -  F,dr^  -  etc. 

Therefore,  if  F,  etc.,  is  a  function  of  r,  etc.,  and  /*,  /ai,  etc., 
the  intensities  of  the  respective  forces  at  a  distance  unity  from 
the  respective  centres,  or 

F=ti<i>{r)', 

F,  =  fi,<l>{r,); 

etc.,      etc. ; 

the  second  member,  and  hence  the  first,  will  be  integrable. 

In  nature,  if  a  particle  m  attracts  a  particle  mi,  the  particle 
mi  will  attract  m,  each  being  a  centre  of  force  in  reference  to 
the  other,  and  both  centres  will  be  •movable  in  reference  to  a 
fixed  origin.  But  one  centre  may  be  considered  fixed  in  ref- 
erence to  the  other,  and  consequently  the  proposition  remains 
true  for  this  case. 

The  second  member  of  equation  (171)  being  integrated  be- 
tween the  limits  a?,  j^,  s  and  a?o,  y^,  2^,  we  have 

4^  {Ml?)  -  Z  {Mv,^)  =  ii:ficl>  {x,  y,  z)  -  -2></>  {xo,  yo,  ^o).  (173) 

Hence,  ^A^  gain  or  loss  of  living  force  of  a  system^  subject  to 
forces  directed  towards  fixed  centres  and  which  are  functions 
of  the  distances  from  those  centres,  is  indejpendent  of  the  jpath 


■i 
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described  hy  the  hodies^  and  depends  only  upon  the  position  left 
and  arrived  at  hy  the  bodies^  and  the  intensities  of  the  forces 
at  a  unifs  distance  from  the  respective  centres. 

Therefore,  when  the  system  returns  to  the  initial  position,  or 
to  a  condition  equivalent  to  tiie  original  one,  the  vis  viva  will 
be  the  same. 

From  equation  (171)  we  have 

The  gain  or  loss  of  vis  viva  in  passing  from  one  position  to 
another  equals  twice  the  worh  done  hy  the  impressed  forces. 
Let  TFo  =  the  work  done  by  the  impressed  forces  in  passing 
from  some  definite  point  (a^o?  yo?  ^o?)  to  an- 
other definite  point  (a?i,  yi,  ^i,) ;  and 
W  =  the  work  done  by  the  same  forces  in  passing  from 
the  first  point  to  any  point  {x,  y,  0,)  between 
the  two  former  ones  ; 
then  from  equation  (171),  he  have 

i2:(Mv,')  -  iZ( J/V)  =  TFo ; 
iJ(Jf^i^)  -  iS{M^)=W; 

and  substracting  the  latter  from  the  former,  gives 

kSiMv")  -  i^{Mvo')  =  Wo  —  W; 

or,  by  transposing, 

i2:{Mv')  +  W=  iS{Mvo')  +  Fo ; 

in  which  the  second  member  is  constant. 

The  first  term  of  the  first  member  is  the  kinetic  energy 
which  the  system  has  at  any  point  of  the  path,  and  the  second 
term  is  the  work  which  has  been  done  by  the  forces  upon  the 
body  and  has  become  latent,  or  potential ;  hence,  in  such  a 
system  the  sum  of  the  kinetic  and  potential  energies  is  con- 
stant. 

This  is  tJte  principle  of  the  conservation  of  energy  in 
theoretical  mechanics.  This  term  has  been  extended  so  as  to 
include  the  principle  of  the  transmutation  of  energy  as  estab- 
lished by  physical  science. 

If  a  portion  of  the  universe,  as  the  Solar  System  for  in- 
stance, be  separated  from  all  external  forces,  the  sum  of  the 
kinetic  and  potential  energies  will  remain  constant,  so  that  if 
the  kinetic  energy  diminishes,  the  potential  increases,  and  the 
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converse.     If  external  forces  act,  the   potential   and   kinetic 
energies  may  both  be  increased. 

To  be  more  specific,  suppose  that  the  earth  and  sun  consti- 
tute the  system,  the  sun  being  considered  the  centre  of  the 
force.  The  velocity  of  the  earth  will  be  greatest  when  nearest 
the  sun,  and  will  diminish  as  it  recedes  from  it.  While  reced- 
ing, the  amount  of  work  done  against  the  attractive  force  of 
the  sun  will  be 

^Mv'  ~  \Mvi^  =  -  TT; 
in  which  JtTis  the  mass  of  the  earth,  v^  the  maximum  velocity, 
and  V  the  velocity  at  any  point.     The  second  member  is  nega- 
tive because  the  first  member  is. 

When  the  earth  is  approaching  the  sun  the  velocity  is  in- 
creased and  the  living  force  is  restored,  and  the  kinetic  added 
to  the  potential  energy  is  constant. 

Again,  if  a  body  whose  weight  is  W  be  raised  a  height  h, 
the  work  which  has  been  done  to  raise  it  to  that  point  is  Wh, 
and  in  that  position  its  potential  energy  is  Wh.  If  it  falls 
freely  through  that  height  it  will  acquire  a  velocity  v  =^  V  ^gh, 

.',  Wh  =  ^v'  =  iM^ 
2g 

which  is  the  kinetic  energy. 

If  the  same  body  fall  through  a  portion  of  the  height,  say 
Ai,  its  kinetic  energy  will  be  Wh^  =  ^Mvi^  and  the  work  which 
is  still  due  to  its  position  is  W  {h—h]),  which,  at  that  instant, 
is  inert  or  potential. 

It  is  found,  however,  that  in  the  use  of  machines  or  other 
devices,  by  which  work  is  transmitted  from  one  body  to  another, 
all  the  work  stored  in  a  moving  body  cannot  be  utilized.  Thus, 
in  the  impact  of  non-elastic  bodies  there  is  always  a  loss  of 
living  force.     (See  Article  32.) 

This,  so  far  as  theoretical  mechanics  is  concerned,  is  a  loss, 
and  is  treated  as  such,  and  until  modern  Physical  Science 
established  the  correlation  of  forces  it  was  supposed  to  be 
entirely  lost.  But  we  know  that  in  the  case  of  impact  heat  is 
developed,  and  Joule  determined  a  definite  relation  between 
the  quantity  of  heat  and  the  work  necessary  to  produce  it,  and 
called  the  result  the  mechanical  equivalent  of  heat.     Further 
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investigations  show  that  in  every  case  of  a  supposed  loss  of 
energ}^,  it  may  be  accounted  for  in  a  general  way  by  the 
appearance  of  energy  in  some  other  form.  It  is  impossible  to 
trace  the  transformation  of  energy  as  it  appears  in  mechanical 
action,  friction,  heat,  light,  electricity, -megnetism,  etc.,  and 
prove  by  direct  measurements  that  the  sum  total  at  every 
instant  and  with  every  transformation  remains  rigidly  con- 
stant; but  by  means  of  careful  observations  and  measurements 
nearly  all  the  energy  in  a  variety  of  cases  has  been  traced  from 
one  mode  of  action  to  another,  and  the  small  fraction  which 
was  apparently  lost  could  be  accounted  for  by  the  imperfec- 
tions of  the  apparatus,  or  in  some  other  satisfactory  manner ; 
until  at  last  the  principle  of  the  conservation  of  energy  is 
recognized  to  be  a  law  as  universal  as  that  of  the  law  of  gravi- 
tation. The  exact  nature  of  molecular  energy  which  manifests 
itself  in  heat,  chemical  affinity,  etc.,  are  unknown,  but,  accord- 
ing to  the  general  law,  all  energy  whether  molecular  or  of 
finite  masses,  is  either  kinetic  ov jpotential;  that  is,  "Energy  of 
Motion,"  or  "  Energy  of  Position." 

COMPOSITION   OF    ROTARY   MOTIONS. 

152.  Let  the  angular  velocities  about  each  of  the  rectangular 
axes  of  the  movable  system  be  known,  it  is  required  to  find  the 
instantaneous  axis,  and  the  angular  velocity. 

Assume  any  point  of  the  body  and  observe  the  path  which  it 
describes.     Its  path  at  the  instant  will  be  perpendicular  to  the 

instantaneous  axis,  and  its  angular 
^     7        velocity  will  be  the  angular   velo- 
""."'T\|        city  required.      The  path  may  be 
^\      c      oblique   to  the  coordinate  planes. 
I  Let  it  be  projected  on  each  of  the 
;  planes,  and  let  ac  be  the  projection 
-i K  onxy.     Let 

(Ox,  (Oy,  (Oz, 


be  the  angular  velocities  about  the 
respective   axes.     Resolve  ac  par- 
allel to  X  and  y,  ab  being  the  former  component,  and  bo  the 
latter.     Then,   at  the  instant,  will  do  (or  its  equal  ab)  equal 
—  0)2^,  'dnd  ad  =  (OzX. 
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Similarly  in  regard  to  the  axis  of  y,  we  have 

and  in-  regard  to  a?, 

When  all  these  rotations  take  place  at  the  same  time,  we 
have,  by  adding  the  corresponding  velocities,  the  several  velo- 
cities along  the  axes 


(174) 


The  particles  on  the  instantaneous  axis  have  no  velocity  in 
reference  to  the  movable  origin,  hence 

^  _  0         ^  -  0         ^ 
dt  ~    '        dt  ~~    '        dt 


dx 
dt  " 

=  a)yS- 

-  ^zy\ 

dy 

dt  ' 

=  0)^- 

-©asS;     - 

dz 

Tt^ 

-oi^y- 

-  (jH^. 

0 


.*.  G)y3  —  ©82/  =  0,     (n^  —  ft)a^  =  0,     (a^y  —  (o^  =  0  ;  (175) 

which  are  the  equations  of  a  straight  line  through  the  origin, 
and  are  the  equations  of  the  instantaneous  axis.  Let  a,  /S,  7,  be 
the  angles  which  it  makes  with  the  axes  a?,  y,  3,  respectively, 
then  {Anal.  Geom.), 


cos  a 


V. 


(Ox 


~ — I ;    cos  ^  =     .'  g  , 


(liJ  + 


_  <gg 

To  determine  the  angular  velocity  of  the  body,  take  any 
point  in  a  plane  perpendicular  to  the  instantaneous  axis.  Let 
the  point  be  on  the  axis  of  aj,  and  from  it  erect  a  perpendicular 
to  the  instantaneous  axis,  and  we  have 


_^  =  a?  sm  a 


=  a?  V 1  —  cos^  a  =  A  /  — ^ — 5-^ — -. 


9S. 
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For  this  point  y=0  and  s  =  0  in  equations  (174),  and  we 
find  for  the  actual  velocity, 


F  = 


and  hence 


dt 


«  =  ;^  =  v'^- 


=:X    V^ 


COr 


'«n 


+  ft)/  +  0)/; 


(176) 


which  represents  the  diagonal  of  a  rectangular  parallelopipe- 
don,  of  which  the  sides  are  ca^,  ©y,  ©g. 

153,  Moments  of  rotation  of  the  centre  of  the  mass  alout 
the  fixed  axes. 

Multiply  the  second  of  equations  (167)  by  5,  the  third  by  ^, 
subtract  the  former  from  the  latter,  and  we  have 

^{^df-'d. 

Treating  the  equations  two  and  two  in  this  manner,  dropping 
the  dashes,  and  substituting  Zi,  J/i,  JVi,  for  the  second  mem- 
bers, we  have 


)  =  Zy 


M{y 


df 


,^/  dJ^x        d?z\ 


(177) 


These  equations  are  of  the  S2iuieform  as  equations  (168). 

MOTION    OF    A   BODY   DURING    IMPACT. 

1 54,  Motion  of  the  centre  of  the  masses.  The  second  mem- 
bers of  equations  (167)  are  the  accelerating  forces.  If  any  two 
of  the  bodies  collide,  they  being  free  in  other  respects,  the 
action  of  one  body  upon  the  other  is  equal  and  opposite  to  that 
of  the  latter  upon  the  former;  hence,  in  regard  to  the  system 
they  neutralize  each  other,  and  the  motion  of  the  centre  of  the 
masses  will  be  unaffected  by  the  collision.     If  there  are  no 
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accelerating  forces  the  velocity  of  the  centre  will  be  uniform 
and  in  a  straight  line,  as  shown  in  Article  140. 

To  find  the  velocity  of  tJie  bodies  after  impact  requires  a 
knowledge  of  their  physical  constitution.  See  Articles  28  and  29. 

155.  The  motion  of  rotation  of  the  centre  of  the  entire  mass 
about  the  origin  will  also  be  unaffected  by  the  coJlision,  when 
the  bodies  are  acted  upon  by  accelerating  forces ;  for,  the  mo- 
ments of  the  forces  due  to  the  collision  will  neutralize  each 
other,  and  the  second  members  of  equations  (177)  will  contain 
only  the  applied  forces. 

This  would  be  illustrated  by  the  impact  of  two  asteroids,  or 
in  the  bursting  of  a  primary  planet. 

But  the  rotation  produced  in  each  body  about  the  centre  of 
its  mass  depends  upon  the  moments  of  tlie  forces  applied  to  the 
body,  and  hence,  upon  the  moment  of  the  momentum  produced 
by  the  impact. 

CONSTRAINED    MOTION. 

156.  General  equations  of  rotation  about  a  fixed  jpoint. 
Take  the  origin  of  coordinates  at  the  fixed  point.     For  this 

case  equations  (164)  vanish.     Substitute  in  (165),  the  values  of 

d}x 

-^,  etc.,  obtained  from  (174),  and  reduce.     We  have 

d?x         d(Oy         dw^ 

de'^^~dt"~y~di  '^  ^y^^^y  ~  ^^^  ~  "^^^"^^  ~  "^^J ' 

and  similarly  for  the  others. 

Let  Z,  J/,  iV^,  be  substituted  for  the  last  term  respectively  of 
equations  (165),  and  substituting  the  above  values  in  the  last  of 
these  equations,  we  find 

4-  (wyO),  —  -~\  Xmxz, 
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The  other  two  equations  ma^^  be  treated  in  the  same  manner. 
But  they  are  too  complicated  to  be  of  use.  Since  the  position 
of  tlie  axes  is  arbitrary,  let  them  be  so  chosen  that 

Xmxy  =  0,         Xmxz  =  0,         ^rnyz  =  0  ;        (1T9) 
in  which  case  the  axes  are  called  principal  axes  ;  and  we  will 
show  in  the  next  article,  that,  for  every  point  of  a  body,  there 
are  at  least  three  principal  axes,  each  of  which  is  perpendicular 
to  the  plane  of  the  other  two. 

Let  a?i,  yi,  %,  be  the  principal  axes,  having  the  same  origin 
as  the  fixed  axes,  and 

A  =  ^m{y^-^z^),  the  moment  of  inertia  of  the  body  about  Xi ; 
B  =  Zmizi+Xi)^  moment  about  yi ; 
C  =  2m{x^  +  y^),  moment  about  Zi ; 

also  let  Wi,  ft)2,  ©3,  be  the  angular  velocities  about  the  respective 
axes  a!i,  yi,  and  %,  and  substituting  these  several  quantities  in 
(178),  we  have 


(180) 


These  are  called  Euler's  Equations. 

The  origin  of  coordinates  may  be  taken  at  the  centre  of  the 
mass,  and  as  the  rotation  about  that  point  is  the  same  whether 
that  point  be  at  rest  or  in  motion,  as  shown  at  the  bottom  of 
page  234,  equations  (180)  are  applicable  to  the  rotation  of  a 
free  body  when  acted  upon  by  forces  in  any  manner. 

PEINCIPAL    AXES. 

157.  At  every  point  of  a  hody  there  are  at  least  three  prin- 
cipal axes  perpendicular  to  each  other. 

When  three  axes  meeting  at  a  point  in  a  body  are  perpen- 
dicular to  each  other,  and  so  taken  that 

Xmxy  =  0,         Smyz  =  0,         Smzx  =  0  ; 
they  are  called  Principal  Axes. 


da>i 
■^  dt 

+  {G- 

-£) 

0)20)3  = 

^  dt 

+  {A- 

-C) 

0)sO)i  = 

M; 

^  dt 

+  {B- 

-A) 

0)iO)2  = 

N. 

[157.] 
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The  planes  containing  the  principal  axes  are  called  Principal 
Planes. 

The  moments  of  inertia  in  reference  to  the  principal  axes  at 
any  point  are  called  the  Principal  Moments  of  Inertia  for  that 
point. 

Let  OWhe  any  line  drawn  through  the  origin,  making  angles 
a,  /8,  7,  with  the  respective  coordinate  axes. 
First  find  the  moment  of  inertia  about  the 
line  0]^.  From  any  point  of  the  line  01^, 
erect  a  perpendicular,  iTP.  The  coordi- 
nates of  P  will  be  X,  y,  z.    Hence  we  have 

0N=  X  cos  a  +  y  cos  /3  +  2  cos  7  ; 
1  =  cos^a  +  cos^/3  +  cos^7. 


Fig.  128. 


The  moment  of  inertia  of  the  body  in  reference  to  0]S~^  will 
be 

1=  2w .  PN^  =  2m  (0P2  _  o]!f^) 

=  2m  ■{  (a;2  +  y^  +  z^  —  {x  COS  a  +  ^cosfi  +  z cos 7)^  }■ 

=  2m  -(  {x^+y^  +  z^)  (cos^o  +  cos^jS  +  cos^y)— (a;  cosa+ycoa&+z  cos  7)-  )■ 

=  2m  {y^  +  z^)  cos'^a  +  2m  {x^  +  2-)  cos^iS  +  2m  (a;'^  +  y'^)  cos-7 

—  2^myz  cos  j8  cos  7  —  22m2a;  cos  7  cos  a  —  2'S,mxy  cos  a  cos  ^ 

—A  COS-0+-B  cos^)3  +  C  C0S-7— 2i>  cos  jS  cos  7— 3^  cos  7  cos  a—2F  cos  o  cos  ^  ; 

in  which  A^B,  C'jhave  the  values  given  on  page  244,  and  D^E^F^ 
are  written  for  the  corresponding  factors  of  the  preceding 
equation. 

This  may  be  illustrated  geometrically.  Conceive  a  radius 
vector,  r,  to  move  about  in  space  in  such  a  manner  that  for  all 
angles  a,  y8, 7,  corresponding  to  those  of  the  line  ON^  the  square 
of  the  length  shall  be  inversely  proportional  to  the  moment  of 
inertia  of  the  body.     Then 


1= 


^ 


in  which  c  is  a  constant.     Hence,  the  polar  equation  of  the 

locus  is 

c 

r- 


-,=A  cos^a  +  Bcos'fi+Ccos^y—2D  cos  fi  cos  7— 2^ cos  7 cos  a— 2i^'cos  a  cos  j3. 


I 
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Multiplying  by  7^^  we  have 

c  =  Ax'  +  Bf+  a^  -  ^Dyz  -  ^Ezx  -  ^Fxy, 

which  is  the  equation  of  the  locus  referred  to  rectangular  coor- 
dinates, and  is  a  quadric.  Since  -4,^,  and  C  are  essentially 
positive,  it  is  the  equation  of  an  ellipsoid,  and  is  called  the 
momental  ellijpsoid.  Therefore,  the  moment  of  inertia  about 
every  line  which  passes  through  any  point  of  a  body  may  be 
represented  by  the  radius  vector  of  a  certain  ellipsoid.  But 
every  ellipsoid  has  at  least  three  principal  diameters,  hence 
every  material  system  has,  at  every  point  of  it,  at  least  three 
principal  axes. 

If  the  ellipsoid  be  referred  to  its  principal  diameters  the 
coeflicients  of  yz^  zx,  xy^  vanish,  and  the  equation  of  the  ellipsoid 
becomes 

c  =  Ax'  +  By''-^  Cz\ 

In  many  cases  the  principal  diameters  may  be  determined  by 
inspection.  Thus,  in  a  sphere  every  diameter  is  a  principal 
axis.  In  an  ellipsoid  the  three  axes  are  prhicipal  axes.  In  all 
surfaces  of  revolution,  the  axis  of  revolution  is  a  principal  axis, 
and  any  two  lines  perpendicular  to  each  other  and  to  the  axis 
of  revolution  are  the  other  two  principal  axes. 

158.  If  CO  hody  revolve  ahout  one  of  the  principal  axes  pass- 
ing through  the  centre  of  gravity  of  the  hody,  that  axis  will 
suffer  no  strain  from  the  centrifugal  force. 

Let  s  be  a  principal  axis,  about  which  the  body  rotates.  The 
centrifugal  force  of  any  particle  will  be 


771(0^ p  —  TYiaP-  Vx^  -4-  y^ ; 
which,  resolved  parallel  to  x  and  y,  gives 


may^y 


and  the  moments  of  these  forces  about  the  axis  of  z  are,  for  the 
whole  body, 

^m(o^xy,        :Sm(o^yx ; 
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but  these,  according  to  equations  (179),  are  zero.  If  the  body 
be  free  and  revolves  about  this  axis  it  will  continue  to  revolve 
about  it.  For  this  reason  it  is  called  an  axis  of  jperTnaiient  ro- 
tation. 

If  the  hody  he  free,  and  the  initial  rotation  be  not  about  a 
principal  axis,  the  centrifugal  force  will  cause  the  instantane- 
ous axis  to  change  constantly,  and  it  will  never  rotate  about  the 
permanent  axis.  If,  therefore,  we  observe  that  a  free  body 
revolves  about  an  axis  for  a  short  time,  we  infer  that  it  revolved 
about  it  from  the  beginning  of  the  motion. 

RELATION   BETWEEN   THE   FIXED   AXES   X,   y,   Z.  AND   THE   MOVING 
PRINCIPAL   AXES   a?i,   ^i,   ^j. 

159.  Take  the  origin  of  coordinates  at  the  fixed  point  O,  and 
let  it  be  the  centre  of  a  sphere  whose  radius  is  unity.  L-et  the 
line  of  intersection  of  the  planes  xy  and  x^y^  pierce  the  sphere 
in  the  points  P,  jPj,  and  let  X,  Xi,  etc.,  be  the  points  where 
the  respective  axes  pierce  the  surface  of  the  sphere.      Also,  let 

6  =  ZOZi,  being  the  angle  between  the  axes  3  and  Sj,  which 
is  also  the  angle  between  the  planes  xy  and 

(/)  =  POXi,  being  the  angle  between  the  line  PP^  and 

the  axis  x^ ; 
sjt  =  P  ox,  being  the  angle  between  the  line  PPi,  and  the 
axis  X. 
The   relation  between  the  parts  of  the  spherical  triangles 
formed  by  the  intersections  of  the  two  sets  of  coordinate  planes 
with  the  surface  of  the  sphere  gives  the  following  results  : — 

cos  (3  2i)  =  cos  6 ; 

cos  (2  Xi)  =  —  sin  ^  sin  (f) ; 

cos  {2  2/1)  =  —  sin  ^  cos  cf) ; 

cos  {y  2i)  =  sin  6  cos  yjr ; 

cos  (y  2/1)  =  sin  </>  sin  i/r  +  cos  0  cos  yjr  cos  6  ; 

cos  {y  aJi)  =  —  cos  (/>  sini|r  +  sin  </>  cos i/r  cos  0. 

160.  Pelations  hetween  the  angular  velocities  about  the 
several  rectangular  axes. 
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Conceive  the  body  to  be  rotated  a  small  amount  about  the 
axis  Xi,  then  about  y^,  and  finally  about  ^i,  and  that  the  rota- 
tions represent  the  rates  Wi,  0)2,  0)3.  It  is  required  to  find  the 
relations  between  these  angular  velocities  and  6,  (f>,  i/r.  The 
arcs  described  on  the  sphere  by  the  points  Xi,  Yi,  and  Zi  will 
be  the  angular  distances  described  by  the  axes. 

The  new  position  of  the  point  Zi  may  be  considered  as  hav- 
ing been  reached  by  moving  directly  away  from  Z  a  distance 
represented  by  dd,  and  then  moving  perpendicularly  away  from 
the  plane  ZZ^  on  the  arc  of  a  small  circle,  the  length  of  which 
will  be  dyjr  sin  6.  The  rotation  of  the  body  about  the  axis  of  2^ 
will  evidently  not  affect  either  of  these  quantities. 

The  rate  of  rotation  about  a?i,  projected  on  the  plane  zs^, 

will  be 

G)i  cos  <!> ; 

and,  similarly,  the  rate  about  2/1,  projected  on  the  same  plane, 

will  be 

6)2  sin  (f> ; 

and  the  sum  of  these  will  be  the  rate  of  increase  of  6 ;  hence, 
we  have 

-—  z=z  (Oy  cos  9  +  0)3  sm  9. 
ctt 

Resolving  the  same  rates  perpendicularly  to  the  plane  zz^, 
observing  that  the  resultant  rate  will  be  the  difference  of  the 
components,  we  have 

sin  6  -~=^  —  ft)i  sin  <l>  +  (o^  cos  (/>. 
cct 

The  rate  of  rotation  about  %  will  be  W3,  and  would  equal 

/JO 

-—  if  the  line  PP^  had  not  changed  its  position  ;  but  the  rota- 

€ut 

tions  about  the  other  principal  axes  has  moved  that  an  amount 
equal  to  <^i|r,  which,  projected  on  the  plane  x^yi^  gives  d'^  cos  6, 
Hence,  we  have 

dd  dylr        . 
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From  these  we  find,  by  eliiniiiatioii  and  transformation, 

d6       ,      d^ 

-r  cos  0 ; 

dt        ^       dt 


dS        ,       ^^^  •    zj  •     . 
G)i  =  -J-  COS  (p 7  Sin  o  sm  9  ; 


0)2 


=  -J-  sm  (p  -\ — 77  sm  0  COS  d? ; 
dt  dt 


d^lr       .      dd 
a,3  =  Jcos^Hh^^^ 


The  equations  in  Articles  156,  159,  and  160  may  be  used  in  the  solution!  of 
such  problems  as— The  Motion  of  a  Top  on  a  perfectly  rough  plane,  or,  in 
other  words,  the  motion  of  a  top  in  which  the  point  on  which  it  rests  is  fi.ii(;d  ; 
—  The  Motion  of  a  Top  on  a  perfectly  smooth  horizontal  plane; — The  Motion 
of  a  Gyroscope  ; — The  Motion  of  the  Earth  about  its  centre,  considered  as  an 
ellipsoid  of  revolution,  and  acted  upon  by  the  attractive  forces  of  the  planets ; 
and  other  similar  problems. 
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HATFIELD.  THE   AMERICAN  HOUSE    CARPENTER,      A  Treatise 

upon  Architecture,  Cornices,  and  Mouldings,  Framing,  Doors, 
Windows,  and  Stairs  ;  together  with  the  most  important 
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8vc $3  50 

**>  THE    THEORY  OF  TRANSVERSE   STRAINS,  and  its 

Application  to  the  Construction  of  Buildings,  including  a 
full  Discussion  of  the  Theory  and  Construction  of  Floor 
Beams,  Girders,  Headers,  Carriage  Beams,  Bridging, 
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Columbia  College.     8vo,  cloth $2  i-\ 

NORTON.  A   TREATISE    ON    ASTRONOMY,    SPHERICAL   AND 
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cloth $3  50 

4.  ELEMENTS  OF  MACHINE  CONSTRUCTION  AND  DRAW- 
ING ;  or,  Machine  Drawings.  With  some  elements  of  descrip- 
tive and  rational  cinematics.  A  Text-Book  for  Schools  of 
Civil  and  Mechanical  Engineering,  and  for  the  use  of  Me- 
chanical Establishments,  Artisans,  and  Inventors.  Containing 
the  principles  of  gearings,  screw  propellers,  valve  motions,  and 
governors,  and  many  standard  and  novel  examples,  mostly  from 
present  American  practice.  By  S.  Edward  Warren.  2  vols. 
8vo.     1  voL  text  and  cuts,  and  1  voL  large  plates. . .    .  $7  60 

BTONE  CUTTING.  A  Treatise  on  the  Graphics  and  Practice 
of  Stone  Cutting,  for  Engineers,  Architects,  Masons,  and 
Students.     1  vol.  8vo,  plates $2  50 

A  FEW  FROM  MANY  TESTIMONIALS. 

**  It  seems  to  me  that  your  Works  only  need  a  thorough  examination  to  be  intro- 
duced and  permanently  used  in  all  the  Scientific  and  Engineering  Bchoola." 
— Pi^of .  J.  G.  FOX,  Collegiate  and  Engineering  Institute,  Jfew  York  City. 

••I  have  used  several  of  your  Elementary  Works,  and  believe  them  to  be  better 
adapted  to  the  purposes  of  instruction  than  any  others  with  which  I  am 
acquainted."— H.  F.  WALLING,  Prof,  of  Civil  and  Topographical  Engi- 
fieering,  Lqfat/ette  College,  Easton,  Pa. 

"The  author  has  happily  divided  the  subjecti  into  two  ^eat  portions :  the  formet 
embracing  those  processes  and  problems  proper  to  be  taught  to  all  studenta  io 
Institutions  of  Elementary  Instruction ;  the  latter,  those  suited  to  advanced 
eCadents  preparing  for  technical  purposes.  The  Elementary  Books  ought  to 
be  used  in  all  High  Schools  and  Academies ;  the  Higher  ones  in  Schoola  ol 
Tteohnology."— WM.  W.  FOLWBLL,  PreHdent  of  UniveraUti  qf  Minnenota. 
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DYEING,  &c. 

CALVERT.  DYEING    AND    CALICO    PRINTING.      By    C.    Calvert. 

Edited  by  Dr.  Stenhouse  and  C.  E.  Groves.     Illustrated  with 

wood  engravings  and  specimens  of  printed  and  dyed  fabrics. 

(Ready  in  October.)     1  vol.  8vo $8  OQ 

MACFARLANE.  A  PRACTICAL  TREATISE  ON  DYEING  AND  CALICO- 
PRINTING.  Including  the  latest  Inventions  and  Improve- 
ments. With  an  Appendix,  comprising  definitions  of  chemical 
terms,  with  tables  of  Weights,  Measures,  &c.  By  an  expe- 
rienced Dyer.  With  a  supplement,  containing  the  most 
recent  discoveries  in  color  chemistry.  By  Robert  Macf arlane. 
1  vol.  Svo $5  00 

R  El  MANN  A  TREATISE  ON  THE  MANUFACTURE  OF  ANILINE 

AND  ANILINE  COLORS.  By  M.  Reimann.  To  which 
is  added  the  Report  on  the  Coloring  Matters  derived  from 
Coal  Tar,  as  shown  at  the  French  Exhibition,  1867.  By  Dr. 
Hofmann.  Edited  by  Wm.  Crookes.  1  vol.  8vo,  cloth,  $2  50 
**Dr.  Reimann's  portion  of  the  Treatise,  written  in  concise  language,  is  profoundly 
practical,  giving  the  minutest  details  of  the  processes  for  obtaining  all  the 
more  important  colors,  with  woodcuts  of  apparatus.  Taken  in  conjunction 
with  Hofmann's  Report,  we  have  now  a  complete  hiBtory  of  Coal  Tar  Dyed, 
both  theoretical  and  practical." — Chemist  arid  Druggist. 

ENGINEERING. 
AUSTIN  A  PRACTICAL  TREATISE  ON  THE  PREPARATION, 
COMBINATION,  AND  APPLICATION  OF  CALCA- 
REOUS AND  HYDRAULIC  LIMES  AND  CEMENTS. 
To  which  is  added  many  useful  recipes  for  various  scientific, 
mercantile,  and  domestic  purposes.  By  James  G.  Austin. 
1  vol.  12mo $2  00 

COLBURN  LOCOMOTIVE  ENGINEERING  AND  THE  MECHAN- 

ISM  OF  RAILWAYS.  A  Treatise  on  the  Principles  and 
Construction  of  the  Locomotive  Engine,  Railway  Carriages, 
and  Railway  Plant,  with  examples.  Illustrated  by  Sixty-four 
large  engravings  and  two  hundred  and  forty  woodcuts.  By 
Zerah   Colbum.     Complete,   20  parts,    $15.00;    or  2  vols. 

cloth $16  00 

Or,  half  morocco,  gilt  top $20  00 

DU  BOIS.  ELEMENTS    OF    GRAPHICAL    STATICS,  and  their 

Application  to  Framed  Structures,  etc.  Cranes ;  Bridge, 
Roof,  and  Suspension  Trusses;  Braced  and  Stone  Arches; 
Pivot  and  Draw  Spans ;  Continuous  Girders,  etc.  By  A.  J. 
Du  Bois,  C.E.,  Ph.D.     2  vols.  Svo,  1  vol.  text  and  1  vol. 

plates $5  00 

HYDRAULICS  AND  HYDRAULIC  MOTORS.  Trans- 
lated from  Vol.  II.  Weisbach's  Mechanics.  By  Prof.  A. 
Jay  Du  Bois.     1  vol.  8vo,  illustrated. 

««  THEORY    OF   STEAM   ENGINE.    Translated  from  Vol. 

II.  Weisbach's  Mechanics.  By  A.  J.  Du  Bois.  1  vol.  Svo, 
illustrated, 

«  IRON  AND  STEEL,  CALCULATIONS  OF  STRENGTH 

AND  DIMENSIONS  OP.  Translated  from  Prof.  Jacob 
Weyrauth's  Work.  By  Prof.  A.  Jay  Du  Bois.  1  vol.  Svo, 
illustrated. 

HERSCHEL  A  HANDBOOK  FOR  BRIDGE  ENGINEERS.    By  C. 

Herschel.  In  3  vols.  Each  vol.  complete  in  itself.  Vol.  L 
Straight  and  Beam  Bridges.  Vol,  II.  Suspension  and  Arched 
Bridges,  Vol.  III.  Stone  Bridges;  Bridge  Piers  and  their 
Foundations. 

MAHAN.  AN  ELEMENTARY  COURSE  OF  CIVIL  ENGINER- 
ING,  for  the  use  of  the  Cadets  of  the  U.  S.  Military  Academy. 
By  D,  H.  Mahan,  1  vol.  Svo,  with  numerous  illustrations, 
and  an  Appendix  and  general  Index.  Edited  by  Prof.  De 
Volson  Wood.     Full  cloth $5  00 
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MAHAN  DESCRIPTIVE  GEOMETRY,  as  applied  to  the  Drawing  of 
Fortifications  and  Stone  Cutting.  For  the  use  of  the 
Cadets  of  the  U.  S.  Military  Academy,  By  Prof.  D.  H. 
Mahan.     1  vol.  8vo.     Plates $1  50 

A  TREATISE  ON  FIELD  FORTIFICATIONS.  Contain- 
ing instructions  on  the  Methods  of  Laying  out,  Construct- 
ing, Defending,  and  Attacking  Entrenchments.  With  the 
General  Outlines,  also,  of  the  Arrangement,  the  Attack, 
and  Defence  of  Permanent  Fortifications.  By  Prof.  D.  H. 
Mahan,  New  edition,  revised  and  enlarged.  1  vol.  8vo, 
full  cloth,  with  plates $3  50 

«  ELEMENTS  OF  PERMANENT  FORTIFICATIONS.  By 

Prof.  D.  H.  Mahan.  1  vol.  8vo,  with  numerous  largo 
plates.     Revised  and  edited  by  Col.  J.  B.  Wheeler. .  .$6  50 

MAHAN.  ADVANCED  GUARD,  OUT-POST,  and  Detachment  Sorvloi 

of  Troops,  with  the  Essential  Principles  of  Strategy  and 
Grand  Tactics.  For  the  use  of  Officers  of  the  Militia  and 
Volunteers.     By  Prof.  D.   H.   Mahan.     New  edition,  with 

large  additions  and  12  plates.     1  vol.  18mo,  cloth $1  50 

VtAHAN  MECHANICAL     PRINCIPLES     OF     ENGINEERING 

&  MOSELY.  AND  ARCHITECTURE.    By  Henry  Mosely,  M.  A.,  F.R.S. 

From  last  London  edition,  with  considerable  additions,  by 

Prof.  D.  H.  Mahan,  LL.D.,  of  the  U.  S.  Military  Academy. 

1  vol.  8vo,  700  pages.    With  numerous  cuts.     Cloth. .  .$5  00 

MAHAN  HYDRAULIC  MOTORS.     Translated  from  the  French  Cour« 

&  BRESSE.  de  Mecanique,  appliquee  par  ]\I.  Bresse.      By  Lieut.  F.  A. 

Mahan,  and  revised  by  Prof.  D.   II.  IMahan,     1  vol.  8vo, 

plates.    New  Edition,  1876 $2  50 

WOOD.  A    TREATISE    ON    THE    RESISTANCE    OF    MATE- 

RIALS,  and  an  Appendix  on  the  Preservation  of  Timber. 
By  De  Volson  Wood,  Professor  of  Engineering,  University  of 

Michigan.     1  vol.  8vo,  cloth $3  00 

A  TREATISE  ON  BRIDGES.  Desired  as  a  Text-book  and 
for  Practical  Use.  By  De  Volson  Wood.  1  vol.  8vo,  nume- 
rous  illustrations,  cloth $3  00 


MAHAN 
SEARLE 
WARREN 


'GEOMETRY. 

DESCRIPTIVE  GEOMETRY.  As  applied  to  the  Drawing 
of  Fortifications  and  Stone  Cutting.  By  Prof.  D.  H. 
Mahan.     8vo,  plates,  cloth $1  50 

ELEMENTS  OF  GEOMETRY.  By  G.  M.  Searle,  C.  S.  P., 
formerly  Assistant  Professor  U.  S.  Naval  Academy,  &c. 
8vo,  cloth 

DESCRIPTIVE  GEOMETRY,  OR  GENERAL  PROB- 
LEMS OF  ORTHOGRAPHIC  PROJECTIONS.  1  vol. 
8vo,  24  folding  plates,  cloth $3  50 

PLANE  PROBLEMS  ON  ELEMENTARY   GEOM- 
ETRY.    12mo 1  25 


GREEK. 

BAGSTER  GREEK  TESTAMENTS,  ETC.      The  Critical  Greek  and 

English  New  Testament  in  Parallel  Columns,  consisting 
of  the  Greek  Text  of  Scholz,  readings  of  Griesbach,  etc., 

etc.     1  vol.  18mo,  half  morocco :  $2  50 

«<  do.  Full  morocco,  gilt  edges 4  50 

With  Lexicon,  by  T.  S.  Green.     Half  bound 4  00 

"  do.    Full  morocco,  gilt  edges 6  00 

GREEK    AND    ENGLISH   TESTAMENT.     Lexicon  and 

Concordance.     Half  bound $5  00 

«<                      Morocco  limp,  $G. 50;    morocco  flaps,  $7.00 ;    mo- 
rocco, projecting  edges,  calf  lined 7  50 
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GREENFIELD 
GREEN 


GREEN 


BAGSTER  THE  ANALYTICAL  GREEK  LEXICON  TO  THE  NEW 
TESTAMENT.  In  which,  by  an  alphabetical  arrange- 
ment, is  found  every  word  in  the  Greek  text  m  every  form 
in  ivhich  it  appears — that  is  to  say,  every  occurrent  person, 
number,  tense  or  *mood  of  verbs,  every  case  and  number 
of  nouns,  pronouns,  &c.,  and  is  placed  in  its  alphabetical 
order,  fully  explained  by  a  careful  grammatical  analysis 
and  referred  to  its  root. 
1  vol.  small  4to,  half  bound, $6  50 

GREEK   TESTAMENT.       By  Griesbach  and    Greenfield. 

32mo.  Half  bound SI  75 

DITTO.    With  Lexicon.    32mo,  half  bound $2  25 

GREEK  LEXICON.  (Polymicrian).  32mo,  half  bound,  $1  00 

GREEK-ENGLISH   LEXICON    TO    TESTAMENT.      By 

T.  S.  Green.     Half  morocco $1  50 

HEBREW  AND  CHALDEE. 

A  GRAMMAR  OF  THE  HEBREW  LANGUAGE.  With 
copious  Appendixes.  By  W.  H.  Green,  D.D.,  Prof,  in 
Princeton  Theological  Seminary.    1  vol.  8vo,  cloth,  $3  50 

AN  ELEMENTARY  HEBREW  GRAMMAR.  With 
Tables,  Beading  Exercises,  and  Vocabulary.  By  Prof.  W. 
H.  Green,  D.D.      1  vol.  12mo,  Cloth $1  25 

HEBREW  CHRESTOMATHY;  or.  Lessons  in  Beading 
and  Writing  Hebrew.  By  Prof.  W.  H.  Green,  D.D.  1  vol. 
8vo,  cloth $2  00 

*LETTERIS  A   NEW    AND    BEAUTIFUL    EDITION  OF  THE  HE- 

BREW BIBLE.  Kevised  and  carefully  examined  by  Myer 
Levi  Letteris.    1  vol.  8vo,  with  key,  marble  edges.    $2  50 

LUZZATTO  GRAMMAR    OF    THE    BIBLICAL    CHALDAIC   LAN- 

GUAGE AND  THE  TALMUD  BABLI  IDIOMS.      By 

S.    D.    Luzzatto.     Translated  by  Dr.   J.  S.   Goldammer, 
Babbi.     1  vol.  12mo,  cloth $1  50 

BAGSTER'S  BAGSTERS    COMPLETE    EDITION    OF  GESENIUS' 

GESENIUS  HEBREW    AND    CHALDEE    LEXICON.      In  large, 

clear  and  perfect  type.  Translated  and  edited  with 
additions  and  corrections,  by  S.  P.  Tregelles,  LL.D. 

SmaU  4to,  half  bound $7  00 

*BAGSTER'S.  ANALYTICAL  HEBREW  ANL  CHALDEE  LEXICON 
With  an  Alphabetical  Arrangement  of  every  Word  in  Old 
Testament,  &c.,  &c.  By  B.  Davidson.  1  vol.  small  4to, 
half -bound $11.00 

NEW  POCKET  HEBREW  AND  ENGLISH  LEXICON 

The  arrangement  of  this  Manual  Lexicon  combines  two 
things — the  etymological  order  of  roots  and  the  alphabetical 
order  of  words.  This  arrangement  tends  to  lead  the  learner 
onward;  for,  as  he  becomes  more  at  home  with  roots  and 
derivatives,  he  learns  to  turn  at  once  to  the  root,  without  first 
searching  for  the  particular  word  in  its  alphabetic  order.     1 

vol.  18mo,  cloth $2  00 

"This  is  the  most  beautiful,  and  at  the  same  time  the  most  correct  and  perfect 
Manual  Hebrew  Lexicon  we  have  ever  used." — Ecleclic  lieview. 


BODEMANN. 


CROOKES. 


IRON,  METALLURGY,  &c. 

A  TREATISE  ON  THE  ASSAYING  OF  LEAD,  SILVER, 
COPPER,  GOLD,  AND  MERCURY.  By  Bodemann  & 
Kerl     Translated  b/  W.  A.  Goodyear.     1  vol.  12mo,  $3  50 

A  PRACTICAL  TREATISE  ON  METALLURGY.  Adap- 
ted from  the  last  German  edition  of  Prof.  Kerl's  Metallurgy. 
By  William  Crookes  and  Ernst  Rohrig.     In  three  vols,  thick 

8vo.     Price $30  00 

Separately.    Vol.  1.  Lead,  Silver,  Zinc,  Cadmium,  Tin,  Mer- 
cury, Bismuth,  Antimony,  Nickel,  Arsenic,  Gold,  Platinum, 

and  Sulphur $10  00 

Vol.  2.  Copper  and  Iron 10  00 

V'ol.  3.   Steel,  Fuel,  and  Supplement 10  00 
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FAIRBAIRN 

FRENCH. 
KIRKWOOD 

SVEDELIUS 
WEYRAUTH 


DUN  LAP.  WILEY'S  AMERICAN  IRON  TRADE  MANUAL  of  th« 

leading  Iron  Industries  of  the  United  States.  With  a 
description  of  the  Blast  Furnaces,  Rolling  Mills,  Bessemer 
St<^el  Works,  Crucible  Steel  Works,  Car  Wheel  and  Car 
Works,  Locomotive  Works,  Steam  Engine  and  Machine 
Works,  Iron  Bridge  Works,  Stove  Foundries,  &c.,  giving 
their  location  and  capacity  of  product.  With  some  account 
of  Iron  Ores.  By  Thomas  Dunlap,  of  Philadelphia.  1  vol. 
4to.     Price  to  subscribers $7  50 

CAST  AND  WROUGHT  IRON  FOR  BUILDING.  By 
Wm.  Fairbairn.     8vo,  cloth $2  00 

HISTORY  OF  IRON  TRADE,  FROM  1621  TO  1857.  By 
B.  F.  French.     8vo,  cloth $2  00 

COLLECTION  OF  REPORTS  (CONDENSED)  AND 
OPINIONS  OF  CHEMISTS  IN  REGARD  TO  THE 
USE  OF  LEAD  PIPE  FOR  SERVICE  PIPE,  in  the 

Distribution  of  Water  for  the   Supply  of  Cities.     By  I.  P. 
Kirkwood,  C.E.     8vo,  cloth $1  50 

HAND-BOOK  FOR  CHARCOAL  BURNERS.  Translated 
from  the  Swedish  by  Prof.  K.  B.  Anderson,  and  edited  by 
Prof.  W.  J.  L.  Nicodemus,  C.  E.  1  vol.,  12mo.  Plates. 
Cloth, $1.50 

IRON  AND  STEEL,  STRENGTH  AND  DIMENSIONS, 
CALCULATIONS  OF.  By  Prof.  Jacob  Weyrauth. 
Translated  by  Prof.  A.  Jay  DuBois.     Svo.  Plates. 

MACHINISTS,  &.C. 

FITZGERALD  THE  BOSTON  MACHINIST.  A  complete  School  for  the 
Apprentice  and  Advanced  Machinist.  By  W.  Fitzgerald.  1 
vol.  ISmo,  cloth $0  75 

riOLLY.  SAW  FILING.  The  Art  of  Saw  Filing  Scientifically  Treated 
and  Explained.  With  Directions  for  putting  in  order  all  kinds 
of  Saws,  from  a  Jeweller's  Saw  to  a  Steam  Saw-mill.  Illus- 
trated by  forty-four  engravings.  Third  edition.  By  H.  W. 
HoUy.     1  vol  ISmo,  cloth $0  75 

TURNING,  &c.  LATHE,  THE,  AND  ITS  USES,  ETC.;  or,  tnstrucUon  in 
the  Art  of  Turning  Wood  and  Metal.  Including  a  descrip- 
tion of  the  most  modem  appliances  for  the  ornamentation  of 
plane  and  curved  surfaces,  with  a  description  also  of  an 
entirely  novel  form  of  Lathe  for  Eccentric  and  Rose  Engine 
Turning,  a  Lathe  and  Turning  Machine  combined,  and  other 
valuable  matter  relating  to  the  Art.  1  vol.  Svo,  copiously 
illustrated.      Including  Supplement.     Svo,  cloth $7  00 

"The  most  complete  work  on  the  subject  ever  published." — AmertcaJi  Artisan. 

"  Here  is  an  invaluable  book  to  the  practical  workman  and  amateur." — London 
Weekly  limes. 

MANUFACTURES. 

BOOTH.  NEW  AND  COMPLETE  CLOCK  AND  WATCH 
MAKERS'  MANUAL.  Comprising  descriptions  of  the 
various  gearings,  escapements,  and  Compensations  now  in 
use  in  French,  Swiss,  and  English  clocks  and  watches.  Patents, 
Tools,  etc. ,  with  directions  for  cleaning  and  repairing.  With 
numerous  engravings.  Compiled  from  the  French,  with  an 
Appendix  containing  a  History  of  Clock  and  Watch  Making  in 
America.  By  Mary  L.  Booth.  With  numerous  plates.  1 
vol.  12mo,  cloth $2  00 

CELDARD.  HANDBOOK  ON  COTTON  MANUFACTURE;  or,  A 
Guide  to  Machine-Building,  Spinning,  and  Weaving. 
With  practical  examples,  all  needful  calculations,  and  many 
useful  and  important  tables.  The  whole  intended  to  be  a 
complete  yet  compact  authority  for  the  manufacture  of 
cotton.  By  James  Geldard.  With  steel  engravings.  1  vol. 
12mo,  cloth $3  50 
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MAGNUS 


WILLIS 


BULL. 


FRANCKE 


GREEN 


GREEN 


VON  DUBEN. 


MECHANICS. 

LESSONS  IN  ELEMENTARY  MECHANICS.  Intro- 
ductory to  the  study  of  Physi(;al  Science.  Designed  for 
the  use  of  Schools,  etc.  By  Pliilip  Magnus.  With  Emen- 
dations and  Preface  by  Prof.  Do  Volson  AVood.  With 
numerous  examples  and  121  wood  engravings,  18m o, 
cloth $1.50 

PRINCIPLES  OP  MECHANISM.  Designed  for  the  uso 
of  Students  in  the  Universities  and  for  Engineering  Stu- 
dents generally.  By  llobert  Willis,  M.D.,  F.R.S.,  Presi- 
dent of  the  British  Association  for  the  Advancement  of 
Science,  &c.,  &c.    Second  edition,  enlarged.     1  vol.  8vo, 

cloth $7  50 

*^*It  ought  to  be  In  every  large  Machine  Workshop  Office,  In  every 
School  of  Mechanical  Engineering  at  least,  and  in  the  hands  of  every 
Professor  of  Mechanics,  &c.— Prof.  S.  EDWARD  WARREN. 

THE    ELEMENTS    OF    ANALYTICAL    MECHANICS. 

With  numerous  examples  and  illustrations.  For  use  in 
Scientific  Schools  and  Colleges.  By  Prof.  De  Volson 
Wood.  With  numerous  wood  engravings.   8vo,  cloth,  $3  00 

PRINCIPLES  OF  ELEMENTARY  MECHANICS.  Fully 
illustrated.     12mo,  cloth.     {In  preparation.) 

MEDICAL,  &c. 

HINTS  TO  MOTHERS  FOR  THE  MANAGEMENT  OF 
HEALTH  DURING  THE  PERIOD  OF  PREG- 
NANCY, AND  IN  THE  LYING-IN  ROOM.  With  an 
exposure  of  popular  errors  in  connection  with  those  subjects. 
By  Thomas  BuU,  M.D.     1  vol.  12mo,  cloth $1  00 

OUTLINES  OF  A  NEW  THEORY  OF  DISEASE,  applied 
to  Hydropathy,  showing  that  water  is  the  only  true  remedy. 
With  observations  on  the  errors  committed  in  the  practice  of 
Hydropathy,  notes  on  the  cure  of  cholera  by  cold  water,  and 
a  critique  on  Priessnitz's  mode  of  treatment.  Intended  foi 
popular  use.  By  the  late  H.  Francke.  Translated  from  the 
German  by  Robert  Blakie,  M.D.     1  vol.  12mo,  cloth. .  .$1  50 

A  TREATISE  ON  DISEASES  OF  THE  AIR  PASSAGES. 

Comprising  an  inquiry  into  the  History,  Pathology,  Causes, 
and  Treatment  of  those  Affections  of  the  Throat  called  Bron 
chitis,  Chronic  Laryngitis,  Clergyman's  Sore  Throat,  etc. ,  eta 
By  Horace  Green,  M.  D.  Fourth  edition,  revised  and  enlarged. 
1  vol.  8vo,  cloth $3  00 

A  PRACTICAL  TREATISE  ON  PULMONARY  TUBER. 
CULOSIS,  embracing  its  History,  Pathology,  and  Treat- 
ment. By  Horace  Green,  M.D.  Colored  platea  1  vol.  8vo, 
doth. $5  00 

OBSERVATIONS  ON  THE  PATHOLOGY  OP  CROUP 
With  Remarks  on  its  Treatment  by  Topical  Medications.  5y 
Horace  Green,  M.D.     1  vol.  8vo,  cloth $1  25 

ON  THE  SURGICAL  TREATMENT  OF  POLYPI  OF 
THE  LARYNX,  AND  CEDEMA  OF  THE  GLOTTIS. 
By  Horace  Green,  M.D.     1  vol.  8vo |1  25 

FAVORITE  PRESCRIPTIONS  OF  LIVING  PRACTI 
TIONERS.  With  a  Toxicological  Table,  exhibiting  Iho 
Symptoms  of  Poisoning,  the  Antidotes  for  each  Poison,  and 
the  Test  proper  for  their  detection.  By  Horace  Green,  1 
vol.  Svo,  cloth |2  50 

GUSTAF  VON  DUBEN'S  TREATISE  ON  MICRO- 
SCOPICAL DIAGNOSIS.  With  71  engravings.  Trans- 
lated, with  additions,  by  Prof.  Louis  Bauer,  M.D.  1  vol.  Svo, 
cloth $1  00 
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MINERALOGY. 

BRUSH  MANUAL  OF  DETERMINATIVE  MINERALOGY,  with 
an  Introduction  on  Blow-Pipe  Analysis,  being  the  Deter- 
minative Portion  of  Dana's  Mineralogy.  By  Prof.  Geo. 
J.  Brush.     1vol.  8vo.. $3  00 

DANA  A  SYSTEM  OF  MINERALOGY.  Descriptive  Miner-logy. 
Comprising  the  most  recent  Discoveries.  Fifth  Edition. 
Almost  entirely  re-written  and  greatly  enlarged.  Con- 
taining nearly  900  pages  8vo,  and  upwards  of  GOO  wood 
engravings.     By  Prof.  J.  Dana.     Cloth $10  00 

DANA  &  BRUSH  APPENDIXES  TO  DANA'S  MINERALOGY,  bringing 
the  work  down'  to  1875.     8vo SI  00 


DANA 


A  TEXT-BOOK  OF  MINERALOGY.  After  the  plan  of 
and  with  the  cooperation  of  Prof.  Jas.  D.  Dana,  of  Yale 
College.  Embracing  a  full  Treatise  upon  Crystallography 
and  Physical  Mineralogy,  bj'  Edward  S.  Dana,  Ph.D., 
Curator  of  Mineralogy,  Yale  College.  With  upwards  of 
800  wood  cuts,  and  a  colored  plate.     8vo,  cloth $5  00 


SHIP-BUILDINC,  &c. 
BOURMF.  A  TREATISE  ON  THE  SCREW  PROPELLER,  SCREW 
VESSELS,  AND  SCREW  ENGINES,  as  adapted  for 
Purposes  of  Peace  and  War.  Illustrated  by  numerous  wood- 
cuts and  engravings.  By  John  Bourne.  New  edition.  1867. 
1  vol.  4to,  cloth,  |18.00;  half  russia $24  00 

WATTS.  RANKINE  (W.  J.  M.)  AND  OTHERS.  Ship-Building,  Theo- 
retical  and  Practical,  consisting  of  the  Hydraulics  of  Ship- 
Building,  or  Buoyancy,  Stability,  Speed  and  Design — The 
Geometry  of  Ship-Building,  or  Modelling,  Drawing,  and 
Laying  Off — Strength  of  Materials  as  applied  to  Ship-Buildir^ 
— Practical  Ship-Building — Masts,  Sails,  and  Rigging — Marine 
Steam  Engineering — Ship-Building  for  Purposes  of  War.  By 
Isaac  Watts,  C.B.,  W.  J.  M.  Rankme,  C.B.,  Frederick  K 
Barnes,  James  Robert  Napier,  etc.  Illustrated  with  numeroua 
fine  engravings  and  woodcuts.  Complete  in  80  numbers, 
boards,  $35.00;  1  vol.  folio,  cloth,  $37.50;  half  russia,  $40  00 
WILSON  (T.  D.)  SHIP-BUILDING,  THEORETICAL  AND  PRACTICAL, 
lu  Five  Divisions.  —Division  I.  Naval  Architecture.  II,  Lay- 
ing Down  and  Taking  off  Ships.  III.  Ship-Building  IV. 
Masts  and  Spar  Making.  V.  Vocabulary  of  Terms  used — 
intended  as  a  Text-Book  and  for  Practical  Use  in  Public  and 
Private  Ship- Yards.  By  Theo.  D.  Wilson,  Assistant  Naval 
Constructor,  U.  S.  Navy ;  Instructor  of  N&val  Construction, 
U.  S.  Naval  Academy ;  Member  of  the  Institution  of  Naval 
Architects,  England.  With  numerous  plates,  lithographic 
and  wood.     1  vol.  8vo.  $7  50 

SOAP. 
MORFIT.                A  PRACTICAL  TREATISE  ON  THE  MANUFACTURE 
OP  SOAPS.    With  numerous  wood-cuts  and  elaborate  work- 
ing drawings.     By  Campbell  Morfit^  M.D.,  F.C.S.     1  vol. 
8vo |20  00 

STEAM   ENGINE. 

DU  BO  IS  THEORY  OF  THE  STEAM  ENGINE.    Translated    from 

Vol.  II.  Weisbach's  Mechanics.     By  Prof.  A.  J.  DuBois. 

TROWBRIDGE       TABLES,    WITH    EXPLANATIONS,    OF    THE    NON- 
CONDENSING    STATIONARY    STEAM    ENGINE, 

ond  of  High-Pressure  Steam  Boilers.  By  Prof.  W.  P. 
Trowbridge,  of  Yale  College  Scientific  School.  1  vol.  4to, 
plates $2  50 

"  HEAT  AS  A  SOURCE  OF  POWER :  with  applications  of 

general  principles  to  the  construction  of  Steam  Gene- 
rators. An  introduction  to  the  study  of  Heat  Engines. 
By  W.  P.  Trowbridge,  Prof.  Sheffield  Scientific  School, 
Yale  College.  Profusely  illustrated.  1  vol.  8vo,  cloth,  $3  50 
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COOKE. 


A  TEXT-BOOK  OF  NAVAL  ORDNANCE  AND  GUN 
NERY.  Prepared  for  the  use  of  the  Cadet  Midshipmen  at 
the  United  States  Naval  Academy.  By  A.  P.  Cooke,  Com. 
U.  S.  N.  One  thick  volume,  illustrated  by  about  400  fine 
cuts.     Cloth $12.50 

RICF  &L  JOHNSON.     ELEMENTS  OF   THE   DIFFERENTIAL  CALCULUS, 

founded  on  the  Method  of  Rates  or  Fluxions.     8vo. 


WILSON. 


THE  LATHE, 


LEEDS  (L.  W.). 


SHIP-BUILDING,  THEORETICAL  AND  PRACTICAL. 

By  T.  D.  Wilson.     (See  page  15.)     8vo,  cloth $7.50 

TURNING,  &c. 

AND  ITS  USES,  ETC.  On  Instructions  in  the  Art  of  Tuming 
Wood  and  Metal.  Including  a  description  of  the  most  modem 
appliances  for  the  ornamentation  of  plane  and  curved  surfaces. 
With  a  description,  also,  of  an  entirely  novel  form  of  Lathe 
for  Eccentric  and  Rose  Engine  Turning,  a  Lathe  and  Turning 
Machine  combined,  and  other  valuable  matter  relating  to  the 
Art.     1  voL  8vo,  copiously  illustrated,  cloth $7  00 

SUPPLEMENT  AND  INDEX  TO  SAME.  Paper. .  .|0  90 
VENTILATION. 

A  TREATISE  ON  VENTILATION.  Comprising  Seven  Lec- 
tures delivered  before  the  Franklin  Institute,  showing  the 
great  want  of  improved  methods  of  Ventilation  in  our  build- 
ings, giving  the  chemical  and  physiological  process  of  res- 
piration, comparing  the  effects  of  the  various  methods  of 
heating  and  lighting  upon  the  ventilation,  &c.  Illustrated 
by  many  plans  of  all  classes  of  public  and  private  buildings, 
showing  their  present  defects,  and  the  best  means  of  im- 
proving them.  By  Lewis  W.  Leeds.  1  vol.  8vo,  with  nu- 
merous wood-cuts  and  colored  plates.     Cloth $3  50 

*'  It  ought  to  be  in  the  hands  of  every  fjunily  in  the  country." — Technologist 

"  Nothing  coi;ld  be  clearer  than  the  author's  exposition  of  the  principles  of  tht 
principles  and  practice  of  both  good  and  bad  ventilation." —  Va7i  Nostraiid'i 
EngiiieerUig  JIagaziiie. 

"The  work  is  every  way  worthy  of  the  widest  circulation."— /Sc/en/i;?c  American. 

VENTILATION  IN  AMERICAN  DWELLINGS.  With  a 
series  of  diagrams  presenting  examples  in  different  classee 
of  habitations.  By  David  Boswell  Reid,  M.D.  To  which  i« 
added  an  introductory  outline  of  the  progress  of  improvemen*; 
in  ventilation.     By  Elisha  Harris,  M.D.     1  vol.  12mo,  $1  5' I 

J.  W.  &  SOXS  are  Agents  for  and  keep  in  stock 

SAMUEL  BAGSTER  &  SONS'  PUBLICATIONS, 

LONDON  TRACT  SOCIETY  PUBLIC ATIONB, 

MURRAY'S  TRAVELLER'S  GUIDES, 

WE  ALE'S  SCIENTIFIC  SERIEfl 

FuU  Catalogues  gratis  on  application. 


REID. 


J.  W.  &  SOXS  import  to  order,  for  the  TRADE  AND  PUBLIO. 

BOOKS,    FEIII013ICA.LS,     &o., 


***  JOHN  WILEY  &  SONS'  Complete  Classified  Catalogues  of  the  most 
valuable  and  latest  scientific  publications,  Parts  I.  and  II.,  8vo,  mailed  to  order 
on  the  receipt  of  10  cts. 
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RUSKIN 


RUSKIN 


RUSKIN'S     WORKS. 

Uniform  in  size  OHd  sti/le. 

MODERN  PAINTERS.  5  vols,  tinted  paper,  beveUed  t  oaxda, 
plates,  in  box |18  00 

MODERN  PAINTERS.    5  vols,  half  calf 27  00 

**  **  "      without  plates 12  00 " 

•*  "  "  ''        half  calf,   20  00 

Vol.  1.— Part  1.  General  Principles.     Part  3.  Truth. 
Vol.  2.— Part  3.  Of  Ideas  of  Beauty. 
Vol.  3.— Part  4.  Of  Many  Things. 
Vol.  4.— Part  5.  Of  Mountain  Beauty. 
Vol.  5.— Part  6.   Leaf  Beauty.     Part  7.   Of  Cloud  Beauty.     Part 

8.  Ideas  of  Relation  of  Invention,  Formal.     Part  9.  Ideas  of 

Relation  of  Invention,  Spiritual. 

STONES  OF  VENICE.  3  vols.,  on  tinted  paper,  bevelled 
boards,  in  box $7  00 

STONES  OF  VENICE.  3  vols.,  on  tmted  paper,  half 
calf. $12  00 

STONES  OF  VENICE.    3  vols.,  cloth 7  00 

Vol.  1.— The  Foundations. 
Vol.  2.— The  Sea  Stories. 
Vol.  3— The  FaU. 

SEVEN  LAMPS  OF  ARCHTTEOTURB.  With  illustrations, 
drawn  and  etched  by  the  authors.     1  vol.  12mo,  cloth,  $1  75 

LECTURES  ON  ARCHITECTURE  AND  PAINTING. 
With  illustrations  drawn  by  the  author.  1  vol.  12mo, 
cloth $1  50 

THE  TWO  PATHS.  Being  Lectures  on  Art,  and  its  Appli- 
cation to  Decoration  and  Manufacture.  With  plates  and 
cuts.     1  vol.  12mo,  cloth |1  25 

THE  ELEMENTS  OF  DRAWING.  In  Three  Letters  to 
Beginners.  With  illustrations  drawn  by  the  author.  1  vol. 
12mo,  cloth $1  00 

THE  ELEMENTS  OF  PERSPECTIVE.  Arranged  for  the 
use  of  Schools.     1  vol.  12mo,  cloth $1  00 

THE  POLITICAL  ECONOMY  OF  ART.  1  voL  12mo, 
cloth $1  00 

PRE-RAPHAELITISM. 


NOTES    ON    THE    CONSTRUCTION 
SHEEPFOLDS. 


OF 


1   vol.  12mo, 
cloth,  $1  00 


KING  OF  THE  GOLDEN  RIVER;  or,  The 

Black  Brothers.    A  Legend  of  Stiria. 
SESAME  AND  LILIES.     Three  Lectures  on  Books,  Women, 

&c.     1.  Of  Kings'  Treasuries.     2.   Of  Queens'  Gardens.     3. 

Of  the  Mystery  of  Life.     1  vol.  12mo,  cloth $1  50 

AN  INQUIRY  INTO  SOME  OF  THE  CONDITIONS  AT 
PRESENT  AFFECTING  "THE  STUDY  OF  AR- 
CHITECTURE" IN  OUR  SCHOOLS.  1  vol.  12mo, 
paper. $0  15 

THE  ETHICS  OF  THE  DUST.  Ten  Lectures  to  Little 
Housewives,  on  the  Elements  of  Crystallization.  1  vol. 
12mo,  cloth. $1  25 

"  UNTO  THIS  LAST."  Four  Essays  on  the  First  Principles  of 
Political  Economy.     1  vol.  12mo,  cloth $1  00 
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RUSKIN  THE  CROWN  OF  WIIiD  OLIVE.    Three  Lectures  en  Work 

Traffic,  and  War.     1  vol.  12mo.  cloth $1  OO 

"  TIME  AND  TIDE  BY  WEARE  AND  TYNE.     Twenty- 

five  Letters  to  a  Workingman  on  the  Laws  of  Work.     1  vol. 

12mo,  cloth $1  00 

*'  THE  QUEEN  OF  THE  AIR.    Being  a  Study  of  the  Greek 

Myths  of  Cloud  and  Storm.     1  vol.  12mo,  cloth $1  OC 

*  LECTURES  ON  ART.    1  vol.  12mo,  cloth 1  00 

•■  FORS  CLAVIGERA.    Letters  to  the  Workmen  and  LabourerH 

of  Great  Britain.     Part  1.     1  vol.  12mo,  cloth,  plates,  $1  00 

**  FORS  CLAVIGERA.    Letters  to  the  Workmen  and  Labouiera 

of  Great  Britain.     Part  2.     1  vol.  12mo,  cloth,  plates,  $1  00 

MUNERA    PULVERIS.      Six   Essays   on   the    Elements   of 

Political  Economy.     1  vol.  12mo,  cloth ^1  00 

"  ARATRA   PENTELICI.     Six  Lectures  on  the  Elements  of 

Sculpture,  given  before  the  University  of  Oxford,     By  John 

Ruskin.     12rao,  cloth,  $1  50,  or  with  plates $3  00 

**  THE    EAGLE'S   NEST.    Ten  Lectures  on  the  relation  of 

Natural  Science  to  Art.     1  vol.  12mo $1  50 

«  THE  POETRY  OF  ARCHITECTURE:  Villa  and  Cottage. 

With  numerous  plates.      By  Kata  Phusin.      1   vol.    12mo, 

cloth $150 

Kata  Phusin  is  the  supposed  Nom  de  Plume  of  John  Ruskin. 

«                      FORS  CLAVIGERA.    Letters  to  the  Workmen  and  Laborers 
of  great  Britain.    Part  3.     1  vol.  12mo,  cloth 

»*  LOVES  MEINE.    Lectures  on  Greek  and  English  Birds.    By 

•  John  Ruskin.     Plates,  cloth $0  75 

ARIADNE  FLORBNTINA.  Lectures  on  Wood  and  Metal 
Engraving.    By  John  Ruskin,     Cloth $1  50 

*•  FRONDE'S  AGRESTES.    Readings  on  "Modern  Painters." 

Chosen  at  her  pleasure  by  the  author  s  friend,  the  Younger 

Lady  of  the  Thwaite,  Coniston.  1  vol.  12mo,  cloth,     SI  00 

»'         THE  TRUE  AND  THE  BEAUTIFUL  IN  NATURE. 

ART,  MORALS,  AND  RELIGION.    Selected  from  the 

Works  of  John  Ruskin,  A.M.     With  a  notice  of  the  author  by 

Mrs.    L.  C.  Tuthill.     Portrait.     1   voL  12mo,    cloth,  plain, 

^2.00 ;  cloth  extra,  gilt  head $2  5C 

"  ART  CULTURE.  Consisting  of  the  Law«  of  Art  selected  from 
the  Works  of  John  Ruskin,  and  compiled  by  Rev.  W.  H 
Piatt.  A  beautiful  volume,  with  many  illustrations.  1  vol. 
12mo,  cloth,  extra  gilt  head $3  00 

^  Do.        Do.     School  edition.     1  vol.  12mo,  plates,  cloth.. $2  50 

PRECIOUS  THOUGHTS:  Moral  and  Religious.  Gathered 
from  the  Works  of  John  Ruskin,  A.M.  By  Mrs.  L.  C. 
Tuthill.  1  vol.  12mo,  cloth,  plain,  $1.50.  Extra  cloth, 
gilt  head $2  OO 

**  SELECTIONS  FROM  THE  WRITINGS  OF  JOHN 
RUSKIN.  1  vol  12mo,  cloth,  plain,  $2.00.  Extra  cloth, 
gilt  head $2  50 

**  SESAME  AND  LILIES.  1  voL  12mo,  ex.  cloth,  gilt  head,  $1  75 

"  ETHICS  OF  THE  DUST.   12mo,  extra  cloth,  gilt  head,  1  75 

"  CROWN  OF  WILD  OLIVE.  12mo,  extra  cloth,  gUthead,  1  50 

"  DEUCALION.     Collected  Studies  on  the  Lapse  of    Waves 

and  Life  of  Stones.     Parts  1  and  2.      12mo,  cloth, . .  .SI  00 

MORNINGS  IN  FLORENCE.  Being  Simple  Studies  on 
Christian  Art  for  English  Travellers.  Santa  Croce— The 
Golden  Gate— Before  the  Soldan— The  Vaulted  Roof— The 
Strait  Gate.     12mo,  cloth $1  00 

"  PROSERPINO.  Studies  of  Wayside  Flowers,  while  the  air 
w^as  yet  pure.  Among  the  Alps,  and  in  the  Scotland  and 
England  which  my  father  knew.  Parts  1  and  2.  12mo, 
cloth $1  00 
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